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❆❧❣✉♥! !<♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦! ❡ ❝♦♥"❛♠ ❝♦♠ ✉♠ ❜♦♠ ♥H♠❡$♦ ❞❡ !♦❧✉;D❡! ♣✉❜❧✐❝❛❞❛!❀

♦✉"$♦! !<♦ ♠❡♥♦! ❝♦♥❤❡❝✐❞♦!✱ ♦✉ ♠❡!♠♦ ♥♦✈♦!✱ ❛!!✐♠ ❝♦♠♦ ❛! !♦❧✉;D❡! J✉❡ ❛♣$❡✲

!❡♥"❛♠♦!✳ L❛$❛ ❝❛❞❛ ♣$♦❜❧❡♠❛ C ❛♣$❡!❡♥"❛❞❛ ❛♦ ♠❡♥♦! ✉♠❛ !♦❧✉;<♦ ❝♦♠ ❤❛"❤✐♥❣ ❡

✉♠❛ J✉❡ ♥<♦ ✉"✐❧✐③❛ ❛ "C❝♥✐❝❛✱ ❛❝♦♠♣❛♥❤❛❞❛! ❞❡ ✉♠❛ ❛♥*❧✐!❡ ❝♦♠♣❛$❛"✐✈❛✳

◆♦ ❈❛♣7"✉❧♦ ✹ !<♦ ❛♣$❡!❡♥"❛❞♦! ♦! $❡!✉❧"❛❞♦! $❡❢❡$❡♥"❡! ❛♦! "❡♠♣♦! ❞❡ ❡①❡✲

❝✉;<♦ ❞❛ !♦❧✉;<♦ ❞❡ ❛❧❣✉♥! ❞♦! ♣$♦❜❧❡♠❛! ❡!"✉❞❛❞♦!✱ ✐❧✉!"$❛♥❞♦ ❛!!✐♠ ♦ ♣♦❞❡$ ❞❛

"C❝♥✐❝❛ ❞❡ ❤❛"❤✐♥❣ ♣♦$ "$*! ❞❡ ❝❛❞❛ !♦❧✉;<♦ ♣$♦♣♦!"❛✳

❋✐♥❛❧♠❡♥"❡✱ ♦ ❈❛♣7"✉❧♦ ✺ ❛♣$❡!❡♥"❛ ✉♠❛ ❝♦♥❝❧✉!<♦ ❞♦ J✉❡ ❢♦✐ ❛♣$❡!❡♥"❛❞♦

♥❡!"❡ "$❛❜❛❧❤♦ ❡ "❡❝❡ ❛❧❣✉♠❛! ❝♦♥!✐❞❡$❛;D❡! ✜♥❛✐!✳

✶✳✷ ❉❡✜♥✐)5❡6 ❜76✐❝❛6 ❡ ♥♦9❛)5❡6

❯♠ ❛❧❣♦$✐"♠♦ C ✉♠❛ !❡J✉S♥❝✐❛ ❞❡ ♣❛!!♦! ♦$❞❡♥❛❞♦! ❡ ❜❡♠ ❞❡✜♥✐❞♦! J✉❡

❞❡!❝$❡✈❡♠ ❝♦♠♦ $❡!♦❧✈❡$ ✉♠ ♣$♦❜❧❡♠❛✳ ◆♦$♠❛❧♠❡♥"❡✱ ♣❛$❛ ❢❛❝✐❧✐"❛$ ❛ ❞❡!❝$✐;<♦ ❡

❝♦♠♣$❡❡♥!<♦ ❞♦! ♣❛!!♦!✱ C $❡❛❧✐③❛❞❛ ❛ ♠♦❞❡❧❛❣❡♠ ❞♦! ❞❛❞♦! ❛"$❛✈C! ❞❡ ✉♠❛ ❡!"$✉✲

"✉$❛ ❞❡ ❞❛❞♦!✱ J✉❡ C ♥❛❞❛ ♠❛✐! ❞♦ J✉❡ ✉♠❛ ❢♦$♠❛ ✭❡✜❝✐❡♥"❡✮ ❞❡ ❛$♠❛③❡♥❛♠❡♥"♦ ❡
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♦!❣❛♥✐③❛'(♦ ❞❡ ❞❛❞♦+ ❡♠ ✉♠ ❝♦♠♣✉0❛❞♦!✳

❋✉♥#$❡& ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ f(n) +(♦ ✉+❛❞❛+ ♣❛!❛ ♠❡❞✐! ♦+ ❝✉+0♦+ ❝♦♠♣✉0❛❝✐✲

♦♥❛✐+ !❡❧❛❝✐♦♥❛❞♦+ 4 ❡①❡❝✉'(♦ ❞❡ ✉♠ ❛❧❣♦!✐0♠♦ ♣❛!❛ ✉♠❛ ❡♥0!❛❞❛ ❞❡ 0❛♠❛♥❤♦ n✳

❖+ ❝✉+0♦+ ♣♦❞❡♠ +❡! ❡+♣❛❝✐❛✐+✱ 9✉❛♥❞♦ !❡❧❛❝✐♦♥❛❞♦+ 4 9✉❛♥0✐❞❛❞❡ ❞❡ ♠❡♠:!✐❛ ♥❡✲

❝❡++;!✐❛ 4 ❡①❡❝✉'(♦ ❞♦ ❛❧❣♦!✐0♠♦❀ ❡ 0❡♠♣♦!❛✐+✱ 9✉❛♥❞♦ !❡♣!❡+❡♥0❛♠ ♦ ♥=♠❡!♦ ❞❡

✐♥+0!✉'>❡+ ♥❡❝❡++;!✐❛+ ❛ +✉❛ ❡①❡❝✉'(♦✳

❆+ ❛♥;❧✐+❡+ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ ❡+0(♦ !❡❧❛❝✐♦♥❛❞❛+ 4+ ♣♦++@✈❡✐+ ✐♥+0B♥❝✐❛+ ❞❡

❡♥0!❛❞❛ ❞❡ ✉♠ ♣!♦❜❧❡♠❛✳ ❆+ ❛♥;❧✐+❡+ ❞❡ ♣✐♦! ❝❛+♦ ❡+0(♦ !❡❧❛❝✐♦♥❛❞❛+ 4+ ❡♥0!❛❞❛+

9✉❡ ❞❡♠❛♥❞❛♠ ♠❛✐♦! ❝✉+0♦ ❝♦♠♣✉0❛❝✐♦♥❛❧✱ ✐+0♦ D✱ ❛+ ♠❛✐+ ❞❡+❢❛✈♦!;✈❡✐+ ♣♦++@✈❡✐+✱

❛♦ ♣❛++♦ 9✉❡ ❛+ ❛♥;❧✐+❡+ ❞❡ ❝❛+♦ ♠D❞✐♦ !❡0!❛0❛♠ ♦ ❝♦♠♣♦!0❛♠❡♥0♦ ❡+♣❡!❛❞♦ ❞♦

❛❧❣♦!✐0♠♦✱ 9✉❛♥❞♦ +(♦ ❝♦♥+✐❞❡!❛❞❛+ 0♦❞❛+ ❛+ ❡♥0!❛❞❛+ ♣♦++@✈❡✐+ ❡ +✉❛+ ♣!♦❜❛❜✐❧✐❞❛❞❡+

❞❡ ♦❝♦!!F♥❝✐❛ ✭❡+♣❡!❛♥'❛ ♠❛0❡♠;0✐❝❛✮✳

❊♠ ❈♦♠♣✉0❛'(♦✱ ❛ ♥♦0❛'(♦ O D ❝♦♠✉♠❡♥0❡ ❡♠♣!❡❣❛❞❛ ♣❛!❛ ❡①♣!❡++❛! ❧✐✲

♠✐0❡+ +✉♣❡!✐♦!❡+ ❛++✐♥0:0✐❝♦+ ♣❛!❛ ❛+ ❢✉♥'>❡+ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡✱ ❛ ♥♦0❛'(♦ Ω ♣❛!❛

❡①♣!❡++❛! ❧✐♠✐0❡+ ✐♥❢❡!✐♦!❡+ ❛++✐♥0:0✐❝♦+ ❡ ❛ ♥♦0❛'❛♦ Θ D ✉+❛❞❛ ♣❛!❛ ❡①♣!❡++❛! ❧✐♠✐0❡+

❛++✐♥0:0✐❝♦+ ❥✉+0♦+ ✭❛♣❡!0❛❞♦+✮✳

✶✳✸ ❈♦♠♣❧❡①✐❞❛❞❡ ❞❡ ❛❧❣♦.✐/♠♦0

❈♦♥+✐❞❡!❡ ✉♠ ♣!♦❜❧❡♠❛ A✳ ❉✐③❡♠♦+ 9✉❡ A D ✉♠ ♣!♦❜❧❡♠❛ ❞❡ ❞❡❝✐+(♦ +❡ ❝❛❞❛

✉♠❛ ❞❡ +✉❛+ ✐♥+0B♥❝✐❛+ ❛❞♠✐0❡ ❛♣❡♥❛+ &✐♠ ♦✉ ♥0♦ ❝♦♠♦ !❡+♣♦+0❛✳ ❆❧D♠ ❞✐++♦✱ A D

♣♦❧✐♥♦♠✐❛❧ +❡ ❡①✐+0❡ ✭♣❡❧♦ ♠❡♥♦+ ✉♠✮ ❛❧❣♦!✐0♠♦ ♣♦❧✐♥♦♠✐❛❧ ♣❛!❛ !❡+♦❧✈❡! 9✉❛❧9✉❡!

✉♠❛ ❞❡ +✉❛+ ✐♥+0B♥❝✐❛+✳ ❆ ❝❧❛++❡ P D ❢♦!♠❛❞❛ ♣❡❧♦+ ♣!♦❜❧❡♠❛+ ❞❡ ❞❡❝✐+(♦ ♣♦❧✐♥♦♠✐✲

❛❧♠❡♥0❡ ❧✐♠✐0❛❞♦+✳

❙❡ A ❛❞♠✐0❡ ✉♠ ❛❧❣♦!✐0♠♦ 9✉❡ ✈❡!✐9✉❡ ✉♠❛ +♦❧✉'(♦ ♣❛!❛ ♦ &✐♠ ❡♠ 0❡♠♣♦

♣♦❧✐♥♦♠✐❛❧ ♥♦ 0❛♠❛♥❤♦ ❞❛ ❡♥0!❛❞❛✱ ❞✐③❡♠♦+ 9✉❡ A ♣❡!0❡♥❝❡ 4 ❝❧❛++❡ NP ✳ ❆++✐♠✱
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 ❡♠♦$ %✉❡ P ⊆ NP ✱ ♠❛$ ♥*♦ $❡ $❛❜❡ $❡ NP ⊆ P ✳

❯♠ ♣/♦❜❧❡♠❛ A 1 ◆!✲❞✐❢&❝✐❧ $❡  ♦❞♦ ♣/♦❜❧❡♠❛ ❞❡ ❞❡❝✐$*♦ B ∈ NP ♣✉❞❡/

$❡/ ♣♦❧✐♥♦♠✐❛❧♠❡♥ ❡ /❡❞✉③✐❞♦ ❛ A✳ ❖✉ $❡❥❛✱ $❡ ❡①✐$ ❡ ✉♠ ❛❧❣♦/✐ ♠♦ %✉❡  /❛♥$❢♦/♠❡

%✉❛❧%✉❡/ ✐♥$ ;♥❝✐❛ y ❞❡ B ❡♠ ✉♠❛ ✐♥$ ;♥❝✐❛ x ❞❡ A✱ ❞❡ ❢♦/♠❛ %✉❡ ❛ /❡$♣♦$ ❛ ♣❛/❛ y

❢♦/♥❡❝❡ /❡$♣♦$ ❛ ♣❛/❛ x✳ ❆❧1♠ ❞✐$$♦✱ $❡ A ∈ NP ✱ ❞✐③❡♠♦$ %✉❡ A 1 ◆!✲❝♦♠♣❧❡-♦✳
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✷ ❍❆❙❍■◆●

❆ !"❝♥✐❝❛ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❤❛"❤✐♥❣ ♣♦❞❡ -❡. ❝♦♥-✐❞❡.❛❞❛ ✉♠ ♠"!♦❞♦ ❞❡ ♣❡-✲

1✉✐-❛ ❡ ♦.❣❛♥✐③❛45♦ ❢7-✐❝❛ ❞❡ !❛❜❡❧❛-✳ ❈♦♥-✐-!❡✱ ❜❛-✐❝❛♠❡♥!❡✱ ♥♦ ✉-♦ ❞❡ ✉♠❛ ❢✉♥45♦

♣❛.❛ .❡❛❧✐③❛. ♦ ♠❛♣❡❛♠❡♥!♦ ❞❡ ❝❤❛✈❡- ❡♠ ♣♦-✐4>❡- ❞❡ !❛❜❡❧❛✱ ♠❛♥!❡♥❞♦ ❛- ✐♥❢♦.✲

♠❛4>❡- ❡-♣❛❧❤❛❞❛- ❞❡ ❛❝♦.❞♦ ❝♦♠ ✉♠❛ ❧?❣✐❝❛ 1✉❡ ❢❛❝✐❧✐!❛.@ ❛- ❜✉-❝❛-✱ ❞✐❢❡.❡♥!❡

❞❡ ❡-!.✉!✉.❛- ❝♦♠♦ ♣✐❧❤❛-✱ ❧✐-!❛- ❡ ✜❧❛-✱ ♣♦. ❡①❡♠♣❧♦✱ ❡♠ 1✉❡ ❛- ✐♥❢♦.♠❛4>❡- -5♦

♠❛♥!✐❞❛- ❞❡ ❢♦.♠❛ ❡-!.✐!❛♠❡♥!❡ -❡1✉❡♥❝✐❛❧✳ ❖✉!.♦- !❡.♠♦- ❡♥❝♦♥!.❛❞♦- ♥❛ ❧✐!❡.❛✲

!✉.❛ ✐♥❝❧✉❡♠ ❝'❧❝✉❧♦ ❞❡ ❡♥❞❡-❡.♦ ✭❲■❘❚❍✱ ✶✾✽✺✮✱ ❡"♣❛❧❤❛♠❡♥1♦ ✭❚❊◆❊◆❇❆❯▼❀

▲❆◆●❙❆▼❀ ❆❯●❊◆❙❚❊■◆✱ ✶✾✾✵✮ ❡ 1❛❜❡❧❛ ❞❡ ❞✐"♣❡-"3♦ ✭❙❩❲❆❘❈❋■❚❊❘❀ ▼❆❘✲

❑❊◆❩❖◆✱ ✶✾✾✹✮✳ ❆ ❡-!❡ ♣.♦♣?-✐!♦ ♣.❡❢❡.✐.❡♠♦-✱ ❛♦ ❧♦♥❣♦ ❞♦ !❡①!♦✱ ♦ ✉-♦ ❞❡-!❡

]❧!✐♠♦ !❡.♠♦ ❡♠ ❞❡!.✐♠❡♥!♦ ❞♦ !❡.♠♦ ❡♠ ✐♥❣❧^- ❤❛"❤✐♥❣✱ ❛ ✜♠ ❞❡ ❝♦♥-♦❧✐❞❛. !❡.♠♦-

❝♦♠♣✉!❛❝✐♦♥❛✐- ❡♠ ♣♦.!✉❣✉^-✳

_❛.❛ ✐❧✉-!.❛. ❛ .❡❧❡✈`♥❝✐❛ ❞♦ ♠"!♦❞♦✱ ❝♦♥-✐❞❡.❡ ✉♠ ❝♦♥❥✉♥!♦ ❞❡ ❝❤❛✈❡- ✐♥!❡✐✲

.❛- ❞❡ 1 ❛ n✳ ❙❡ ✜③❡.♠♦- ✉-♦ ❞❡ ✉♠❛ !❛❜❡❧❛ ❞❡ !❛♠❛♥❤♦ n✱ -❡.@ ♣♦--7✈❡❧ ❛.♠❛③❡♥❛.

❝❛❞❛ ❝❤❛✈❡ i ❞♦ ❝♦♥❥✉♥!♦ ♥❛ ♣♦-✐45♦ i ❞❛ !❛❜❡❧❛✱ ❡ 1✉❛❧1✉❡. ❝❤❛✈❡ ♣♦❞❡.@ -❡. ❛❝❡-✲

-❛❞❛✱ ❡✈✐❞❡♥!❡♠❡♥!❡✱ ❡♠ !❡♠♣♦ ❝♦♥-!❛♥!❡✳ ❊-!❡ ♣.♦❝❡❞✐♠❡♥!♦ " ❝♦♥❤❡❝✐❞♦ ❝♦♠♦

❛❝❡""♦ ❞✐-❡1♦ ✭❙❩❲❆❘❈❋■❚❊❘❀ ▼❆❘❑❊◆❩❖◆✱ ✶✾✾✹✮✳ _♦. ♦✉!.♦ ❧❛❞♦✱ -✉♣♦♥❤❛

1✉❡ ❡-!❡ ❝♦♥❥✉♥!♦ -❡❥❛ ♠✉✐!♦ ♣❡1✉❡♥♦ ✭❝♦♥!❡♥❤❛✱ ❞✐❣❛♠♦-✱ ❛♣❡♥❛- ✶✵ ❡❧❡♠❡♥!♦-✮✱

♠❛- ❝❛❞❛ ❝❛❞❛ ❝❤❛✈❡ ♣♦--❛ -❡. ✉♠ ♥]♠❡.♦ ❝♦♠ 4 ❛❧❣❛.✐-♠♦- ✭❞❡ ✵ ❛ ✾✮✳ _❛.❛ ❡--❛



✶✽

❡♥"#❛❞❛ &❡#✐❛ ♥❡❝❡&&)#✐♦ ❛❧♦❝❛# ✉♠❛ "❛❜❡❧❛ ❝♦♠♣♦&"❛ ♣♦# 10000 ♣♦&✐01❡&✱ 99, 9✪ ❞❛&

4✉❛✐& ♥5♦ &❡#✐❛♠ &❡4✉❡# ✉"✐❧✐③❛❞❛&✦ 8♦# ❡&"❛ #❛③5♦✱ ✉♠❛ ❢✉♥05♦ ✉♠✲♣❛#❛✲✉♠ ♣❛#❛

❛ ❞❡"❡#♠✐♥❛05♦ ❞♦ ❡♥❞❡#❡0♦ ❞❛ ❝❤❛✈❡✱ ❝♦♠♦ ❛ ❞♦ ❛❝❡&&♦ ❞✐#❡"♦✱ ♥5♦ = ❣❡#❛❧♠❡♥"❡

✐♥❞✐❝❛❞❛✳

❯"✐❧✐③❛♥❞♦ "❛❜❡❧❛& ❞❡ ❞✐&♣❡#&5♦✱ = ♣♦&&A✈❡❧ ✉"✐❧✐③❛# ✉♠❛ 4✉❛♥"✐❞❛❞❡ ❞❡ ♠❡♠B✲

#✐❛ ♣!♦♣♦!❝✐♦♥❛❧ ( )✉❛♥+✐❞❛❞❡ ❞❡ ❝❤❛✈❡0 )✉❡ 0❡!1♦ ❛!♠❛③❡♥❛❞❛0 ✱ ❡ ♥5♦ C ❝❛#❞✐♥❛❧✐✲

❞❛❞❡ ❞♦ ❝♦♥❥✉♥"♦ ❞❡ "♦❞❛& ❛& ❝❤❛✈❡& ♣♦&&A✈❡✐&✱ ❝♦♥&❡❣✉✐♥❞♦✱ ❛✐♥❞❛ ❛&&✐♠✱ ✉♠ "❡♠♣♦

❞❡ ❛❝❡&&♦ ❝♦♥&"❛♥"❡ ♥❛ ♠=❞✐❛ ❞♦& ❝❛&♦&✳

◆❛ ❝♦♥&"#✉05♦ ❞❡ ✉♠❛ "❛❜❡❧❛ ❞❡ ❞✐&♣❡#&5♦✱ ❛❧♦❝❛✲&❡ ♠❡♠B#✐❛ ♣❛#❛ ✉♠❛ "❛❜❡❧❛

❞❛ ❢♦#♠❛ ✉&✉❛❧ ✭✉"✐❧✐③❛♥❞♦ ✈❡"♦#❡&✱ ♦✉ ❛!!❛②0✮✳ ❙❡✉ ❢✉♥❝✐♦♥❛♠❡♥"♦✱ ♥♦ ❡♥"❛♥"♦✱ =

"❛❧ 4✉❡ ❛ ♣♦&✐05♦ 4✉❡ ❝❛❞❛ ❡❧❡♠❡♥"♦ ✐#) ♦❝✉♣❛#✱ 4✉❛♥❞♦ ❞❡ &✉❛ ✐♥&❡#05♦ ♥❛ "❛❜❡❧❛✱

= ❝❛❧❝✉❧❛❞♦ ❛ ♣❛#"✐# ❞❡ &✉❛ ❝❤❛✈❡✱ &❡♥❞♦ ❛ ✐♠❛❣❡♠ ❞❛❞❛ ♣❛#❛ ❛4✉❡❧❛ ❝❤❛✈❡ ♣♦#

✉♠❛ ❛&&✐♠ ❝❤❛♠❛❞❛ ❢✉♥61♦ ❞❡ ❞✐0♣❡!01♦✳ ❙❡♥❞♦ ♦ ♣#♦❝❡&&♦ ❞❡ ❜✉&❝❛ &✐♠✐❧❛# ❛♦

❞❡ ✐♥&❡#05♦✱ ♦ ❝)❧❝✉❧♦ ❡❢❡"✉❛❞♦ &♦❜#❡ ❛ ❝❤❛✈❡ ❞❡&❡❥❛❞❛ #❡&✉❧"❛#) ♥❛ ♠❡&♠❛ ♣♦&✐05♦

❝❛❧❝✉❧❛❞❛ ❛♥"❡#✐♦#♠❡♥"❡✱ ❡ ♦ ❡❧❡♠❡♥"♦ ❛ ❡❧❛ ❛&&♦❝✐❛❞♦ ♣♦❞❡#) &❡# #❡❝✉♣❡#❛❞♦✳

❆ ✜❣✉#❛ ✷✳✶ ♠♦&"#❛ ♦ ♠❛♣❡❛♠❡♥"♦ ❞❡ ✉♠ ❝♦♥❥✉♥"♦ ❞❡ ✐♥❢♦#♠❛01❡& ❝♦♠♣♦&"♦

♣❡❧♦ ♣❛# (chave, valor) ❡♠ ✉♠❛ "❛❜❡❧❛ ❞❡ ❞✐&♣❡#&5♦✳ ❆ ❢✉♥05♦ ❞❡ ❞✐&♣❡#&5♦ ✉"✐❧✐③❛❞❛

= h(x) = x ♠♦❞ m✱ ♦♥❞❡ x = ❛ ❝❤❛✈❡ ❛ &❡# ♠❛♣❡❛❞❛✱ m = ♦ "❛♠❛♥❤♦ ❞❛ "❛❜❡❧❛ ❞❡

❞✐&♣❡#&5♦ ❡ mod #❡"♦#♥❛ ♦ #❡&"♦ ❞❛ ❞✐✈✐&5♦ ✐♥"❡✐#❛ ❞❡ x ♣♦# m✳

❋✐❣✉#❛ ✷✳✶✿ ❆#♠❛③❡♥❛♠❡♥"♦ ❝♦♠ ❤❛0❤✐♥❣
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✷✳✶ ❋✉♥&'♦ ❞❡ ❞✐,♣❡.,'♦

❯♠❛ ❢✉♥&'♦ ❤❛"❤ ♦✉ ❢✉♥&'♦ ❞❡ ❞✐,♣❡.,'♦ .❡❛❧✐③❛ ♦ ♠❛♣❡❛♠❡♥1♦ ❞❛, ❝❤❛✈❡,

❡♠ ♣♦,✐&5❡, ❞❛ 1❛❜❡❧❛ ❞❡ ❞✐,♣❡.,'♦✳ 8❛.❛ ✉♠❛ 1❛❜❡❧❛ ❞❡ ❞✐,♣❡.,'♦ ❞❡ 1❛♠❛♥❤♦ m✱

✉♠❛ ❢✉♥&'♦ ❞❡ ❞✐,♣❡.,'♦ ❣❡.❛ ♣❛.❛ ❝❛❞❛ ❡❧❡♠❡♥1♦ x ❞❡ ✉♠ ❝♦♥❥✉♥1♦ ❞❡ n ❝❤❛✈❡,

✉♠ ❡♥❞❡.❡&♦✲❜❛,❡ h(x)✱ ❡♥1.❡ 0 ❡ m − 1✱ ❝♦..❡,♣♦♥❞❡♥1❡ ❛ ✉♠❛ ♣♦,✐&'♦ ❞❛ 1❛❜❡❧❛

✭❑◆❯❚❍✱ ✶✾✾✽✮✳

8❛.❛ ✉♠❛ ❜♦❛ ❢✉♥&'♦ ❞❡ ❞✐,♣❡.,'♦ h✱ ❛ ♣.♦❜❛❜✐❧✐❞❛❞❡ ❞❡ F✉❡ ✉♠❛ ❝❤❛✈❡ x

,❡❥❛ ♠❛♣❡❛❞❛ ♣❛.❛ ❝❛❞❛ ❡♥❞❡.❡&♦✲❜❛,❡ k ❞❛ 1❛❜❡❧❛ ❞❡✈❡ ,❡. ✉♥✐❢♦.♠❡✳ ■,,♦ ,✐❣♥✐✜❝❛

F✉❡✱ ♣❛.❛ ✉♠❛ 1❛❜❡❧❛ ❞❡ ❞✐,♣❡.,'♦ ❞❡ 1❛♠❛♥❤♦ m✱ ❡ ♣❛.❛ 1♦❞❛ ❝❤❛✈❡ x ❞♦ ✉♥✐✈❡.,♦

❞❡ ❝❤❛✈❡, ❝♦♥,✐❞❡.❛❞♦ ❡ ♣❛.❛ 1♦❞♦ ❡♥❞❡.❡&♦✲❜❛,❡ 0 ≤ k ≤ m− 1 ❞❛ 1❛❜❡❧❛✱ ❛ ♣.♦❜❛✲

❜✐❧✐❞❛❞❡ ❞❡ h(x) ,❡. ✐❣✉❛❧ ❛ k ❞❡✈❡ ,❡. 1'♦ ♣.I①✐♠❛ ❛ 1
m
F✉❛♥1♦ ♣♦,,K✈❡❧ ✭❈❖❘▼❊◆

❡1 ❛❧✳✱ ✷✵✵✶✮✳ ◆♦ ❡♥1❛♥1♦✱ ♠❡,♠♦ F✉❡ ,❡ ♦❜1❡♥❤❛ ✉♠❛ ❢✉♥&'♦ ❞❡ ❞✐,♣❡.,'♦ F✉❡ ❞✐,1.✐✲

❜✉❛ ♦, ❡❧❡♠❡♥1♦, ❞❡ ♠❛♥❡✐.❛ ❛❜,♦❧✉1❛♠❡♥1❡ ✉♥✐❢♦.♠❡ ❛♦ ❧♦♥❣♦ ❞♦ ❡,♣❛&♦ ❞❛ 1❛❜❡❧❛✱

❡①✐,1❡ ✉♠❛ ♣.♦❜❛❜✐❧✐❞❛❞❡ ♣♦,✐1✐✈❛ ❞❡ F✉❡ ❝❤❛✈❡, ❝♦♠ ✈❛❧♦.❡, ❞✐,1✐♥1♦, ,❡❥❛♠ ♠❛♣❡✲

❛❞❛, ♣❛.❛ ♦ ♠❡,♠♦ ❡♥❞❡.❡&♦✲❜❛,❡✱ ❣❡.❛♥❞♦ ♦ F✉❡ S ❝❤❛♠❛❞♦ ❞❡ ❝♦❧✐"'♦✳ ❈♦♠ ❡❢❡✐1♦✱

❋❡❧❧❡. ❞❡,❝.❡✈❡✉ ❡♠ 1968 ♦ ❢❛♠♦,♦ ✏♣❛.❛❞♦①♦ ❞♦ ❛♥✐✈❡.,V.✐♦✑ ✭●❊❍❆◆✱ ✶✾✻✽✮ ✱ ♦♥❞❡✱

♥✉♠ ❣.✉♣♦ ❞❡ 23 ♦✉ ♠❛✐, ♣❡,,♦❛, ❥✉♥1❛, ❛♦ ❛❝❛,♦✱ ❡①✐,1❡ ✉♠❛ ❝❤❛♥❝❡ ❧✐❣❡✐.❛♠❡♥1❡

♠❛✐♦. ❞♦ F✉❡ 50✪ ❞❡ F✉❡ ❞✉❛, ❞❛F✉❡❧❛, ♣❡,,♦❛, ❝♦♠❡♠♦.❡♠ ❛♥✐✈❡.,V.✐♦ ♥♦ ♠❡,♠♦

❞✐❛ ❞♦ ❛♥♦✳ ❙❡♥❞♦ ❛,,✐♠✱ ,❡ ❢♦. ✉1✐❧✐③❛❞❛ ✉♠❛ ❢✉♥&'♦ ❞❡ ❞✐,♣❡.,'♦ ♣❡.❢❡✐1❛♠❡♥1❡

✉♥✐❢♦.♠❡ F✉❡ ♠❛♣❡✐❡ ♥'♦ ♠❛✐, F✉❡ 23 ❝❤❛✈❡, ❡♠ ✉♠❛ 1❛❜❡❧❛ ❞❡ 1❛♠❛♥❤♦ 365✱ ❥V S

♠❛✐, ♣.♦✈V✈❡❧ ❤❛✈❡. ❞♦ F✉❡ ♥'♦ ❤❛✈❡. ❛❧❣✉♠❛ ❝♦❧✐,'♦ ❛❧✐✳

❆ ❢✉♥&'♦ ❞❡ ❞✐,♣❡.,'♦ ❞❡✈❡ ,❡. ❞❡1❡.♠✐♥K,1✐❝❛ ✭❙❩❲❆❘❈❋■❚❊❘❀ ▼❆❘❑❊◆✲

❩❖◆✱ ✶✾✾✹✮✱ ♦✉ ,❡❥❛✱ ,❡♠♣.❡ .❡1♦.♥❛. ♦ ♠❡,♠♦ ❡♥❞❡.❡&♦✲❜❛,❡ F✉❛♥❞♦ ❛♣❧✐❝❛❞❛ ❛

✉♠❛ ❞❡1❡.♠✐♥❛❞❛ ❝❤❛✈❡✳ 8❛.❛ F✉❡ ,❡❥❛ ♣♦,,K✈❡❧ ❝✉♠♣.✐. ❡,1❡ .❡F✉✐,✐1♦✱ ❢✉♥&5❡, F✉❡

❞❡♣❡♥❞❛♠ ❞❡ ♣❛.a♠❡1.♦, ✈❛.✐V✈❡✐, ❝♦♠♦ ❛ ,❛K❞❛ ❞❡ ✉♠ ❣❡.❛❞♦. ❞❡ ♥b♠❡.♦, ♣,❡✉❞♦✲

❛❧❡❛1I.✐♦,✱ ❛ ❤♦.❛ ❞♦ ❞✐❛✱ ♦ ❡♥❞❡.❡&♦ ❛1✉❛❧ ❞❡ ♠❡♠I.✐❛ ❞♦ ❡❧❡♠❡♥1♦ F✉❡ ❡,1V ,❡♥❞♦

✈✐,❧✉♠❜.❛❞♦ ❡1❝✳ ,'♦ ❡①❝❧✉K❞❛,✱ ♣♦✐, ❡,,❡, ✈❛❧♦.❡, ♣♦❞❡♠ ♠✉❞❛. ❞✉.❛♥1❡ ❛ ❡①❡❝✉&'♦
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❞♦ ❛❧❣♦%✐'♠♦ ❡♠ *✉❡,'-♦✱ ❛❧'❡%❛♥❞♦ ♦ ❡♥❞❡%❡0♦ ♦❜'✐❞♦ ♣❡❧❛ ❢✉♥0-♦ ❞❡ ❞✐,♣❡%,-♦ ♣❛%❛

✉♠❛ ❝❤❛✈❡ ♠❛♣❡❛❞❛ ❛♥'❡%✐♦%♠❡♥'❡ ❡ '♦%♥❛♥❞♦ ✐♠♣♦,,7✈❡❧ ,✉❛ ❡✜❝✐❡♥'❡ ❧♦❝❛❧✐③❛0-♦✳

❖ ❝✉,'♦ ❞❛ ❝♦♠♣✉'❛0-♦ ❞❡ ✉♠❛ ❢✉♥0-♦ ❞❡ ❞✐,♣❡%,-♦ ❞❡✈❡ ,❡% ♣❡*✉❡♥♦✱ ❝♦♥,'✐✲

'✉7❞♦ ♣♦% ♣♦✉❝❛, ♦♣❡%❛0=❡, ❜>,✐❝❛, ✭❲■❘❚❍✱ ✶✾✽✺✮✱ ♣❛%❛ *✉❡ ✉♠❛ ,♦❧✉0-♦ ❜❛,❡❛❞❛

❡♠ '❛❜❡❧❛, ❞❡ ❞✐,♣❡%,-♦ ,❡❥❛ ♠❛✐, ❡✜❝✐❡♥'❡ ❞♦ *✉❡ ♦✉'%❛, ❛❜♦%❞❛❣❡♥,✳ K♦% ❡①❡♠♣❧♦✱

✉♠❛ >%✈♦%❡ %✉❜%♦✲♥❡❣%❛ ♣♦❞❡ ❧♦❝❛❧✐③❛% ✉♠ ✐'❡♠ ❡♠ ✉♠❛ '❛❜❡❧❛ ❞❡ n ✐'❡♥, ❡♠ '❡♠♣♦

O(❧♦❣ n) ✭❙❩❲❆❘❈❋■❚❊❘❀ ▼❆❘❑❊◆❩❖◆✱ ✶✾✾✹✮✳ ❯♠❛ '❛❜❡❧❛ ❞❡ ❞✐,♣❡%,-♦ ,❡%>

♠❛✐, ❡✜❝✐❡♥'❡ ❞♦ *✉❡ ✉♠❛ >%✈♦%❡ %✉❜%♦✲♥❡❣%❛✱ ,❡ ,✉❛ ❢✉♥0-♦ ❞❡ ❞✐,♣❡%,-♦ ♣✉❞❡% ,❡%

❝❛❧❝✉❧❛❞❛ ❡♠ ♠❡♥♦, '❡♠♣♦ ✭❡ ♣%♦❞✉③✐% ✉♠ ♥Y♠❡%♦ ♥-♦ '-♦ ❣%❛♥❞❡ ❞❡ ❝♦❧✐,=❡,✮✳

❆ ,❡❣✉✐% %❡✈✐,✐'❛♠♦, ❛, ❢✉♥0=❡, ❞❡ ❞✐,♣❡%,-♦ ♠❛✐, ❝♦♥❤❡❝✐❞❛,✳

✷✳✶✳✶ ▼$%♦❞♦ ❞❛ ❉✐✈✐,-♦

❖ ♠Z'♦❞♦ ❞❛ ❞✐✈✐,-♦ Z ✉♠❛ ❞❛, ❢✉♥0=❡, ❞❡ ❞✐,♣❡%,-♦ ♠❛✐, ,✐♠♣❧❡, ❡ ♠❛✐,

✉'✐❧✐③❛❞❛,✱ ♥❛ *✉❛❧ ✉♠❛ ❝❤❛✈❡ ✐♥'❡✐%❛ x Z ♠❛♣❡❛❞❛ ♣❛%❛ ✉♠❛ ❞❛, m ♣♦,✐0=❡, ❞❛

'❛❜❡❧❛ ❞❡ ❞✐,♣❡%,-♦ '♦♠❛♥❞♦ ♦ %❡,'♦ ❞❛ ❞✐✈✐,-♦ ❞❡ x ♣♦% m ✭❈❖❘▼❊◆ ❡' ❛❧✳✱ ✷✵✵✶✮✿

h(x) = x ♠♦❞ m✳

➱ ♣♦,,7✈❡❧ ♦❜'❡% ✉♠ ❜♦♠ ❡,♣❛❧❤❛♠❡♥'♦ ❞❛, ❝❤❛✈❡, ❝♦♠ ❡,'❡ ♠Z'♦❞♦✳ ❍>

,✐'✉❛0=❡, ❡♠ *✉❡ Z ♥❡❝❡,,>%✐♦ ♦ ❝✉✐❞❛❞♦ ❛❞✐❝✐♦♥❛❧ ❞❡ ,❡ ,❡❧❡❝✐♦♥❛% ✉♠ ✈❛❧♦% ❛❞❡*✉❛❞♦

♣❛%❛ ♦ '❛♠❛♥❤♦ ❞❛ '❛❜❡❧❛✳ K♦% ❡①❡♠♣❧♦✱ ❛❧❣✉♠❛, ✈❡③❡, ♣♦❞❡ ,❡% ❝♦♥✈❡♥✐❡♥'❡ ❡,❝♦❧❤❡%

✉♠ m ♣❛%✱ ♠❛, ✐,,♦ ✐♠♣❧✐❝❛ *✉❡ ,❡ x Z ♣❛% h(x) Z ♣❛%✱ ❡ ,❡ x Z 7♠♣❛% h(x) Z ✐♠♣❛%✳ ❙❡

❛, ❝❤❛✈❡, ,-♦ ❡*✉✐♣%♦✈>✈❡✐,✱ ❡,,❡ ❢❛'♦ ♥-♦ %❡♣%❡,❡♥'❛ ✉♠ ♣%♦❜❧❡♠❛✱ ♠❛, ,❡ ❛, ❝❤❛✈❡,

♣❛%❡, ,-♦ ♠❛✐, ♣%♦✈>✈❡✐, *✉❡ ❛, ❝❤❛✈❡, ✐♠♣❛%❡, ✭♦✉ ♦ ❝♦♥'%>%✐♦✮✱ ✜❝❛ ❝❧❛%♦ *✉❡ ❛

❢✉♥0-♦ ♥-♦ ✐%> ❞✐,'%✐❜✉✐% ♦, ❡❧❡♠❡♥'♦, ✉♥✐❢♦%♠❡♠❡♥'❡✳ ❖✉'%❛ ❡,❝♦❧❤❛ ❣❡%❛❧♠❡♥'❡

✐♥❢❡❧✐③ ♣❛%❛ m ,❡%✐❛ ✉♠❛ ♣♦'_♥❝✐❛ ❞❡ ❞♦✐,✱ ✐,'♦ Z✱ m = 2k ♣❛%❛ ❛❧❣✉♠ ✐♥'❡✐%♦ k > 1✳
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❆♣❡#❛% ❞❛ #✐♠♣❧✐❝✐❞❛❞❡✱ ❡##❛ , ✉♠❛ ❢✉♥01♦ ✐♥❞❡#❡❥4✈❡❧ ❥4 6✉❡ ❛ ❞✐✈✐#1♦ ❞❡ ✉♠ ♥7♠❡%♦

♥❛ #✉❛ %❡♣%❡#❡♥8❛01♦ ❜✐♥4%✐❛ ♣♦% 2k , #✐♠♣❧❡#♠❡♥8❡ ♦ ❞❡#❧♦❝❛♠❡♥8♦ ❞❡ #❡✉# ❜✐"# ❡♠ k

❝❛#❛# ♣❛%❛ ❛ ❞✐%❡✐8❛✳ ❈♦♠ ✐##♦✱ ♦ %❡#8♦ ❞❛ ❞✐✈✐#1♦ ❞❡#8❡ ♥7♠❡%♦ ♣♦% 2k , ♥❛ ✈❡%❞❛❞❡ ❛

❡①8%❛01♦ ❞♦# k ❜✐"# ♠❡♥♦# #✐❣♥✐✜❝❛8✐✈♦# ❞♦ ♥7♠❡%♦✳ ?❛%❛ ❡✈✐8❛% ❡##❛ #✐8✉❛01♦✱ ♦ ✐❞❡❛❧

, ❛ ❡#❝♦❧❤❛ ❞❡ m ♣%✐♠♦ 6✉❡ ♥1♦ #❡❥❛ ♣%A①✐♠♦ ❞❡ ♥❡♥❤✉♠❛ ♣♦8B♥❝✐❛ ❞❡ 2✱ ♦✉ ✉♠ m

6✉❡ ♥1♦ ♣♦##✉❛ ❞✐✈✐#♦%❡# ♣%✐♠♦# ♠❡♥♦%❡# 6✉❡ 20 ✭❙❩❲❆❘❈❋■❚❊❘❀ ▼❆❘❑❊◆❩❖◆✱

✶✾✾✹✮✳

✷✳✶✳✷ ▼❡✐♦ ❞♦ ◗✉❛❞+❛❞♦

❙❡❥❛ x ✉♠❛ ❝❤❛✈❡ ✐♥8❡✐%❛✳ ◆❡#8❡ ♠,8♦❞♦✱ ❛ ❝❤❛✈❡ x , ♠✉❧8✐♣❧✐❝❛❞❛ ♣♦% ❡❧❛

♠❡#♠❛ ❡ ♦ ❡♥❞❡%❡0♦✲❜❛#❡ , ♦❜8✐❞♦ ♣❡❧❛ #❡❧❡01♦ ❞❡ ✉♠ ♥7♠❡%♦ r ❞❡ ❞V❣✐8♦# ❞♦ ♠❡✐♦

❞♦ %❡#✉❧8❛❞♦✱ ❣❡%❛♥❞♦ ✈❛❧♦%❡# ♥♦ ✐♥8❡%✈❛❧♦ ❞❡ 0 ❛ 2r− 1✳ ❊#8❡ ♠,8♦❞♦ ❢✉♥❝✐♦♥❛ ❜❡♠✱

♣♦✐# ❛ ♠❛✐♦%✐❛ ❞♦# ❜✐"# ❞❛ ❝❤❛✈❡ ✭♦✉ ♠❡#♠♦ 8♦❞♦#✮ ❝♦♥8%✐❜✉❡♠ ♣❛%❛ ♦ %❡#✉❧8❛❞♦

✭❉❘❖❩❉❊❑✱ ✷✵✵✶✮✳ ?♦% ❡①❡♠♣❧♦✱ ❝♦♥#✐❞❡%❡ ♦# ❡❧❡♠❡♥8♦# ❝✉❥❛# ❝❤❛✈❡# #1♦ ♥7♠❡%♦#

❞❡ 4 ❞V❣✐8♦#✳ ❖ ♦❜❥❡8✐✈♦ , ❞❡8❡%♠✐♥❛% ❡♥❞❡%❡0♦#✲❜❛#❡ ♣❛%❛ ✉♠❛ 8❛❜❡❧❛ ❞❡ 8❛♠❛♥❤♦

100 ✭♦✉ #❡❥❛✱ ♥✉♠ ✐♥8❡%✈❛❧♦ ❞❡ 0 ❛ 99✮✳ ❊##❡ ✐♥8❡%✈❛❧♦ , ❡6✉✐✈❛❧❡♥8❡ ❛ ❞♦✐# ❞V❣✐8♦# ❞❛

❝❤❛✈❡✳ ■#8♦ ,✱ r = 2✳ ❙❡ ❛ ❡♥8%❛❞❛ , ♦ ♥7♠❡%♦ 5132✱ ❡♥81♦ ♦ 6✉❛❞%❛❞♦ ❞❡#8❛ ❡♥8%❛❞❛ ,

✉♠ ♥7♠❡%♦ ❞❡ ♦✐8♦ ❞V❣✐8♦#✱ 26337424✳ ❈♦♠♦ ♣%❡❝✐#❛♠♦# ❞❡ ❞♦✐# ❞V❣✐8♦# ♣❛%❛ ❝♦♠♣♦%

♦ ❡♥❞❡%❡0♦✲❜❛#❡ ❞❡ ❝❛❞❛ ❝❤❛✈❡✱ ❡♥81♦ ♦ 6✉❛%8♦ ❡ ♦ 6✉✐♥8♦ ❞V❣✐8♦#✱ ❞✐❣❛♠♦#✱ ♣♦❞❡♠

#❡% #❡❧❡❝✐♦♥❛❞♦#✱ %❡#✉❧8❛♥❞♦ ♥♦ ❡♥❞❡%❡0♦✲❜❛#❡ 37 ♣❛%❛ ❛ ❝❤❛✈❡ 5132✳

➱ ✐♠♣♦%8❛♥8❡ ♦❜#❡%✈❛% 6✉❡ ❛♣A# ❞❡✜♥✐% ❛# ♣♦#✐0[❡#✱ ♥❛ ❝❤❛✈❡✱ ❞♦# ❞V❣✐8♦#

6✉❡ #❡%1♦ ❡①8%❛V❞♦# ♣❛%❛ ❝♦♠♣♦% ♦# ❡♥❞❡%❡0♦#✲❜❛#❡✱ ❡##❛# ♣♦#✐0[❡# #❡%1♦ #❡♠♣%❡

✉8✐❧✐③❛❞❛#✱ ♣❛%❛ 8♦❞❛# ❛# ❝❤❛✈❡#✳
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✷✳✶✳✸ ▼%&♦❞♦ ❞❛ ❉♦❜,❛

◆❡"#❡ ♠%#♦❞♦✱ ❛" ❝❤❛✈❡" "-♦ ✐♥#❡0♣0❡#❛❞❛" ❝♦♠♦ ✉♠❛ "❡3✉4♥❝✐❛ ❞❡ ❞5❣✐#♦"

❡"❝0✐#♦" ♥✉♠❛ #✐0❛ ❞❡ ♣❛♣❡❧✳ ❊❧❡ ❝♦♥"✐"#❡ ❡♠ ✏❞♦❜0❛0✑ ❡""❡ ♣❛♣❡❧ ❞❡ j ❡♠ j ❞5❣✐#♦"

✭♦♥❞❡ j % ♦ #❛♠❛♥❤♦ ❞♦ ❡♥❞❡0❡>♦✲❜❛"❡✮ ❞❡ ♠❛♥❡✐0❛ 3✉❡ ♦" ❞5❣✐#♦" "❡ "♦❜0❡♣♦♥❤❛♠✳

❉❡♣♦✐" ❞❡ ❞♦❜0❛0✱ ❡"#❡" ❞5❣✐#♦" ❞❡✈❡♠ "❡0 "♦♠❛❞♦" "❡♠ ❝♦♥"✐❞❡0❛0 ♦ ✏✈❛✐ ✉♠✑✳ ❱❛❧❡

❞❡"#❛❝❛0 3✉❡ ♦ ♠%#♦❞♦ ❞❛ ❞♦❜0❛ #❛♠❜%♠ ♣♦❞❡ "❡0 ✉"❛❞♦ ❝♦♠ ♥C♠❡0♦" ❜✐♥D0✐♦"✳

◆❡""❡ ❝❛"♦✱ ❛♦ ✐♥✈%" ❞❛ "♦♠❛✱ ❞❡✈❡✲"❡ 0❡❛❧✐③❛0 ✉♠❛ ♦♣❡0❛>-♦ ❞❡ ✏♦✉ ❡①❝❧✉"✐✈♦✑✱ ♣♦✐"

♦♣❡0❛>G❡" ❞❡ ✏❡✑ ♦✉ ❞❡ ✏♦✉✑ #❡♥❞❡♠ ❛ ♣0♦❞✉③✐0 ❡♥❞❡0❡>♦"✲❜❛"❡ ❝♦♥❝❡♥#0❛❞♦" ♥♦ ✜♥❛❧

♦✉ ✐♥5❝✐♦ ❞❛ #❛❜❡❧❛ ✭❙❩❲❆❘❈❋■❚❊❘❀ ▼❆❘❑❊◆❩❖◆✱ ✶✾✾✹✮✳ Y♦0 ❡①❡♠♣❧♦✱ "✉♣♦♥❤❛

3✉❡ 3✉❡0❡♠♦" ❛0♠❛③❡♥❛0 ❛ ❝❤❛✈❡ 3456 ❡♠ ✉♠❛ #❛❜❡❧❛ ❞❡ ❞✐"♣❡0"-♦ ❝♦♠ #❛♠❛♥❤♦

✐❣✉❛❧ ❛ 100✳ ❯#✐❧✐③❛♥❞♦ ♦ ♠%#♦❞♦ ❞❛ ❞♦❜0❛✱ ♦ ❡♥❞❡0❡>♦✲❜❛"❡ ❞❡"#❛ ❝❤❛✈❡ % ❢❛❝✐❧♠❡♥#❡

♦❜#✐❞♦ ❡❢❡#✉❛♥❞♦ 3 + 6 = 9 ❡ 4 + 5 = 9✱ 3✉❡ ❣❡0❛ ♦ ❡♥❞❡0❡>♦ 99 ♣❛0❛ ❛ ❝❤❛✈❡ 3456✳

■♥C♠❡0❛" ❝♦♠❜✐♥❛>G❡" ❞❡ ❞5❣✐#♦" ♣♦❞❡♠ "❡0 0❡❛❧✐③❛❞❛" ❝♦♠ ❡""❡ ♠%#♦❞♦✱

"❡♥❞♦ 3✉❡ ♥❡♠ #♦❞♦" ♦" ❞5❣✐#♦" ❞❡✈❡♠ ♥❡❝❡""❛0✐❛♠❡♥#❡ "❡0 ✉#✐❧✐③❛❞♦" ♥❛ ♦♣❡0❛>-♦✳

Y♦0 ❡①❡♠♣❧♦✱ ♦" ❞5❣✐#♦" ❞❛" ❝❤❛✈❡" 3✉❡ "❡ 0❡♣❡#❡♠ ❝♦♠ ♠✉✐#❛ ❢0❡3✉4♥❝✐❛ ♥♦ ✉♥✐✈❡0"♦

❞❡ ❡♥#0❛❞❛ ♣♦❞❡♠ "❡0 ❞❡✐①❛❞♦" ❞❡ ❢♦0❛ ♣❛0❛ ♦#✐♠✐③❛0 ♦ ♣0♦❝❡""♦✳

✷✳✶✳✹ ❚,❛♥0❢♦,♠❛34♦ ❞❡ ❜❛0❡

◆♦ ♠%#♦❞♦ ❞❡ #0❛♥"❢♦0♠❛>-♦ ❞❡ ❜❛"❡ ✉♠❛ ❝❤❛✈❡ x #❡♠ "✉❛ ❜❛"❡ ♥✉♠%0✐❝❛

♠♦❞✐✜❝❛❞❛✱ 0❡"✉❧#❛♥❞♦ ❡♠ ✉♠❛ "❡3✉4♥❝✐❛ ❞❡ ❞5❣✐#♦" ❞✐❢❡0❡♥#❡ ✭❉❘❖❩❉❊❑✱ ✷✵✵✶✮✳

Y♦0 ❡①❡♠♣❧♦✱ "✉♣♦♥❤❛ ✉♠❛ ❝❤❛✈❡ x ✐❣✉❛❧ ❛♦ ❞❡❝✐♠❛❧ 245✱ 3✉❡ #0❛♥"❢♦0♠❛❞♦ ❡♠

❜❛"❡ ♦❝#❛❧ 0❡"✉❧#❛ 365✳ ❊"#❡ ✈❛❧♦0 % ❡♥#-♦ ❞✐✈✐❞✐❞♦ ♣♦0 m ✭#❛♠❛♥❤♦ ❞❛ #❛❜❡❧❛ ❞❡

❞✐"♣❡0"-♦✮ ❡ ♦ 0❡"#♦ ❞❛ ❞✐✈✐"-♦ % ✉"❛❞♦ ❝♦♠♦ ❡♥❞❡0❡>♦✲❜❛"❡ ❞❡ x ♥❛ #❛❜❡❧❛✳

❈♦♠♦ ❡♠ 3✉❛❧3✉❡0 ♦✉#0♦ ♠%#♦❞♦✱ ♥♦ ♠%#♦❞♦ ❞❛ #0❛♥"❢♦0♠❛>-♦ ❞❡ ❜❛"❡ ❛"

❝♦❧✐"G❡" #❛♠❜%♠ ♥-♦ ♣♦❞❡♠ "❡0 ❡✈✐#❛❞❛"✱ ✉♠❛ ✈❡③ 3✉❡ ❞✐✈✐❞❡♥❞♦" ❞✐❢❡0❡♥#❡" ♣♦❞❡♠
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♣!♦❞✉③✐! ♦ ♠❡)♠♦ !❡)*♦✳ ,♦! ❡①❡♠♣❧♦✱ )❡ m = 100✱ ❡♠❜♦!❛ 245 ❡ 501 )❡❥❛♠ ❞✐❢❡!❡♥*❡)

♥❛) ❜❛)❡) ❞❡❝✐♠❛❧ ❡ ♦❝*❛❧ ✭365 ❡ 765✱ !❡)♣❡❝*✐✈❛♠❡♥*❡✮✱ ❛♦ ❞✐✈✐❞✐! ❛♠❜♦) ♣♦! 100

♦❜*9♠✲)❡ ♦ ♠❡)♠♦ ❡♥❞❡!❡;♦✲❜❛)❡✱ <✉❡ = 65✳

✷✳✶✳✺ ❆♥&❧✐)❡ ❞♦) ❉.❣✐0♦)

◆♦ ♠=*♦❞♦ ❞❛ ❛♥?❧✐)❡ ❞♦) ❞@❣✐*♦)✱ ♦ ❡♥❞❡!❡;♦✲❜❛)❡ = ♦❜*✐❞♦ ❛*!❛✈=) ❞❛ )❡❧❡;B♦

❞❡ ❛❧❣✉♥) ❞@❣✐*♦) ❞❛ ❝❤❛✈❡✳ ❖ ♥E♠❡!♦ ❞❡ ❞@❣✐*♦) ❛ )❡!❡♠ )❡❧❡❝✐♦♥❛❞♦) ❞❡♣❡♥❞❡

❞♦ ❝♦♠♣!✐♠❡♥*♦ ❞♦ ❡♥❞❡!❡;♦✲❜❛)❡ ❞❡)❡❥❛❞♦✳ ❊)*❡ ♠=*♦❞♦ ❡)*? ❜❛)❡❛❞♦ ♥❛ ❛♥?❧✐)❡

❞♦ ✉♥✐✈❡!)♦ ❞❡ ❝❤❛✈❡) ♣❛!❛ <✉❡ ♣♦))❛♠ )❡! ❞❡*❡!♠✐♥❛❞❛) <✉❛✐) )B♦ ❛) ♣♦)✐;G❡)✱

♥❛) ❝❤❛✈❡)✱ ❞♦) ❞@❣✐*♦) <✉❡ ❞❡✈❡♠ )❡! ❡①*!❛@❞♦) ♣❛!❛ ❛ ❢♦!♠❛;B♦ ❞♦) ❡♥❞❡!❡;♦)✲

❜❛)❡✳ ■)*♦ = ❢❡✐*♦ ❛♥❛❧✐)❛♥❞♦✲)❡ ❝❛❞❛ ✉♠ ❞♦) ♣♦))@✈❡✐) ❝♦♥❥✉♥*♦) ❞❡ ♣♦)✐;G❡) ❝♦♠ ❛

❝❛!❞✐♥❛❧✐❞❛❞❡ ❞❡)❡❥❛❞❛✱ ❞❡ ❢♦!♠❛ ❛ )❡ ❞❡*❡!♠✐♥❛! ❛<✉❡❧❡ <✉❡ ♣!♦❞✉③ ❛) ❞✐)*!✐❜✉✐;G❡)

❞❡ ❞@❣✐*♦) ♠❛✐) ✉♥✐❢♦!♠❡)✳

❈♦♠♦ ❡①❡♠♣❧♦✱ )✉♣♦♥❤❛ <✉❡ ✉♠ ❝♦♥❥✉♥*♦ ❞❡ 5000 ❝❤❛✈❡) ❞❡ 10 ❞@❣✐*♦) =

❛♥❛❧✐)❛❞♦ ♣❛!❛ ❞❡*❡!♠✐♥❛! ❛ ❢!❡<✉9♥❝✐❛ ❝♦♠ <✉❡ ❝❛❞❛ ❞@❣✐*♦ ❛♣❛!❡❝❡ ❡♠ ❝❛❞❛ ♣♦)✐;B♦

❞❛ ❝❤❛✈❡✳ ❙✉♣♦♥❤❛ *❛♠❜=♠ <✉❡ ♣❛!❛ ❢♦!♠❛! ♦ ❡♥❞❡!❡;♦✲❜❛)❡ )B♦ ♥❡❝❡))?!✐♦) 4

❞@❣✐*♦)✱ ❡ <✉❡ ❛) ♣♦)✐;G❡) 2✱ 3✱ 7 ❡ 9 ♣!♦❞✉③❡♠ ❛ ❞✐)*!✐❜✉✐;B♦ ♠❛✐) ✉♥✐❢♦!♠❡ ❞❡ ❞@❣✐*♦)✱

)❡♥❞♦ ❡♥*B♦ )❡❧❡❝✐♦♥❛❞❛)✳ ◆❡)*❡ ❝❛)♦✱ )❡ ❛ ❝❤❛✈❡ 3219046578 ❢♦! ❝♦♥)✐❞❡!❛❞❛✱ ❡❧❛

)❡!? *!❛♥)❢♦!♠❛❞❛ ♥♦ ❡♥❞❡!❡;♦✲❜❛)❡ 2167✳ ➱ *❛♠❜=♠ ❝♦♠✉♠ ✐♥✈❡!*❡!✲)❡ ❛ ♦!❞❡♠ ❞♦)

❞@❣✐*♦) )❡❧❡❝✐♦♥❛❞♦)✱ ❞♦♥❞❡ ❛<✉❡❧❛ ♠❡)♠❛ ❝❤❛✈❡ !❡)✉❧*❛!✐❛ ♥♦ ❡♥❞❡!❡;♦✲❜❛)❡ 7612✳

❖ ✉)♦ ❞❡)*❡ ♠=*♦❞♦ = !❡❝♦♠❡♥❞❛❞♦ ❛ ❝♦♥❥✉♥*♦) ❞❡ ❝❤❛✈❡) <✉❡ ♥B♦ ♠✉❞❛♠

❛♦ ❧♦♥❣♦ ❞♦ *❡♠♣♦✱ )❡♥❞♦ ❢❛❝*@✈❡❧ <✉❛♥❞♦ ♦ ❝♦♥❥✉♥*♦ ❞❡ ❝❤❛✈❡) = ♣❡<✉❡♥♦✱ ❥? <✉❡ =

♥❡❝❡))?!✐♦ ❝♦♥❤❡❝❡! *♦❞❛) ❛) ❝❤❛✈❡) ❞❡ ❛♥*❡♠B♦✳

◆❡)*❡ ❡ ♥♦) ♠=*♦❞♦) ❛♣!❡)❡♥*❛❞♦) ❛♥*❡!✐♦!♠❡♥*❡✱ ❛))✉♠❡✲)❡ <✉❡ ♦) ✈❛❧♦!❡)

❞❛) ❝❤❛✈❡) )B♦ ✐♥*❡✐!♦)✱ ♠❛) ❡)*❛ ♥B♦ = ✉♠❛ !❡)*!✐;B♦✱ ✉♠❛ ✈❡③ <✉❡✱ ♥❛*✉!❛❧♠❡♥*❡✱

<✉❛❧<✉❡! ✈❛❧♦! ❞❡ ❝❤❛✈❡ ♣♦❞❡ )❡! !❡♣!❡)❡♥*❛❞♦ ♣♦! ✉♠❛ )❡<✉9♥❝✐❛ ❞❡ ❜✐"#✳ ❖ <✉❡
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 ❡①✐❣✐❞♦ ♣❡❧❛ ♠❛✐♦+✐❛ ❞❛, ✐♠♣❧❡♠❡♥.❛/0❡, ❞❡ .❛❜❡❧❛, ❞❡ ❞✐,♣❡+,2♦  3✉❡ ❛, ❝❤❛✈❡,

,❡❥❛♠ ♦❜❥❡.♦, ✐♠✉.9✈❡✐, ♥❛ ❧✐♥❣✉❛❣❡♠ ❞❡ ♣+♦❣+❛♠❛/2♦ ✉.✐❧✐③❛❞❛✳

✷✳✷ ❚❛❜❡❧❛ ❞❡ ❞✐)♣❡+),♦

❆ .❛❜❡❧❛ ❤❛"❤✱ ♦✉ .❛❜❡❧❛ ❞❡ ❞✐,♣❡+,2♦✱  ✱ ♣♦+.❛♥.♦✱ ❛ ❡,.+✉.✉+❛ ❞❡ ❞❛❞♦, 3✉❡

❛+♠❛③❡♥❛ ♦, ❡❧❡♠❡♥.♦,✳ ❚❡♠ ❝♦♠♦ ♦❜❥❡.✐✈♦ ♣♦,,✐❜✐❧✐.❛+ 3✉❡✱ ❛ ♣❛+.✐+ ❞❡ ✉♠❛ ❝❤❛✈❡✱

,❡❥❛ +❡❛❧✐③❛❞❛ ✉♠❛ ❜✉,❝❛ +9♣✐❞❛ ♣❛+❛ ,❡ ❧♦❝❛❧✐③❛+ ❡ ♦❜.❡+ ✉♠ ✈❛❧♦+ 3✉❡ ❧9 ❡,.❡❥❛

❛+♠❛③❡♥❛❞♦✳

❖ .❛♠❛♥❤♦ m ❞❡ ✉♠❛ .❛❜❡❧❛ ❞❡ ❞✐,♣❡+,2♦  ❞❡.❡+♠✐♥❛❞♦ ❝♦♠ ❜❛,❡ ♥♦ .❛♠❛✲

♥❤♦ ❞♦ ❝♦♥❥✉♥.♦ ❞❡ ❝❤❛✈❡, 3✉❡ ,❡+2♦ ❛❧✐ ❛+♠❛③❡♥❛❞❛, ✭❡ ♥2♦✱ ❝♦♠♦ ❥9 ♠❡♥❝✐♦♥❛❞♦✱

♥♦ .❛♠❛♥❤♦ ❞♦ ✉♥✐✈❡+,♦ ❞❡ .♦❞❛, ❛, ♣♦,,B✈❡✐, ❝❤❛✈❡,✮✱ ✉.✐❧✐③❛♥❞♦ ✉♠❛ ❢✉♥/2♦ ❞❡

❞✐,♣❡+,2♦ ♣❛+❛ .+❛♥,❢♦+♠❛+ ❝❛❞❛ ❝❤❛✈❡ ❡♠ ✉♠ ✈❛❧♦+ ♥♦ ✐♥.❡+✈❛❧♦ ❞❡ [0,m− 1]✳

❍9 ❛♣❧✐❝❛/0❡, ❡♠ 3✉❡ ♦ .❛♠❛♥❤♦ ❞❛ .❛❜❡❧❛  ♠♦❞✐✜❝❛❞♦ ❞✐♥❛♠✐❝❛♠❡♥.❡✱

❡①✐❣✐♥❞♦ .+❛.❛♠❡♥.♦ ❡,♣❡❝✐❛❧✳ ❆❧❣✉♠❛, . ❝♥✐❝❛, 3✉❡ ❧❡✈❛♠ ❡♠ ❝♦♥,✐❞❡+❛/2♦ ✉♠

.❛♠❛♥❤♦ ✈❛+✐9✈❡❧ ❞❡ .❛❜❡❧❛ ❢♦+❛♠ ❞❡,❡♥✈♦❧✈✐❞❛,✱ ❞❡♥.+❡ ❛, 3✉❛✐, ♣♦❞❡ ,❡+ ❞❡,.❛❝❛❞♦

♦ ❤❛"❤✐♥❣ ❞✐♥'♠✐❝♦✱ 3✉❡ ,❡+9 ❛♣+❡,❡♥.❛❞♦ ♠❛✐, ❛❞✐❛♥.❡✳

✷✳✸ ❚+❛/❛♠❡♥/♦ ❞❡ ❈♦❧✐)3❡)

❈♦♠♦ ❛ .❛❜❡❧❛ ❞❡ ❞✐,♣❡+,2♦  ♠❡♥♦+ 3✉❡ ♦ ✉♥✐✈❡+,♦ ❞❛ ❡♥.+❛❞❛✱ ✉♠❛ ❢✉♥/2♦

❞❡ ❞✐,♣❡+,2♦ ♥2♦ ♣♦❞❡ ,❡+ ✐♥❥❡.♦+❛✱ ♣♦❞❡♥❞♦ ❣❡+❛+✱ ❛♦ ❧♦♥❣♦ ❞❛ ❡①❡❝✉/2♦ ❞♦ ♣+♦✲

❣+❛♠❛✱ ✉♠ ♠❡,♠♦ ❡♥❞❡+❡/♦✲❜❛,❡ ♣❛+❛ ❝❤❛✈❡, ❞✐,.✐♥.❛,✱ ❝❛,♦ ❡,.❡ 3✉❡  ❝❤❛♠❛❞♦

❝♦❧✐",♦✳ ➱ ♥❡❝❡,,9+✐♦✱ ♣♦+.❛♥.♦✱ ♦ ✉,♦ ❞❡ ♠ .♦❞♦, ♣❛+❛ ♦+❣❛♥✐③❛+ ❡ ❛❝❡,,❛+ ♦, ❡❧❡✲

♠❡♥.♦, ❝♦❧✐❞✐❞♦,✱ ❝❤❛♠❛❞♦, ♠ .♦❞♦, ❞❡ .+❛.❛♠❡♥.♦ ❞❡ ❝♦❧✐,2♦ ✭❙❩❲❆❘❈❋■❚❊❘❀

▼❆❘❑❊◆❩❖◆✱ ✶✾✾✹✮✱ ❝✉❥♦ ❞❡,❡♠♣❡♥❤♦ ❞❡♣❡♥❞❡ ❢♦+.❡♠❡♥.❡ ❞♦ ❢❛.♦+ ❞❡ ❝❛+❣❛ ❞❛
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 ❛❜❡❧❛✱ ❞❡✜♥✐❞♦ ❝♦♠♦

α =
n

m
✱

♦♥❞❡ n - ♦  ❛♠❛♥❤♦ ❞♦ ❝♦♥❥✉♥ ♦ ❞❡ ❝❤❛✈❡2 ❛3♠❛③❡♥❛❞❛2 ❡ m - ♦  ❛♠❛♥❤♦  ♦ ❛❧ ❞❛

 ❛❜❡❧❛ ❞❡ ❞✐2♣❡326♦✳ ■2 ♦ 2❡ ❞9 ♣♦3:✉❡✱ ♠❡2♠♦ ❡♠ ❝❛2♦2 ❡♠ :✉❡ 26♦ ✉ ✐❧✐③❛❞❛2 ❜♦❛2

❢✉♥<=❡2 ❞❡ ❞✐2♣❡326♦✱ > ♠❡❞✐❞❛ ❡♠ :✉❡ ♦ ❢❛ ♦3 ❞❡ ❝❛3❣❛ ❛✉♠❡♥ ❛✱ ❛ ♣3♦❜❛❜✐❧✐❞❛❞❡

❞❡ ❤❛✈❡3 ❝♦❧✐2=❡2  ❛♠❜-♠ ❛✉♠❡♥ ❛✳ ❈♦♠♦ 3❡❣3❛ ❡♠♣A3✐❝❛✱ ♥6♦ - ✐♥❞✐❝❛❞♦ ❢❛ ♦3 ❞❡

❝❛3❣❛ 2✉♣❡3✐♦3 ❛ 75✪✳

✷✳✸✳✶ ❚%❛'❛♠❡♥'♦ ❞❡ ❈♦❧✐01❡0 ♣♦% ❊♥❝❛❞❡❛♠❡♥'♦

◆♦  3❛ ❛♠❡♥ ♦ ❞❡ ❝♦❧✐2=❡2 ♣♦3 ❡♥❝❛❞❡❛♠❡♥ ♦✱ ❛2 ❝❤❛✈❡2 ❝♦❧✐❞✐❞❛2 26♦ ❛3♠❛③❡✲

♥❛❞❛2 ❡♠ ❧✐2 ❛2 ❡♥❝❛❞❡❛❞❛2 ❡① ❡3♥❛2 >  ❛❜❡❧❛✱ ✉ ✐❧✐③❛♥❞♦ ♠❡♠F3✐❛ ❛❞✐❝✐♦♥❛❧ >:✉❡❧❛

❛❧♦❝❛❞❛ ♣❛3❛ ❛  ❛❜❡❧❛✱ ♦✉ ✐♥ ❡3♥❛2✱ ✉ ✐❧✐③❛♥❞♦ ♣♦2✐<=❡2 ❞❛ ♣3F♣3✐❛  ❛❜❡❧❛ ❞❡ ❞✐2♣❡3✲

26♦✳

✷✳✸✳✶✳✶ ❊♥❝❛❞❡❛♠❡♥+♦ ❊①+❡.✐♦.

◆❡22❡ ♠- ♦❞♦ ❞❡  3❛ ❛♠❡♥ ♦ ❞❡ ❝♦❧✐2=❡2✱ ❝❛❞❛ ♣♦2✐<6♦ ❞❛  ❛❜❡❧❛ ❞❡ ❞✐2♣❡326♦

❛3♠❛③❡♥❛✱ ❞❡ ❢❛ ♦✱ ♦ ♥F✲❝❛❜❡<❛ ❞❡ ✉♠❛ ❧✐2 ❛ ❡♥❝❛❞❡❛❞❛✳ ❈❛❞❛ ♥F ❞❛ ❧✐2 ❛ ❡♥❝❛❞❡❛❞❛✱

❛❧-♠ ❞♦ ❝❛♠♣♦ ♣❛3❛ ❛3♠❛③❡♥❛3 ♦ ♣♦♥ ❡✐3♦ ♣❛3❛ ♦ ♣3F①✐♠♦ ♥F ❞❛ ❧✐2 ❛✱ ♣♦22✉✐ ❝❛♠♣♦2

♣❛3❛ ❛3♠❛③❡♥❛3 ♦ ♣❛3 (chave, valor) :✉❡ 2❡ ♣3❡ ❡♥❞❡ ❛3♠❛③❡♥❛3✳

❆ ✐♥❝❧✉26♦ ❞❡ ✉♠❛ ❝❤❛✈❡ x ♣♦❞❡ 2❡3 3❡❛❧✐③❛❞❛ ♥♦ ✜♥❛❧ ❞❛ ❧✐2 ❛ ❡♥❝❛❞❡❛❞❛ :✉❡

❝♦33❡2♣♦♥❞❡ ❛♦ ❡♥❞❡3❡<♦✲❜❛2❡ h(x)✳ ❉❡22❛ ❢♦3♠❛✱ ❛♦ 2❡ 3❡❛❧✐③❛3 ✉♠❛ ❜✉2❝❛✱ ♣❛3❛

❛22❡❣✉3❛3 :✉❡ ✉♠❛ ❝❤❛✈❡ ♥6♦ ❡2 9 ♥❛ ❧✐2 ❛ 2❡39 ♥❡❝❡2293✐♦ ♣❡3❝♦33❡3  ♦❞♦2 ♦2 2❡✉2
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♥!"✳

$❛&❛ "❡ ❡①❝❧✉✐& x✱ ✐❣✉❛❧♠❡♥0❡✱ "❡&1 ♥❡❝❡""1&✐♦ &❡❛❧✐③❛& ✉♠❛ ❜✉"❝❛ ♥❛ ❧✐"0❛

❡♥❝❛❞❡❛❞❛ ❞♦ ❡♥❞❡&❡6♦ h(x)✳ ❆♣!" ❧♦❝❛❧✐③❛❞❛ ❛ ❝❤❛✈❡✱ ❜❛"0❛ ❢❛③❡& ❝♦♠ <✉❡ ♦ ♣♦♥0❡✐&♦

<✉❡ ❛♣♦♥0❛✈❛ ♣❛&❛ ♦ ♥! ❞❡ x ♣❛""❡ ❛ ❛♣♦♥0❛& ♣❛&❛ ♦ ♥! ❛♣♦♥0❛♥❞♦ ♣♦& x✳ ◆❛

✜❣✉&❛ ✷✳✷ ❤1 ❛ ✐♥❝❧✉"@♦ ❞❡ ✈1&✐❛" ❝❤❛✈❡" ✭❝♦♠❡6❛♥❞♦ ❞❛ ❡"<✉❡&❞❛ ♣❛&❛ ❞✐&❡✐0❛✮

✉0✐❧✐③❛♥❞♦ ♦ 0&❛0❛♠❡♥0♦ ❞❡ ❝♦❧✐"C❡" ♣♦& ❡♥❝❛❞❡❛♠❡♥0♦ ❡①0❡&✐♦&✳

77

1

247

11

131

39

247 131 1 11 77 39

❋✐❣✉&❛ ✷✳✷✿ ❊♥❝❛❞❡❛♠❡♥0♦ ❊①0❡&✐♦&

❙❡ ❛ ❞✐"0&✐❜✉✐6@♦ ❞❛" ❝❤❛✈❡" H ✉♥✐❢♦&♠❡✱ ♦ ❝✉"0♦ ♠H❞✐♦ ❞❡ ✉♠❛ ♣❡"<✉✐"❛ ♥❡""❛

❡"0&✉0✉&❛ ❞❡♣❡♥❞❡ ❛♣❡♥❛" ❞♦ ♥I♠❡&♦ ♠H❞✐♦ ❞❡ ❝❤❛✈❡" ♥❛" ❧✐"0❛" ❡♥❝❛❞❡❛❞❛"✱ ♦✉

"❡❥❛✱ ❞♦ ❢❛0♦& ❞❡ ❝❛&❣❛ ❞❛ 0❛❜❡❧❛✳ ❖ ❡♥❝❛❞❡❛♠❡♥0♦ ❡①0❡&✐♦& H ❡✜❝❛③ ♠❡"♠♦ <✉❛♥❞♦ ♦

♥I♠❡&♦ ❞❡ ❡♥0&❛❞❛" ♥❛ 0❛❜❡❧❛ H ♠✉✐0♦ ♠❛✐♦& <✉❡ "❡✉ 0❛♠❛♥❤♦✳ ❙❡✉ ♣✐♦& ❞❡"❡♠♣❡♥❤♦

♦❝♦&&❡ <✉❛♥❞♦ 0♦❞❛" ❛" ❡♥0&❛❞❛" "@♦ ♠❛♣❡❛❞❛" ♣❛&❛ ✉♠❛ I♥✐❝❛ ♣♦"✐6@♦✱ ❣❡&❛♥❞♦ ✉♠❛

❧✐"0❛ ❡♥❝❛❞❡❛❞❛ ❞❡ 0❛♠❛♥❤♦ n✳ ▲♦❣♦✱ ♥♦ ♣✐♦& ❝❛"♦✱ ✉♠❛ ❜✉"❝❛ ❧❡✈❛&✐❛ O(n) ♣❛""♦"✳

❆ ❡✜❝✐M♥❝✐❛ ❞❡""❡ ♠H0♦❞♦ ❞❡✈❡ "❡& ❛✈❛❧✐❛❞❛ ❛♥❛❧✐"❛♥❞♦✲"❡ <✉❛♥0❛" ❝♦♠♣❛✲

&❛6C❡" "@♦ ❡"♣❡&❛❞❛"✱ ❡♠ ♠H❞✐❛✱ ♣❛&❛ ❜✉"❝❛" "❡♠ "✉❝❡""♦ ✭"❡✉ ♣✐♦& ❝❛"♦✮✳ ❊♥0@♦✱

"✉♣♦♥❤❛ <✉❡ h H ✉♠❛ ❢✉♥6@♦ ✉♥✐❢♦&♠❡✱ <✉❡ ♦ ❢❛0♦& ❞❡ ❝❛&❣❛ ❞❛ 0❛❜❡❧❛ H α ❡ <✉❡ ❛" ❧✐"✲

0❛" ❡♥❝❛❞❡❛❞❛" ✉0✐❧✐③❛❞❛" ♣❛&❛ "♦❧✉6@♦ ❞❛" ❝♦❧✐"C❡" "@♦ ♥@♦ ♦&❞❡♥❛❞❛"✳ ❉❡"0❛ ❢♦&♠❛✱

❛ ♣&♦❜❛❜✐❧✐❞❛❞❡ ❞❡ h ❝♦♠♣✉0❛& ❝❛❞❛ P♥❞✐❝❡ k H ✉♥✐❢♦&♠❡ ❡ ✐❣✉❛❧ ❛

1
m
✱ ❡ ♦ ♥I♠❡&♦ ❞❡

❝♦♠♣❛&❛6C❡" ❢❡✐0❛" ❛♦ "❡ ❛❝❡""❛& ❛ ❡♥0&❛❞❛ i ❞❛ 0❛❜❡❧❛ H ♦ ❝♦♠♣&✐♠❡♥0♦ ❡"♣❡&❛❞♦ ❞❛
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❧✐"#❛ ❡♥❝❛❞❡❛❞❛ ❛""♦❝✐❛❞❛ * ♣♦"✐,-♦ h(i)✳ ❖ 0✉❡✱ ❞❡ ❛❝♦3❞♦ ❝♦♠ ✭❙❩❲❆❘❈❋■❚❊❘❀

▼❆❘❑❊◆❩❖◆✱ ✶✾✾✹✮✱ H✿

CM(T ) =
n

m
= α.

❏K ♥♦ ❝❛"♦ ❞❛ ❜✉"❝❛ ❝♦♠ "✉❝❡""♦✱ ♣❛3❛ "❛❜❡3 0✉❛♥#❛" ❝♦♠♣❛3❛,M❡" "-♦ ❡"✲

♣❡3❛❞❛" ♥❛ ♠H❞✐❛✱ ✐♠❛❣✐♥❡ 0✉❡ ♣❛3❛ ❡♥❝♦♥#3❛3 ✉♠❛ ❝❤❛✈❡ x✱ ♣❡"0✉✐"❛✲"❡ ✉♠❛ ❧✐"#❛

❞❡ R♥❞✐❝❡ k✳ ❖ ♥S♠❡3♦ ❞❡ ❝♦♠♣❛3❛,M❡" H ♣3♦♣♦3❝✐♦♥❛❧ ❛♦ ❝♦♠♣3✐♠❡♥#♦ ❞❛ ❧✐"#❛ k

♥❛ ♣♦"✐,-♦ ❡♠ 0✉❡ x ❢♦✐ ✐♥"❡3✐❞❛ ♥❛ #❛❜❡❧❛✳ ❙❡ x ❢♦✐ ❛ j + 1✲H"✐♠❛ ❝❤❛✈❡ ✐♥❝❧✉R❞❛✱

❡♥#-♦ ♦ ❝♦♠♣3✐♠❡♥#♦ ♠H❞✐♦ ❞❛ ❧✐"#❛ k H

j

m
✳ ❊♥#-♦✱ "❡❣✉♥❞♦ ✭❙❩❲❆❘❈❋■❚❊❘❀

▼❆❘❑❊◆❩❖◆✱ ✶✾✾✹✮✱ ♦ ❝✉"#♦ ♠H❞✐♦ ❡"♣❡3❛❞♦ H ❞❛❞♦ ♣♦3

CM(T ) = 1 +
α

2
−

1

2m

✳

U♦3#❛♥#♦✱ "❡ ♦ ❢❛#♦3 ❞❡ ❝❛3❣❛ H ❜❛✐①♦ ✭♠❡♥♦3 0✉❡ ✉♠❛ ❝♦♥"#❛♥#❡ c✮✱ ❛ ❝♦♠✲

♣❧❡①✐❞❛❞❡ ♠H❞✐❛ ❞❛ ❜✉"❝❛ H O(1)✳

✷✳✸✳✶✳✷ ❊♥❝❛❞❡❛♠❡♥+♦ ■♥+❡.✐♦.

❖ ❡♥❝❛❞❡❛♠❡♥#♦ ✐♥#❡3✐♦3 H ✉♠❛ ❛❧#❡3♥❛#✐✈❛ ♣❛3❛ ❝❛"♦" ♦♥❞❡ ♥-♦ "❡ ❞❡"❡❥❛ ♠❛♥✲

#❡3 ✉♠❛ ❡"#3✉#✉3❛ ❡①#❡3♥❛ * #❛❜❡❧❛✳ ◆❡""❡ ♠H#♦❞♦✱ ♦" ♥X" #❛♠❜H♠ ♣♦""✉❡♠ ❝❛♠♣♦"

♣❛3❛ ❛3♠❛③❡♥❛3 ♦ ♣❛3 (chave, valor) ❡ ✉♠ ♣♦♥#❡✐3♦ ♣❛3❛ ❛ ♣♦"✐,-♦ "❡❣✉✐♥#❡✳ ❊♠ ❝❛"♦

❞❡ ❝♦❧✐"-♦✱ ♣♦3H♠✱ ♦ ♣♦♥#❡✐3♦ ✐♥❞✐❝❛ ♣♦"✐,M❡" ♥❛ ♣3X♣3✐❛ #❛❜❡❧❛ ❞❡ ❞✐"♣❡3"-♦✳ ❉❡""❛

❢♦3♠❛✱ ✉♠❛ #❛❜❡❧❛ ❝♦♠ m ♣♦"✐,M❡" ✜❝❛ ❞✐✈✐❞✐❞❛ ❡♠ ❞✉❛" 3❡❣✐M❡" ❞❡ #❛♠❛♥❤♦ ✜①♦✳

❯♠❛ 3❡"❡3✈❛❞❛ ❛♦" ❡♥❞❡3❡,♦"✲❜❛"❡ ❝♦♠ #❛♠❛♥❤♦ p✱ ❡ ♦✉#3❛ 3❡"❡3✈❛❞❛ ❛♦" "✐♥]♥✐♠♦"✱

♦✉ ❝❤❛✈❡" ❝♦❧✐❞✐❞❛"✱ ❝♦♠ #❛♠❛♥❤♦ s✱ ♦♥❞❡ s+ p = m✳
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❯♠❛ ❢✉♥&'♦ ❞❡ ❞✐,♣❡.,'♦ h .❡/♦.♥❛ ❛♣❡♥❛, 0♥❞✐❝❡, ♥♦ ✐♥/❡.✈❛❧♦ [0, ..., p− 1] ✳

❖ ✐♥/❡.✈❛❧♦ [p, ...,m−1] 6 ✉,❛❞♦ ♣❛.❛ ❛.♠❛③❡♥❛. ❛, ❝❤❛✈❡, ❝♦❧✐❞✐❞❛,✳ ◗✉❛♥❞♦ ❛ :.❡❛

❞❡ ❝♦❧✐,;❡, ❡,/: ❝♦♠♣❧❡/❛♠❡♥/❡ ♣.❡❡♥❝❤✐❞❛ ❡ ❤: ❛ ✐♥❝❧✉,'♦ ❞❡ ✉♠❛ ♥♦✈❛ ❝❤❛✈❡ ❝♦♠

❝♦❧✐,'♦✱ ♦❝♦..❡ ♦ =✉❡ 6 ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❢❛❧,♦ ♦✈❡#✢♦✇✳ ❖✉ ,❡❥❛✱ ♣♦❞❡ ❤❛✈❡. ♣♦,✐&;❡,

✈❛③✐❛, ♥❛ :.❡❛ ❞❡ ❡♥❞❡.❡&❛♠❡♥/♦✱ ♠❛, ❝♦♠♦ ❛ :.❡❛ ❞❡ ❝♦❧✐,'♦ ❡,/: ❝❤❡✐❛✱ ❛ ❝❤❛✈❡

♥'♦ ♣♦❞❡ ,❡. ✐♥,❡.✐❞❛✳ ❯♠❛ ,♦❧✉&'♦ ♣❛.❛ ❡,,❡ ♣.♦❜❧❡♠❛✱ ❝♦♥,✐,/❡ ♥♦ ❛✉♠❡♥/♦ ❞♦

/❛♠❛♥❤♦ ❞❛ :.❡❛ ❞❡ ❝♦❧✐,'♦✱ ❛❝❛..❡/❛♥❞♦ ❛ ❞✐♠✐♥✉✐&'♦ ❞❛ :.❡❛ ❞❡ ❡♥❞❡.❡&♦,✲❜❛,❡✳ ◆♦

❡♥/❛♥/♦✱ ❛ ❡✜❝✐C♥❝✐❛ /❛♠❜6♠ ❞✐♠✐♥✉✐✱ ♣♦✐, ❛ :.❡❛ ❞❡ ❡♥❞❡.❡&❛♠❡♥/♦ ♣♦❞❡ ♣♦,,✉✐. ♥♦

♠0♥✐♠♦ 1 ♣♦,✐&'♦ ❡ ❛ :.❡❛ ❞❡ ❝♦❧✐,'♦ ♥♦ ♠:①✐♠♦ m−1✱ ♦ =✉❡ ❝♦..❡,♣♦♥❞❡ ❛ ✉♠❛ ❧✐,/❛

❡♥❝❛❞❡❛❞❛✱ ❝✉❥♦ /❡♠♣♦ ♠6❞✐♦ ❞❡ ❜✉,❝❛ 6 O(n) ✭❙❩❲❆❘❈❋■❚❊❘❀ ▼❆❘❑❊◆❩❖◆✱

✶✾✾✹✮✳

❆ ✜❣✉.❛ ✷✳✸ ♠♦,/.❛ ✉♠❛ /❛❜❡❧❛ ❞❡ ❞✐,♣❡.,'♦ ❝♦♠ ❡♥❝❛❞❡❛♠❡♥/♦ ✐♥/❡.✐♦.✱ ♦♥❞❡

❛ :.❡❛ ❞❡ ❝♦❧✐,'♦ ❡,/: /♦/❛❧♠❡♥/❡ ♣.❡❡♥❝❤✐❞❛✳ ❈❛,♦ ,❡❥❛ ✐♥,❡.✐❞❛ ✉♠❛ ♥♦✈❛ ❝❤❛✈❡

❝♦♠ ❡♥❞❡.❡&♦✲❜❛,❡ ✐❣✉❛❧ ❛ 0, 1 ♦✉ 3✱ ♦❝♦..❡.: ✉♠❛ ❝♦❧✐,'♦ ❡ ❡,,❛ ❝❤❛✈❡ ❞❡✈❡.: ,❡.

❛.♠❛③❡♥❛❞❛ ♥❛ :.❡❛ ❞❡ ❝♦❧✐,'♦✱ ♠❛, ❝♦♠♦ ❡❧❛ ❡,/: ❝❤❡✐❛✱ ♦❝♦..❡.: ✉♠ ❢❛❧,♦ ♦✈❡#✢♦✇✳

24

77

39

1

11

111 3977

131

131

24

❋✐❣✉.❛ ✷✳✸✿ ❚.❛/❛♠❡♥/♦ ❞❡ ❈♦❧✐,;❡, ♣♦. ❊♥❝❛❞❡❛♠❡♥/♦ ■♥/❡.✐♦.

❖✉/.❛ ❛❧/❡.♥❛/✐✈❛ ✉,❛♥❞♦ ❡♥❝❛❞❡❛♠❡♥/♦ ✐♥/❡.✐♦. ❝♦♥,✐,/❡ ❡♠ ❞❡,/✐♥❛. /♦❞♦ ♦

❡,♣❛&♦ ❞❛ /❛❜❡❧❛ ❞❡ ❞✐,♣❡.,'♦ ♣❛.❛ ♦ ❡♥❞❡.❡&❛♠❡♥/♦✳ ❆,,✐♠✱ =✉❛❧=✉❡. ♣♦,✐&'♦ ❞❛

/❛❜❡❧❛ ♣♦❞❡ ,❡. ✉,❛❞❛ ❝♦♠♦ ❡♥❞❡.❡&♦✲❜❛,❡ ♦✉ ♣❛.❛ ❛.♠❛③❡♥❛. ✉♠❛ ❝♦❧✐,'♦✳
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◗✉❛♥❞♦✱ ♥❛ ✐♥(❡*+,♦ ❞❡ ✉♠❛ ❝❤❛✈❡ x✱ ♦❝♦**❡ ✉♠❛ ❝♦❧✐(,♦✱ x 2 ❛*♠❛③❡♥❛❞❛ ♥❛

♣*✐♠❡✐*❛ ♣♦(✐+,♦ ❧✐✈*❡ ❛♣5( h(x)✱ ❞✐❣❛♠♦( ❛ ♣♦(✐+,♦ d✳ ❙❡✱ ♣♦(9❡*✐♦*♠❡♥9❡✱ ✉♠❛ ❝❤❛✈❡

y ❛ (❡* ✐♥❝❧✉:❞❛ 2 9❛❧ ;✉❡ h(y) = d✱ (❡*< ❡❢❡9✉❛❞❛ ❛ ❢✉(,♦ ❞❛( ❧✐(9❛( ❝♦**❡(♣♦♥❞❡♥9❡( ❛

h(x) ❡ h(y)✱ ❞✐♠✐♥✉✐♥❞♦ ❛((✐♠ ❛ ❡✜❝✐?♥❝✐❛ ❞♦ ♠29♦❞♦✳ ❊(9❛ (✐9✉❛+,♦✱ ;✉❡ 2 ♦ ♠❛✐♦*

♣*♦❜❧❡♠❛ ❞❡((❛ ❛❜♦*❞❛❣❡♠✱ 2 ❝❤❛♠❛❞❛ ❞❡ ❝♦❧✐(,♦ (❡❝✉♥❞<*✐❛✱ ✐(9♦ 2✱ ✉♠❛ ❝♦❧✐(,♦

❡♥9*❡ ❝❤❛✈❡( x ❡ y ♣❛*❛ ❛( ;✉❛✐( h(x) 6= h(y)✳

◆❛ ✜❣✉*❛ ✷✳✹ ❛ ❢✉♥+,♦ ❞❡ ❞✐(♣❡*(,♦ ✉9✐❧✐③❛ 9♦❞♦ ♦ ❡(♣❛+♦ ❞❛ 9❛❜❡❧❛ ♣❛*❛

❡♥❞❡*❡+❛♠❡♥9♦ ❞❛( ❝❤❛✈❡(✳ ◗✉❛♥❞♦ ❤< ❝♦❧✐(,♦✱ ❛ ❝❤❛✈❡ ❝♦❧✐❞✐❞❛ 2 ❛*♠❛③❡♥❛❞❛ ♥❛

♣*✐♠❡✐*❛ ♣♦(✐+,♦ ❞✐(♣♦♥:✈❡❧ ❞❡ m− 1 ❛ 1✱ ♦✉ (❡❥❛✱ ♥❛ F❧9✐♠❛ ♣♦(✐+,♦ ❞❛ 9❛❜❡❧❛ ;✉❡

❛✐♥❞❛ ❡(9< ✈❛③✐❛✳ G♦* ❡①❡♠♣❧♦✱ ❛ ❝❤❛✈❡ 49 ❢♦✐ ♠❛♣❡❛❞❛ ♣❛*❛ ❛ ♣♦(✐+,♦ 0✱ ♥♦ ❡♥9❛♥9♦✱ ❛

♣♦(✐+,♦ 0 ❥< ❡(9❛✈❛ ♦❝✉♣❛❞❛ ♣❡❧❛ ❝❤❛✈❡ 77✱ ❡♥9,♦ ❛ ❝❤❛✈❡ 49 ❢♦✐ ❛*♠❛③❡♥❛❞❛ ♥❛ F❧9✐♠❛

♣♦(✐+,♦ ❞❛ 9❛❜❡❧❛✳ ❚❛♠❜2♠ 2 ♣♦((:✈❡❧ ♦❜(❡*✈❛* ;✉❡ ❤♦✉✈❡ ✉♠❛ ❝♦❧✐(,♦ (❡❝✉♥❞<*✐❛

❡♥9*❡ ❛( ❝❤❛✈❡( 28 ❡ 17✱ ✉♠❛ ✈❡③ ;✉❡ ❛ ❝❤❛✈❡ 28 ❢♦✐ ♠❛♣❡❛❞❛ ♣❛*❛ ❛ ♣♦(✐+,♦ 0 ❥<

♣*❡❡♥❝❤✐❞❛✳ ❆♦ ♣❡*❝♦**❡* ❛ 9❛❜❡❧❛ ❞❡ ❜❛✐①♦ ♣❛*❛ ❝✐♠❛✱ ❢♦✐ ❡♥❝♦♥9*❛❞❛ ❛ ♣♦(✐+,♦

3 ♣❛*❛ (❡✉ ❛*♠❛③❡♥❛♠❡♥9♦✱ ♠❛( ❛♦ ✐♥(❡*✐* ❛ ❝❤❛✈❡ 17✱ ❝✉❥♦ ❡♥❞❡*❡+♦ h(17) = 3✱

❛ ♣♦(✐+,♦ 3 ❥< ❡(9❛✈❛ ♣*❡❡♥❝❤✐❞❛ ❝♦♠ ❛ ❝❤❛✈❡ 28 ❡ ❢♦✐ ♥❡❝❡((<*✐♦ ♣*♦❝✉*❛* ✉♠❛

♣♦(✐+,♦ ❛❧9❡*♥❛9✐✈❛ ♣❛*❛ ❛*♠❛③❡♥❛* 17✱ ❝❛✉(❛♥❞♦ ❛ ❢✉(,♦ ❡♥9*❡ ❛( ❧✐(9❛( ❞❡ ❝♦❧✐(K❡(

❞❛( ♣♦(✐+K❡( 0 ❡ 3✳

❋✐❣✉*❛ ✷✳✹✿ ❊♥❝❛❞❡❛♠❡♥9♦ ■♥9❡*✐♦* (❡♠ ➪*❡❛ ❞❡ ❈♦❧✐(,♦

◆♦ 9*❛9❛♠❡♥9♦ ❞❡ ❝♦❧✐(K❡( ❝♦♠ ❡♥❝❛❞❡❛♠❡♥9♦ ✐♥9❡*✐♦*✱ (❡❥❛ ❝♦♠ ♦✉ (❡♠ <*❡❛
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❞❡ ❝♦❧✐&'♦✱ ❤* ✉♠❛ ♣/♦❜❧❡♠❛ ❛❞✐❝✐♦♥❛❧ 2✉❡ &❡ /❡❢❡/❡ 4& ❞✐✜❝✉❧❞❛❞❡& ✐♥6/♦❞✉③✐❞❛& ♥♦

♣/♦❝❡&&♦ ❞❡ ❡①❝❧✉&'♦✱ ✉♠❛ ✈❡③ 2✉❡ ♥'♦ &❡ ♣♦❞❡ &✐♠♣❧❡&♠❡♥6❡ /❡6✐/❛/ ♦ ❡❧❡♠❡♥6♦

❞❛ ❧✐&6❛✳ ;❛/❛ ❝♦♥6♦/♥❛/ ❡&&❛ &✐6✉❛<'♦ ❝♦♥&✐❞❡/❛✲&❡ 2✉❡ ❝❛❞❛ ❝♦♠♣❛/6✐♠❡♥6♦ ❞❛

6❛❜❡❧❛ ♣♦&&❛ ♣♦&&✉✐/ 6/>& ❡&6❛❞♦& ❞✐&6✐♥6♦&✿ ✏✈❛③✐♦✑✱ 2✉❛♥❞♦ ♦ ❝♦♠♣❛/6✐♠❡♥6♦ ♥✉♥❝❛

❢♦✐ ♦❝✉♣❛❞♦❀ ✏♦❝✉♣❛❞♦✑✱ 2✉❛♥❞♦ ♦ ❝♦♠♣❛/6✐♠❡♥6♦ ❝♦♥6>♠ ✉♠❛ ❝❤❛✈❡❀ ❡ ✏❧✐❜❡/❛❞♦✑✱

2✉❡ C ♦ ❝❛&♦ ❡♠ 2✉❡ ❛ &♦❧✐❝✐6❛<'♦ ❞❡ ❡①❝❧✉&'♦ ❞❛ ❝❤❛✈❡ ❢♦✐ /❡❛❧✐③❛❞❛✳ ❈♦♠ ✐&&♦✱

✉♠❛ ✐♥&❡/<'♦ ♣♦&6❡/✐♦/ ♣♦❞❡ /❡❛♣/♦✈❡✐6❛/ ♣♦&✐<E❡& ♠❛/❝❛❞❛& ❝♦♠ ✏❧✐❜❡/❛❞♦✑✱ ❛❧C♠

❞❡✱ 2✉❛♥❞♦ ❢♦/ /❡❛❧✐③❛❞❛ ✉♠❛ ❜✉&❝❛✱ &❡/ ♣♦&&F✈❡❧ &❛❜❡/ &❡ ❤* ♠❛✐& ❝❤❛✈❡& ♥❛ ❧✐&6❛ ❞❡

❝♦❧✐&'♦ ❛♣G& ♦ ❝♦♠♣❛/6✐♠❡♥6♦ ✏❧✐❜❡/❛❞♦✑✳

✷✳✸✳✷ ❚$❛&❛♠❡♥&♦ ❞❡ ❈♦❧✐/0❡/ ♣♦$ ❊♥❞❡$❡3❛♠❡♥&♦ ❆❜❡$&♦

◆♦ ❡♥❞❡/❡<❛♠❡♥6♦ ❛❜❡/6♦ 6♦❞♦& ♦& ❡❧❡♠❡♥6♦& &'♦ ❛/♠❛③❡♥❛❞♦& ♥❛ ♣/G♣/✐❛

6❛❜❡❧❛ ❞❡ ❞✐&♣❡/&'♦✱ ✐&6♦ C✱ ♥'♦ ❡①✐&6❡♠ ❧✐&6❛& ♥❡♠ ❡❧❡♠❡♥6♦& ❛/♠❛③❡♥❛❞♦& ❢♦/❛

❞❛ 6❛❜❡❧❛✱ ❡✈✐6❛♥❞♦ ❛&&✐♠ ♦ ✉&♦ ❞❡ ♣♦♥6❡✐/♦&✳ ❊♠ ❝❛&♦ ❞❡ ❝♦❧✐&'♦ ✉6✐❧✐③❛✲&❡ ✉♠❛

♦✉6/❛ ❢✉♥<'♦ ❞❡ ❞✐&♣❡/&'♦ 2✉❡ ✐♥❞✐❝❛ ♦ ♣/G①✐♠♦ F♥❞✐❝❡ ❛ &❡/ ❝♦♥&✐❞❡/❛❞♦ ♣❛/❛ ♦

❛/♠❛③❡♥❛♠❡♥6♦✳ ❊♠ ❣❡/❛❧✱ ❡①✐&6❡ ❛ ❢✉♥<'♦ ❞❡ ❞✐&♣❡/&'♦ h(x, k)✱ ♦♥❞❡ x C ❛ ❝❤❛✈❡

❡ k ∈ {0, ...,m − 1} C ❛ &❡2✉>♥❝✐❛ ❞❡ 6❡♥6❛6✐✈❛&✱ ♦✉ ♣♦&✐<E❡& ❝❛♥❞✐❞❛6❛&✳ ❊♠ ✉♠❛

❜✉&❝❛ ♣❡❧❛ ❝❤❛✈❡ x✱ ❝❛❧❝✉❧❛✲&❡ ✐♥✐❝✐❛❧♠❡♥6❡ h(x, 0)✳ ❙❡ ❛ ♣♦&✐<'♦ ❝♦//❡&♣♦♥❞❡♥6❡

❡&6* ♦❝✉♣❛❞❛✱ ♠❛& ♥'♦ ♣❡❧❛ ❝❤❛✈❡ ❞❡&❡❥❛❞❛✱ ❡♥6'♦ ❝❛❧❝✉❧❛✲&❡ h(x, 1)✳ ❙❡ ❛✐♥❞❛ ♥'♦

❢♦/ ❡♥❝♦♥6/❛❞❛✱ ♠❛& ❛ ♣♦&✐<'♦✱ ✐❣✉❛❧♠❡♥6❡✱ ♥'♦ &❡ ❡♥❝♦♥6/❛ ✈❛③✐❛✱ ❡♥6'♦ ❝❛❧❝✉❧❛✲

&❡ h(x, 2)✱ ❡ ❛&&✐♠ ♣♦/ ❞✐❛♥6❡✳ ❈♦♠ ✐&&♦✱ ❛ ❢✉♥<'♦ ❞❡ ❞✐&♣❡/&'♦ h(x, k) ❞❡✈❡ &❡/

❞❡6❡/♠✐♥❛❞❛ ❞❡ ❢♦/♠❛ 2✉❡ &❡❥❛ ♣♦&&F✈❡❧ ✈✐&✐6❛/ 6♦❞♦& ♦& m ❡♥❞❡/❡<♦& ❡♠ m 6❡♥6❛6✐✈❛&

✭❑◆❯❚❍✱ ✶✾✾✽✮✳

❆ ❜✉&❝❛ ❝♦♠ &✉❝❡&&♦ 6❡/♠✐♥❛ 2✉❛♥❞♦ ❛ ♣♦&✐<'♦ 2✉❡ ❝♦♥6>♠ ❛ ❝❤❛✈❡ ♣/♦❝✉✲

/❛❞❛ C ❡♥❝♦♥6/❛❞❛✱ ❡ ❛ ❜✉&❝❛ &❡♠ &✉❝❡&&♦ C ❡♥❝❡//❛❞❛ 2✉❛♥❞♦ ✉♠❛ ♣♦&✐<'♦ ✈❛③✐❛ C

❡♥❝♦♥6/❛❞❛ ♦✉ &❡ ❡&❣♦6❛♠ 6♦❞❛& ❛& ♣♦&&✐❜✐❧✐❞❛❞❡&✳
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➱ ✐♠♣♦%&❛♥&❡ ♥♦&❛% *✉❡✱ *✉❛♥❞♦ ✉♠❛ ❡♥&%❛❞❛ ❞❛ &❛❜❡❧❛ 0 ❛♣❛❣❛❞❛✱ ❛22✐♠

❝♦♠♦ ♥♦ ❡♥❝❛❞❡❛♠❡♥&♦ ✐♥&❡%✐♦%✱ ❛ ♣♦2✐45♦ ♥5♦ ♣♦❞❡ 2✐♠♣❧❡2♠❡♥&❡ 2❡% ❞❡ ❢❛&♦ ❡2✲

✈❛③✐❛❞❛✱ ♠❛2 2❡% ♠❛%❝❛❞❛ ❝♦♠♦ ✏❧✐❜❡%❛❞❛✑✳ ❆22✐♠✱ 2✉♣♦♥❤❛ *✉❡ ❡①✐2&❡ ❛ 2❡*✉@♥❝✐❛

❞❡ ❝❤❛✈❡2 k1✱ k2✱ k3 ❛%♠❛③❡♥❛❞❛2 ❡ &♦❞❛2 ❢♦%❛♠ ♠❛♣❡❛❞❛2 ♣❛%❛ ❛ ♣♦2✐45♦ ❞❡ k1✳

❙✉♣♦♥❤❛ *✉❡ ❢♦✐ 2♦❧✐❝✐&❛❞❛ ❛ ❡①❝❧✉25♦ ❞❛ ❡♥&%❛❞❛ k1 ❡ ❛ ♣♦2✐45♦ i *✉❡ ❝♦♥&@♠ ❛

❡♥&%❛❞❛ k1 &❡♥❤❛ 2✐❞♦ ♠❛%❝❛❞❛ ❝♦♠♦ ✏✈❛③✐❛✑✳ ❆ 2❡❣✉✐%✱ 0 %❡❛❧✐③❛❞❛ ✉♠❛ ❜✉2❝❛ ♣♦%

k3✳ ❈♦♠♦ ❛ ♣♦2✐45♦ i ❛♥&❡2 ♦❝✉♣❛❞❛ ♣♦% k1 ❡2&C ✏✈❛③✐♦✑ ❛ ❜✉2❝❛ 2❡%✐❛ ❡♥❝❡%%❛❞❛

♥❛ ♣♦2✐45♦ i ❡ 2❡%✐❛ %❡&♦%♥❛❞♦ ✉♠ ❢❛❧2♦ ♥❡❣❛&✐✈♦✳ ❖✉ 2❡❥❛✱ ❡♠❜♦%❛ k2 ❡ k3 ❡2&❡❥❛♠

♥❛ &❛❜❡❧❛✱ ♣♦% &❡%❡♠ 2✐❞♦ ♠❛♣❡❛❞♦2 ♣❛%❛ i✱ *✉❡ ❛❣♦%❛ ❡2&C ✏✈❛③✐❛✑✱ ❛*✉❡❧❛2 ❝❤❛✈❡2

♥5♦ ♣♦❞❡%5♦ 2❡% ❡♥❝♦♥&%❛❞❛2✦ G♦% ♦✉&%♦ ❧❛❞♦✱ 2❡ ❛ ♣♦2✐45♦ i ❡2&✐✈❡% ♠❛%❝❛❞❛ ❝♦♠♦

✏❧✐❜❡%❛❞❛✑ ✭%❡♣%❡2❡♥&❛♥❞♦ ❛ ❞❡❧❡45♦ ❧I❣✐❝❛ ❞♦ ❡❧❡♠❡♥&♦ *✉❡ ❛ ♦❝✉♣❛✈❛✮✱ ✐2&♦ 2✐❣♥✐✜❝❛

*✉❡ ❡22❛ ♣♦2✐45♦ ♣♦❞❡ 2❡% ✉&✐❧✐③❛❞❛ ♣❛%❛ ❛%♠❛③❡♥❛% ✉♠❛ ♥♦✈❛ ❝❤❛✈❡ ❡✱ ❛♦ ♠❡2♠♦

&❡♠♣♦✱ 2✐♥❛❧✐③❛ ♣❛%❛ ❛2 ❜✉2❝❛2 *✉❡ ❛✐♥❞❛ ❡①✐2&❡♠ ❝❤❛✈❡2 ♠❛✐2 ❛❞✐❛♥&❡✱ ♣❡%♠✐&✐♥❞♦

❡♥❝♦♥&%❛% k2 ❡ k3 ♥♦ ❡①❡♠♣❧♦ ❞❛❞♦✳

❚❛♠❜0♠ 0 ✐♠♣♦%&❛♥&❡ ♥♦&❛% *✉❡✱ ❛♣I2 ✉♠ ❝❡%&♦ ♥M♠❡%♦ ❞❡ ✐♥2❡%4N❡2 ❡ %❡♠♦✲

4N❡2✱ ♦ ❞❡2❡♠♣❡♥❤♦ ❞❛2 ❢✉♥4N❡2 *✉❡ ✉&✐❧✐③❛♠ ❛ &❛❜❡❧❛ ❞❡ ❞✐2♣❡%25♦ 2♦❢%❡ ✉♠❛ *✉❡❞❛

❝♦♥2✐❞❡%C✈❡❧ ♥♦ ❞❡2❡♠♣❡♥❤♦✱ ❞❡✈✐❞♦ O ❢❛❧&❛ ❞❡ ♦%❣❛♥✐③❛45♦ ❞❛ ❡2&%✉&✉%❛✳

◆♦ ❡♥❞❡%❡4❛♠❡♥&♦ ❛❜❡%&♦✱ ♣♦❞❡✲2❡ ♣❡%❝❡❜❡% *✉❡ ♦ ❝✉2&♦ ♣❛%❛ ❜✉2❝❛% ✉♠❛

❞❡&❡%♠✐♥❛❞❛ ❝❤❛✈❡ 0 ✐❣✉❛❧ ❛♦ ❝✉2&♦ *✉❡ ❢♦✐ ♥❡❝❡22C%✐♦ ♣❛%❛ ✐♥2❡%✐✲❧❛✳ G❛%❛ ✉♠❛

❢✉♥45♦ ❞❡ ❞✐2♣❡%25♦ ❞❡ 2❡*✉@♥❝✐❛ ✉♥✐❢♦%♠❡✱ ✉♠❛ ❜✉2❝❛ 2❡♠ 2✉❝❡22♦ ♣♦22✉✐ ♥M♠❡%♦

♠0❞✐♦ ❞❡ ✐&❡%❛4N❡2 ✐❣✉❛❧ ❛

1

1− α
❀ ❥C ♣❛%❛ ✉♠❛ ❜✉2❝❛ ❝♦♠ 2✉❝❡22♦✱ ♦♥❞❡ ❛2 ❝❤❛✈❡2

♣♦22✉❡♠ ❛ ♠❡2♠❛ ♣%♦❜❛❜✐❧✐❞❛❞❡ ❞❡ 2❡%❡♠ ❜✉2❝❛❞❛2✱ ❛22✉♠✐♥❞♦ *✉❡ 0 < α < 1✱

♦ ♥M♠❡%♦ ♠0❞✐♦ ❞❡ ✐&❡%❛4N❡2 0

1

α
log

1

1− α
+

1

α
✭❙❩❲❆❘❈❋■❚❊❘❀ ▼❆❘❑❊◆❩❖◆✱

✶✾✾✹✮✳

❆ 2❡❣✉✐% 25♦ ❞❡2❝%✐&♦2 ❛❧❣✉♥2 ♠0&♦❞♦2 ♣❛%❛ ❛ ❞❡&❡%♠✐♥❛45♦ ❞❛ 2❡*✉@♥❝✐❛ ❞❡

&❡♥&❛&✐✈❛2 h(x, k), k = 0, ...,m− 1✱ ♣❛%❛ ✉♠❛ ❝❤❛✈❡ x ❞❛❞❛✳
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✷✳✸✳✷✳✶ ❚❡♥'❛'✐✈❛ ▲✐♥❡❛,

◆❡""❡ ♠$%♦❞♦✱ ❛♦ ❝❛❧❝✉❧❛- ♦ ❡♥❞❡-❡/♦✲❜❛"❡ h′(x) ❞❡ ✉♠❛ ❝❤❛✈❡ x✱ "❡ ❡""❡

❡♥❞❡-❡/♦ ❥5 ❡"%✐✈❡- ♦❝✉♣❛❞♦ ♣♦- ♦✉%-❛ ❝❤❛✈❡ y 8✉❛❧8✉❡-✱ %❡♥%❛✲"❡ ❛-♠❛③❡♥❛- x ♥❛

♣♦"✐/:♦ h′(x) + 1✱ ♦♥❞❡ h′
❞❡♥♦%❛ ✉♠ ❡♥❞❡-❡/♦✲❜❛"❡ ♦❜%✐❞♦ ♣❡❧♦ ✉"♦ ❞❡ ✉♠❛ ❢✉♥/:♦

❞❡ ❞✐"♣❡-":♦ ❛♣-❡"❡♥%❛❞❛ ♥❛ "❡/:♦ ✷✳✶✳ ❙❡ ❡""❛ ♣♦"✐/:♦ ❥5 ❡"%✐✈❡- ♦❝✉♣❛❞❛✱ %❡♥%❛✲"❡

♥❛ ♣♦"✐/:♦ h′(x)+2 ❡ ❛""✐♠ ♣♦- ❞✐❛♥%❡✱ ❛%$ ❡♥❝♦♥%-❛- ✉♠❛ ♣♦"✐/:♦ ✈❛③✐❛ ✭❙❩❲❆❘❈✲

❋■❚❊❘❀ ▼❆❘❑❊◆❩❖◆✱ ✶✾✾✹✮✳

❊♥%:♦✱ ❛ ❢✉♥/:♦ ❞❡ ❞✐"♣❡-":♦ $

h(x, k) = (h′(x) + k) ♠♦❞ m, 0 ≤ k ≤ m− 1✳

❈♦♥%✉❞♦✱ ❛ %❡♥%❛%✐✈❛ ❧✐♥❡❛- ❣❡-❛ ✉♠ ♣-♦❜❧❡♠❛ ❞❡❝♦--❡♥%❡ ❞❛ ❢♦-♠❛ ❝♦♠♦ %-❛%❛

❛" ❝♦❧✐"R❡"✳ ❊""❡ ♣-♦❜❧❡♠❛ $ ❝❤❛♠❛❞♦ ❞❡ ❛❣-✉♣❛♠❡♥%♦ ♣-✐♠5-✐♦ ❡ ♦❝♦--❡ 8✉❛♥❞♦ ❤5 ❛

✐♥❝❧✉":♦ ❞❡ ✈5-✐❛" ❝❤❛✈❡" ❡♠ "❡8✉S♥❝✐❛✱ ❝✉❥♦" ❡♥❞❡-❡/♦"✲❜❛"❡ ❥5 ❡"%❡❥❛♠ ♣-❡❡♥❝❤✐❞♦"

♣♦- ♦✉%-❛" ❝❤❛✈❡"✳ ❈♦♠ ✐""♦✱ ❡""❛" ❝❤❛✈❡" ✐♥"❡-✐❞❛" ":♦ ❛-♠❛③❡♥❛❞❛" ♥♦ ✜♥❛❧ ❞♦

❛❣-✉♣❛♠❡♥%♦ ❛✉♠❡♥%❛♥❞♦✲♦ ❛✐♥❞❛ ♠❛✐"✳

❆ ✜❣✉-❛ ✷✳✺ ♠♦"%-❛ ♦ -❡"✉❧%❛❞♦ ❞❛ ✐♥"❡-/:♦ ❞❡ ❝❤❛✈❡" ✉"❛♥❞♦ ♦ ♠$%♦❞♦ ❞❛

%❡♥%❛%✐✈❛ ❧✐♥❡❛-✳

✷✳✸✳✷✳✷ ❚❡♥'❛'✐✈❛ ◗✉❛❞,0'✐❝❛

❊""❡ ♠$%♦❞♦ %❡♠ ❝♦♠♦ ♦❜❥❡%✐✈♦ ❝♦♥%♦-♥❛- ♦ ♣-♦❜❧❡♠❛ ❞♦ ❛❣-✉♣❛♠❡♥%♦ ♣-✐✲

♠5-✐♦ ❞♦ ♠$%♦❞♦ ❛♥%❡-✐♦-✱ ❝♦♠ ❛ ♦❜%❡♥/:♦ ❞❡ ✉♠❛ "❡8✉S♥❝✐❛ ❞❡ ❡♥❞❡-❡/♦" ❞✐"%✐♥%❛

♣❛-❛ ❡♥❞❡-❡/♦"✲❜❛"❡ ♣-V①✐♠♦"✳ X❛-❛ %❛♥%♦✱ $ ✉%✐❧✐③❛❞♦ ❝♦♠♦ ✐♥❝-❡♠❡♥%♦ ♥❛ ❢✉♥/:♦

h(x, k) ✉♠❛ ❢✉♥/:♦ 8✉❛❞-5%✐❝❛ ❞❡ k ✭❩■❱■❆◆■✱ ✶✾✾✾✮✳
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❋✐❣✉$❛ ✷✳✺✿ ❚❡♥-❛-✐✈❛ ▲✐♥❡❛$

❊♥-1♦ ❛ ❢✉♥41♦ ❞❡ ❞✐6♣❡$61♦ ✜❝❛

h(x, k) = (h′(x) + c1k + c2k
2) ♠♦❞ m✱

♦♥❞❡ c1, c2 61♦ ❝♦♥6-❛♥-❡6✱ c2 6= 0 ❡ k = 0, ...,m − 1 ✭❙❩❲❆❘❈❋■❚❊❘❀ ▼❆❘❑❊◆✲

❩❖◆✱ ✶✾✾✹✮✳

N❡❧♦ ❢❛-♦ ❞♦6 ✈❛❧♦$❡6 m, c1, c2 6❡$❡♠ ❡6❝♦❧❤✐❞♦6✱ ♦ ❞❡6❡♠♣❡♥❤♦ ❞♦ ♠Q-♦❞♦

❞❡♣❡♥❞❡ ❞❡66❛ ❡6❝♦❧❤❛✳ ❖✉ 6❡❥❛✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦6 ✈❛❧♦$❡6 ❡6❝♦❧❤✐❞♦6✱ ❛ ❢✉♥41♦ ❞❡

❞✐6♣❡$61♦ ♣♦❞❡ ♥1♦ ♣❡$❝♦$$❡$ -♦❞❛ ❛ -❛❜❡❧❛✳ ❈♦♥-✉❞♦✱ ❛6 ❡T✉❛4U❡6 $❡❝♦$$❡♥-❡6 ❛♣$❡✲

6❡♥-❛❞❛6 ♣♦$ ✭❙❩❲❆❘❈❋■❚❊❘❀ ▼❆❘❑❊◆❩❖◆✱ ✶✾✾✹✮ ❢♦$♥❡❝❡♠ ✉♠❛ ♠❛♥❡✐$❛ ❞❡

❝❛❧❝✉❧❛$✱ ❞✐$❡-❛♠❡♥-❡✱ ❡66❡6 ❡♥❞❡$❡4♦6✳

h(x, 0) = h′(x)

h(x, k) = (h(x, k − 1) + k) ♠♦❞ m✱ 0 < k < m ✭❙❩❲❆❘❈❋■❚❊❘❀ ▼❆❘❑❊◆❩❖◆✱

✶✾✾✹✮✳
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❆♣❡#❛% ❞❡ %❡#♦❧✈❡% ♦ ♣%♦❜❧❡♠❛ ❞♦ ❛❣%✉♣❛♠❡♥/♦ ♣%✐♠1%✐♦✱ ♦✉/%♦ ♣%♦❜❧❡♠❛

♦❝♦%%❡ 4✉❛♥❞♦ 2 ❝❤❛✈❡# ❞✐#/✐♥/❛# ♣♦##✉❡♠ ♦ ♠❡#♠♦ ❡♥❞❡%❡6♦✲❜❛#❡ ✐♥✐❝✐❛❧✱ ❣❡%❛♥❞♦

♦✉/%❛ ❢♦%♠❛ ❞❡ ❝♦♥❝❡♥/%❛69♦ ❞❡ ❝❤❛✈❡# ♥❛ /❛❜❡❧❛✱ ❝❤❛♠❛❞❛ ❞❡ ❛❣%✉♣❛♠❡♥/♦ #❡❝✉♥✲

❞1%✐♦✳ ■##♦ ♣♦%4✉❡ ❛# #❡4✉<♥❝✐❛# ❞❡ /❡♥/❛/✐✈❛# ❞❛# ✷ ❝❤❛✈❡# #9♦ ✐❞<♥/✐❝❛#✳ ❊♥/9♦✱ ❛

♣%✐♠❡✐%❛ ❝❤❛✈❡ ? ❛%♠❛③❡♥❛❞❛ ❡♠ ✉♠❛ ♣♦#✐69♦ ❞❡✜♥✐❞❛ ♣❡❧❛ #❡4✉<♥❝✐❛ ❞❡ /❡♥/❛/✐✈❛#✱

❡ ❛ #❡❣✉♥❞❛ ❝❤❛✈❡ #B ♣♦❞❡ #❡% ❛%♠❛③❡♥❛❞❛ ❛♣B# ♦ ❝❛❧❝✉❧♦ ❞❡ /♦❞❛ ❛ #❡4✉<♥❝✐❛ ❞❡

❡♥❞❡%❡6♦#✲❜❛#❡ ❥1 ❝❛❧❝✉❧❛❞♦# ♣❛%❛ ❛ ♣%✐♠❡✐%❛✳ ❆♣❡#❛% ❞✐##♦✱ ❛ ❞❡❣❡♥❡%❛69♦ ❝❛✉#❛❞❛

♣♦% ❡##❡ ❛❣%✉♣❛♠❡♥/♦ ? ♠❡♥♦% 4✉❡ ❛ ❞♦ ♣%✐♠1%✐♦✳

✷✳✸✳✷✳✸ ❉✉♣❧♦ ❍❛*❤

❖ ❞✉♣❧♦ ❤❛*❤ ? ✉♠❛ ♦♣69♦ 4✉❡ %❡#♦❧✈❡ ♦# ♣%♦❜❧❡♠❛# ❞❡ ❛❣%✉♣❛♠❡♥/♦ ♣%✐♠1✲

%✐♦ ❡ #❡❝✉♥❞1%✐♦✱ ♣♦✐# ✉/✐❧✐③❛ ❞✉❛# ❢✉♥6E❡# ♣❛%❛ ❣❡%❛% #✉❛ #❡4✉<♥❝✐❛ ❞❡ /❡♥/❛/✐✈❛#✱

❝♦♥❢♦%♠❡ ❛ ❢✉♥69♦ ❛♣%❡#❡♥/❛❞❛ ❛❜❛✐①♦✿

h(x, k) = (h′(x) + kh′′(x)) ♠♦❞ m✱ 0 ≤ k < m✱

♦♥❞❡ h′
✱ h′′

#9♦ ❢✉♥6E❡# ❞❡ ❞✐#♣❡%#9♦ ✭❙❩❲❆❘❈❋■❚❊❘❀ ▼❆❘❑❊◆❩❖◆✱ ✶✾✾✹✮✳

❖# ✈❛❧♦%❡# ❞❡ h′′(x) ❡ m ❞❡✈❡♠ #❡% ♣%✐♠♦# ❡♥/%❡ #✐✱ ♣❛%❛ 4✉❡ ♦# ❡♥❞❡%❡6♦#✲❜❛#❡

%❡/♦%♥❛❞♦# ♣❡❧❛ ❡4✉❛69♦ ❛❝✐♠❛ ❝♦%%❡#♣♦♥❞❛ ❛ ✈❛%%❡% /♦❞❛ ❛ /❛❜❡❧❛ ✭❲■❘❚❍✱ ✶✾✽✺✮✳

❈♦♠ ❡##❡ ♠?/♦❞♦✱ ❛ ♣♦##✐❜✐❧✐❞❛❞❡ ❞❛ ❣❡%❛69♦ ❞♦ ♠❡#♠♦ ❡♥❞❡%❡6♦✲❜❛#❡ ♥9♦

? ♥✉❧❛✳ ❈♦♥/✉❞♦✱ ❞❛❞❛# ❞✉❛# ❝❤❛✈❡# x ❡ y✱ #❡ h′(x) ❂ h′(y) ❛ ♣%♦❜❛❜✐❧✐❞❛❞❡ ❞❡

h′′(x) ❂ h′′(y) ? 4✉❡ ♥❛ /❡♥/❛/✐✈❛ ❧✐♥❡❛% ❡ ♥❛ 4✉❛❞%1/✐❝❛✳ ❊♥/9♦✱ #❡ ✉♠❛ ❜♦❛ ❢✉♥69♦

❞❡ ❞✐#♣❡%#9♦ ❢♦% ❡#❝♦❧❤✐❞❛✱ ♦ ❞✉♣❧♦ ❤❛*❤ ❡❧✐♠✐♥❛ ❝♦♥#✐❞❡%❛✈❡❧♠❡♥/❡ ❛ ♣♦##✐❜✐❧✐❞❛❞❡

❞❡ 4✉❡ ❞✉❛# ❝❤❛✈❡# 4✉❡ ❝♦❧✐❞✐%❛♠ ❡♠ ✉♠❛ ❞❡/❡%♠✐♥❛❞❛ ♣♦#✐69♦ /❡♥❤❛♠ ❛ ♠❡#♠❛

#❡4✉<♥❝✐❛ ❞❡ /❡♥/❛/✐✈❛# ✭❲■❘❚❍✱ ✶✾✽✺✮✳
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❈♦♠♣❛%❛❞♦ ❛♦' ❞❡♠❛✐' ♠*+♦❞♦'✱ ♦ ❞✉♣❧♦ ❤❛"❤ +❡♥❞❡ ❛ ❞✐'+%✐❜✉✐% ♠❡❧❤♦% ❛'

❝❤❛✈❡' ♥❛ +❛❜❡❧❛ ❞❡ ❞✐'♣❡%'4♦✱ ❥6 7✉❡✱ ♥❛' +❡♥+❛+✐✈❛' ❧✐♥❡❛% ❡ 7✉❛❞%6+✐❝❛✱ ❛' '❡7✉8♥✲

❝✐❛' ❞❡ +❡♥+❛+✐✈❛' ♦❜+✐❞❛' ❡%❛♠ ✐❞8♥+✐❝❛' '❡ h′(x) ❂ h′(y)✱ ❛♦ ♣❛''♦ 7✉❡ ♥♦ ❞✉♣❧♦

❤❛"❤ ❛' '❡7✉8♥❝✐❛' '; '❡%4♦ ✐❞8♥+✐❝❛' '❡✱ ❛❧*♠ ❞❡ h′(x) ❂ h′(y)✱ +✐✈❡%♠♦' h′′(x) ❂

h′′(y)✳

✷✳✹ ❍❛%❤✐♥❣ ❯♥✐✈❡-%❛❧

❯♠ ❢❛+♦% ❝%?+✐❝♦ ♥♦ ♣%♦❥❡+♦ ❞❡ ✉♠ ❡'7✉❡♠❛ ❞❡ ❤❛"❤✐♥❣ ❡'+6 %❡❧❛❝✐♦♥❛❞♦ @

❡'❝♦❧❤❛ ❞❛ ❢✉♥A4♦ ❞❡ ❞✐'♣❡%'4♦✳ B%♦✈❛✲'❡ 7✉❡✱ ♣❛%❛ 7✉❛❧7✉❡% ❢✉♥A4♦ ❞❡ ❞✐'♣❡%'4♦ h✱

❡①✐'+❡ ✉♠ ❝♦♥❥✉♥+♦ ⌈ n
m
⌉ ❞❡ ✈❛❧♦%❡' 7✉❡ '4♦ ♠❛♣❡❛❞♦' ♣❛%❛ ❛ ♠❡'♠❛ ♣♦'✐A4♦ ❞❛ +❛❜❡❧❛

❞❡ ❞✐'♣❡%'4♦ ✭❚❊◆❊◆❇❆❯▼❀ ▲❆◆●❙❆▼❀ ❆❯●❊◆❙❚❊■◆✱ ✶✾✾✵✮✳ ❉❡ ♠♦❞♦ 7✉❡✱

❞❡♣❡♥❞❡♥❞♦ ❞❛ ❡♥+%❛❞❛✱ ❛❧❣✉♠❛' ❢✉♥AV❡' ❞❡ ❞✐'♣❡%'4♦ ♣♦❞❡♠ ❞✐'+%✐❜✉✐% ❛' ❝❤❛✈❡'

❞❡ ♠❛♥❡✐%❛ ♠❛✐' ✉♥✐❢♦%♠❡ 7✉❡ ❛' ♦✉+%❛'✱ '✉❣❡%✐♥❞♦ 7✉❡✱ '❡ ❞✐❢❡%❡♥+❡' ❢✉♥AV❡' ❞❡

❞✐'♣❡%'4♦ ❢♦%❡♠ ✉+✐❧✐③❛❞❛'✱ '❡%6 ♦❜+✐❞♦ ✉♠❛ ❞✐'+%✐❜✉✐A4♦ ♠❛✐' ✉♥✐❢♦%♠❡ ♥❛ ♠*❞✐❛✳

B♦%+❛♥+♦✱ ❝♦♥'✐❞❡%❡ ✉♠ ❝♦♥❥✉♥+♦ ❞❡ ❢✉♥AV❡' ❞❡ ❞✐'♣❡%'4♦ ❝✉✐❞❛❞♦'❛♠❡♥+❡ ♣%♦❥❡+❛❞❛'

✖ ♣%✐♦%✐③❛♥❞♦✱ ♣♦% ❡①❡♠♣❧♦✱ ✉♠ ❜❛✐①♦ ♥Y♠❡%♦ ❞❡ ❝♦❧✐'V❡' ♣❛%❛ 7✉❛❧7✉❡% ❞✐'+%✐❜✉✐A4♦

✖ ❝♦♠♦ ♣❛%+❡ ❞♦ ❡'7✉❡♠❛ ❞❡ ❤❛"❤✐♥❣✳ ◗✉❛♥❞♦ ❢♦% ♥❡❝❡''6%✐♦ ❝♦♥'+%✉✐% ✉♠❛ ♥♦✈❛

+❛❜❡❧❛ ❞❡ ❞✐'♣❡%'4♦✱ '❡%6 ❡'❝♦❧❤✐❞❛ ❛❧❡❛+♦%✐❛♠❡♥+❡ ✉♠❛ ❢✉♥A4♦ ❞❡ ❞✐'♣❡%'4♦ 7✉❡

♣❡%+❡♥A❛ ❛ ❡''❡ ❝♦♥❥✉♥+♦ ♣❛%❛ '❡% ✉'❛❞❛ ♥❛ ❝♦♥'+%✉A4♦✳

❆''✐♠✱ ❞❛❞♦ ✉♠ ❝♦♥❥✉♥+♦ C ❞❡ ❢✉♥AV❡' ❞❡ ❞✐'♣❡%'4♦ 7✉❡ %❡❛❧✐③❛ ♦ ♠❛♣❡❛♠❡♥+♦

❞❡ ✉♠ ✉♥✐✈❡%'♦ U ❞❡ ❝❤❛✈❡' ♥♦ ✐♥+❡%✈❛❧♦ {0, 1, ...,m − 1}✱ C * ❝❤❛♠❛❞♦ ❤❛"❤✐♥❣

✉♥✐✈❡%'❛❧ '❡✱ ♣❛%❛ ❝❛❞❛ ♣❛% ❞❡ ❝❤❛✈❡' ❞✐'+✐♥+❛' x, y ∈ U ✱ ♦ ♥Y♠❡%♦ ❞❡ ❢✉♥AV❡' ❞❡

❞✐'♣❡%'4♦ h ∈ C ♣❛%❛ ❛ 7✉❛❧ h(x) = h(y) * ✐❣✉❛❧ ❛ |C|
m
✱ ♦♥❞❡ m * ♦ +❛♠❛♥❤♦ ❞❛

+❛❜❡❧❛ ❞❡ ❞✐'♣❡%'4♦ ✭❈❆❘❚❊❘❀ ❲❊●▼❆◆✱ ✶✾✼✾✮✳

❙✉♣♦♥❤❛ 7✉❡ Cxy = {h : h(x) = h(y)} :
|Cxy|

|C|
6

1

m
✳ ❊♥+4♦✱ '❡ ✉♠❛ ❢✉♥A4♦

❛❧❡❛+;%✐❛ h ❢♦% ❡'❝♦❧❤✐❞❛ ❛ ♣❛%+✐% ❞❡ ❈✱ ❡①✐'+❡ ♣%♦❜❛❜✐❧✐❞❛❞❡ ♠❡♥♦% ♦✉ ✐❣✉❛❧ ❛ 1
m
❞❡
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h ∈ Cxy✱ ♣❛#❛ $✉❛✐'$✉❡# $✉❡ '❡❥❛♠ ♦' ❞❛❞♦'✳

❈♦♠♦ ❡①❡♠♣❧♦ ❞❡ ❝♦♥'3#✉45♦ ❞❡ ✉♠ ❝♦♥❥✉♥3♦ ✉♥✐✈❡#'❛❧ ❞❡ ❢✉♥48❡' ❞❡ ❞✐'✲

♣❡#'5♦✱ ❝♦♥'✐❞❡#❡ ❛' ❝❤❛✈❡' $✉❡ ♣♦❞❡♠ '❡# #❡♣#❡'❡♥3❛❞❛' ❝♦♠♦ ✐♥3❡✐#♦' ♣♦'✐3✐✈♦' ♥♦

✐♥3❡#✈❛❧♦ {0, 1, ...,M}✱ ♦♥❞❡ M ; ♦ ✈❛❧♦# ♠<①✐♠♦ ❞❡ U ✳ ❙✉♣♦♥❤❛ p ✉♠ ♥>♠❡#♦

♣#✐♠♦ ❡♥3#❡ M ❡ 2M ❣❡#❛❞♦ ❞❡ ❢♦#♠❛ ❛❧❡❛3@#✐❛✳ ❊♠ '❡❣✉✐❞❛✱ ❞❡✜♥❛ ♣❛#❛ ❝❛❞❛

b ∈ {0, 1, ..., p− 1} ❡ ❝❛❞❛ d ∈ {0, 1, ..., p− 1} ❛ ❢✉♥45♦

gb,d(x) = bx+ d(♠♦❞ p)✳

C❛#❛ ❝❛❞❛ g ❞❡✜♥❛ ✉♠❛ ❢✉♥45♦ ❞❡ ❞✐'♣❡#'5♦

hb,d(x) = gb,d(x)(♠♦❞ m)✳

❖ ❝♦♥❥✉♥3♦ ❞❡ 3♦❞❛' ❡'3❛' ❢✉♥48❡' hb,d(x) ♣❛#❛ ❞❡3❡#♠✐♥❛❞♦' M ❡ p ; ✉♥✐✈❡#'❛❧

✭❈❆❘❚❊❘❀ ❲❊●▼❆◆✱ ✶✾✼✾✮✳

❙❡ ❛ 3❛❜❡❧❛ ❞❡ ❞✐'♣❡#'5♦ ♥5♦ '♦❢#❡# ❛❧3❡#❛48❡' ❞✉#❛♥3❡ ❛' ❡①❡❝✉48❡' ✭❝♦♠♦

♦ ❝❛'♦ ❞♦' ❝♦♠♣✐❧❛❞♦#❡'✱ ♣♦# ❡①❡♠♣❧♦✮✱ ❛ ❢✉♥45♦ ❞❡ ❞✐'♣❡#'5♦ ✉3✐❧✐③❛❞❛ ♣♦❞❡ '❡#

♦❜3✐❞❛ ❛ ♣❛#3✐# ❞❡ ✉♠ ❝♦♥❥✉♥3♦ ✉♥✐✈❡#'❛❧ ♣❛#❛ ❛''❡❣✉#❛# ✉♠ 3❡♠♣♦ ♠;❞✐♦ ❞❡ ❡①❡✲

❝✉45♦ ♣❡$✉❡♥♦✳ ❏< '❡ ❛ 3❛❜❡❧❛ ❞❡ ❞✐'♣❡#'5♦ '♦❢#❡# ❛❧3❡#❛48❡' ❞✉#❛♥3❡ ❛' ❡①❡❝✉48❡'

✭❝♦♠♦ ❡♠ ❜❛♥❝♦' ❞❡ ❞❛❞♦'✱ ♣♦# ❡①❡♠♣❧♦✮✱ ❡♥35♦ ; ♣♦''U✈❡❧ '❡❧❡❝✐♦♥❛# ❛❧❡❛3♦#✐❛♠❡♥3❡

✉♠❛ ❢✉♥45♦ ❞❡ ❞✐'♣❡#'5♦ ✐♥✐❝✐❛❧ ❞♦ ❝♦♥❥✉♥3♦ ✉♥✐✈❡#'❛❧✱ ❡ '❡ ❞✉#❛♥3❡ ✉♠ ♥>♠❡#♦

❞❡ ❡①❡❝✉48❡' ❢♦# ❞❡3❡❝3❛❞♦ ✉♠ ❝♦♠♣♦#3❛♠❡♥3♦ ❞❡✜❝✐❡♥3❡ ❞❛ 3❛❜❡❧❛ ❞❡ ❞✐'♣❡#'5♦✱ ;

♣♦''U✈❡❧ ❡'❝♦❧❤❡# ❛❧❡❛3♦#✐❛♠❡♥3❡ ✉♠❛ ♥♦✈❛ ❢✉♥45♦ ❞❡ ❞✐'♣❡#'5♦ ❡♠ ❝❛❞❛ ❡①❡❝✉45♦✱

❢❛③❡♥❞♦ ❝♦♠ $✉❡ ✉♠❛ ❢✉♥45♦ ❞❡ ❞✐'♣❡#'5♦ #✉✐♠ '❡❥❛ 3#♦❝❛❞❛✱ ♠❛' ❡①✐❣✐♥❞♦ $✉❡ ❛

❝❛❞❛ ♠✉❞❛♥4❛ ❞❡ ❢✉♥45♦ ❞❡ ❞✐'♣❡#'5♦ ❛ 3❛❜❡❧❛ ✐♥3❡✐#❛ '❡❥❛ #❡♦#❣❛♥✐③❛❞❛✳
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✷✳✺ ❍❛%❤✐♥❣ *❡,❢❡✐.♦

❖ ❤❛"❤✐♥❣ ✉♥✐✈❡&'❛❧ ❣❛&❛♥+❡ ,✉❡ ❛' ♦♣❡&❛/0❡' ❜2'✐❝❛' '❡❥❛♠ &❡❛❧✐③❛❞❛' ❡♠

+❡♠♣♦ ♠8❞✐♦ O(1)✱ ♠❛' ♦ ♣✐♦& ❝❛'♦ ❝♦♥+✐♥✉❛ '❡♥❞♦ O(n)✳ ;♦&8♠✱ ,✉❛♥❞♦ ♦ ❝♦♥❥✉♥+♦

❞❡ ❡♥+&❛❞❛ 8 ❡'+2+✐❝♦ ✭♥=♦ '♦❢&❡ ❛❧+❡&❛/0❡'✮✱ 8 ♣♦''@✈❡❧ ❡♥❝♦♥+&❛& ✉♠❛ ❢✉♥/=♦ ❞❡

❞✐'♣❡&'=♦ ,✉❡ ❣❛&❛♥+❡ +❡♠♣♦ O(1)✱ ♠❡'♠♦ ♥♦ ♣✐♦& ❝❛'♦ ✭❈❖❘▼❊◆ ❡+ ❛❧✳✱ ✷✵✵✶✮✳

❆''✐♠✱ ❞❛❞♦ ✉♠ ❝♦♥❥✉♥+♦ ❞❡ ❝❤❛✈❡' K✱ ✉♠❛ ❢✉♥/=♦ ❞❡ ❞✐'♣❡&'=♦ ♣❡&❢❡✐+❛ 8

✉♠❛ ❢✉♥/=♦ h +❛❧ ,✉❡ h(x) 6= h(y) ♣❛&❛ +♦❞♦ x 6= y✳

❊♠ ❣❡&❛❧✱ ,✉❛♥+♦ ♠❛✐♦& ❛ +❛❜❡❧❛ ❞❡ ❞✐'♣❡&'=♦✱ ♠❛✐' ❢2❝✐❧ ❡♥❝♦♥+&❛& ✉♠❛ ❢✉♥/=♦

❞❡ ❞✐'♣❡&'=♦ ♣❡&❢❡✐+❛✱ ♠❛' 8 ❞❡'❡❥2✈❡❧ ,✉❡ ♦ +❛♠❛♥❤♦ ❞❛ +❛❜❡❧❛ ❞❡ ❞✐'♣❡&'=♦ ♥=♦ '❡❥❛

♠✉✐+♦ ♠❛✐♦& ,✉❡ ♦ +❛♠❛♥❤♦ ❞♦ ❝♦♥❥✉♥+♦ ❞❡ ❡♥+&❛❞❛✳ ;♦&+❛♥+♦✱ ❡①✐'+❡ ✉♠❛ ♠❛♥❡✐&❛

'✐♠♣❧❡' ❞❡ ♦❜+❡& ✉♠❛ ❢✉♥/=♦ ❞❡ ❞✐'♣❡&'=♦ ♣❡&❢❡✐+❛ ♣❛&❛ +❛❜❡❧❛' ❞❡ ❞✐'♣❡&'=♦ ❞❡

+❛♠❛♥❤♦ n2
✳ ❊✱ ♠❛✐' &❡❝❡♥+❡♠❡♥+❡✱ ❢♦✐ ❝♦♥'❡❣✉✐❞♦ ❝&✐❛& ❢✉♥/0❡' ❞❡ ❞✐'♣❡&'=♦ ♣❡&❢❡✐+❛

♣❛&❛ +❛❜❡❧❛' ❞❡ +❛♠❛♥❤♦ O(n) ✭❈❖❘▼❊◆ ❡+ ❛❧✳✱ ✷✵✵✶✮✳

◗✉❛♥❞♦ ❛ +❛❜❡❧❛ ❞❡ ❞✐'♣❡&'=♦ ♣♦''✉✐ +❛♠❛♥❤♦ n2
✱ ✉♠❛ ❢✉♥/=♦ ❞❡ ❞✐'♣❡&'=♦

♣❡&❢❡✐+❛ ♣♦❞❡ '❡& ❢❛❝✐❧♠❡♥+❡ ♦❜+✐❞❛ ♣♦& ✉♠ ❛❧❣♦&✐+♠♦ ❛❧❡❛+♦&✐③❛❞♦ ❡♠ +❡♠♣♦ ♣♦❧✐♥♦✲

♠✐❛❧ ❛ ♣❛&+✐& ❞❡ ✉♠ ❝♦♥❥✉♥+♦ ❤❛"❤✐♥❣ ✉♥✐✈❡&'❛❧✳ ▲♦❣♦✱ ♣❛&❛ ✉♠❛ ❢✉♥/=♦ ❛❧❡❛+O&✐❛ ❞❡

✉♠ ❝♦♥❥✉♥+♦ ❤❛"❤✐♥❣ ✉♥✐✈❡&'❛❧ ❞❡ ❢✉♥/0❡' ❞❡ ❞✐'♣❡&'=♦ ♣❛&❛ ✉♠❛ +❛❜❡❧❛ ❞❡ ❞✐'♣❡&'=♦

❞❡ +❛♠❛♥❤♦ m✱ ♦ ♥P♠❡&♦ ❡'♣❡&❛❞♦ ❞❡ ❝♦❧✐'0❡' 8

E
[

∑

i 6=j Xij

]

=
∑

i 6=j E [Xij] ≥
n2

m
✳

;♦&+❛♥+♦✱ ❝❛'♦ ✉♠❛ +❛❜❡❧❛ ❞❡ ❞✐'♣❡&'=♦ ❞❡ +❛♠❛♥❤♦ m > n2
'❡❥❛ ❡'❝♦❧❤✐❞❛✱ ♦ ♥P♠❡&♦

❡'♣❡&❛❞♦ ❞❡ ❝♦❧✐'0❡' 8 ♠❡♥♦& ,✉❡ 1✳ ❊♠ ♣❛&+✐❝✉❧❛&✱ ♣❛&❛ m > 2n2
❛ ♣&♦❜❛❜✐❧✐❞❛❞❡

❞❡ ✉♠❛ ❝♦❧✐'=♦ 8

P
[

∑

i 6=j Xij ≥ 0
]

≤
∑

i 6=j P [Xij = 1] =
n2

m
<

1

2
✭❈❖❘▼❊◆ ❡+ ❛❧✳✱ ✷✵✵✶✮✳
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❖ ♠"#♦❞♦ ❞❡ ❝♦♥)#*✉,-♦ ❞❡ ❤❛"❤✐♥❣ ♣❡*❢❡✐#♦ ❝♦♠ ❡)♣❛,♦ O(n) " *❡❧❛#✐✈❛♠❡♥#❡

)✐♠♣❧❡) ❡ ❡❧❡❣❛♥#❡✳ ❖ ❡)6✉❡♠❛ ♣♦))✉✐ ❞♦✐) ♥7✈❡✐)✱ ✉#✐❧✐③❛♥❞♦ ❤❛"❤✐♥❣ ✉♥✐✈❡*)❛❧ ❡♠

❝❛❞❛ ♥7✈❡❧✳ ◆♦ ♣*✐♠❡✐*♦ ♥7✈❡❧✱ ♦ ♠❛♣❡❛♠❡♥#♦ ❞♦ ❝♦♥❥✉♥#♦ ❞❡ ❡♥#*❛❞❛ " )✐♠✐❧❛* ❛♦

❡♥❝❛❞❡❛♠❡♥#♦✱ )< 6✉❡ ❛) ❝❤❛✈❡) ❝♦❧✐❞✐❞❛) )-♦ ❛*♠❛③❡♥❛❞❛) ❡♠ #❛❜❡❧❛) ❞❡ ❞✐)♣❡*)-♦

)❡❝✉♥❞?*✐❛)✱ ❡♠ ✈❡③ ❞❡ ✉♠❛ ❧✐)#❛ ❡♥❝❛❞❡❛❞❛✳ ❈♦♠ ✐))♦✱ ✉)❛♥❞♦ ❤❛"❤✐♥❣ ✉♥✐✈❡*)❛❧✱

❞❡✜♥❡✲)❡ ✉♠❛ ❢✉♥,-♦ ❞❡ ❞✐)♣❡*)-♦ ❝♦**❡)♣♦♥❞❡♥#❡ ❛ ✉♠❛ #❛❜❡❧❛ ❞❡ ❞✐)♣❡*)-♦ ❞❡

#❛♠❛♥❤♦ m✱ ♦♥❞❡ n = m✳ ❊♠ )❡❣✉✐❞❛✱ #♦❞❛) ❛) n ❝❤❛✈❡) )-♦ ✐♥)❡*✐❞❛) ♥❛ #❛❜❡❧❛ ❞❡

❞✐)♣❡*)-♦✱ ❡ ❛) ❝❤❛✈❡) ❝♦❧✐❞✐❞❛) ♥❛ ♣♦)✐,-♦ j ❛*♠❛③❡♥❛❞❛) ♥❛ #❛❜❡❧❛ )❡❝✉♥❞?*✐❛ Tj

❝♦**❡)♣♦♥❞❡♥#❡✳

D❛*❛ ❣❛*❛♥#✐* 6✉❡ ♥-♦ ❤❛✈❡*? ❝♦❧✐)E❡) ♥♦ )❡❣✉♥❞♦ ♥7✈❡❧ " ♥❡❝❡))?*✐♦ ❞❡✜♥✐* ♦

#❛♠❛♥❤♦ ❞❡ Tj ❝♦♠♦ )❡♥❞♦ n2
j ✱ ♦♥❞❡ nj " ♦ ♥F♠❡*♦ ❞❡ ❡❧❡♠❡♥#♦) x ❝✉❥♦ h(x) = j✳

❆))✐♠✱ ♥♦ )❡❣✉♥❞♦ ♥7✈❡❧ " ❝♦♥)#*✉7❞❛ ✉♠❛ ❢✉♥,-♦ ❞❡ ❞✐)♣❡*)-♦ ♣❡*❢❡✐#❛ ♣❛*❛ ❝❛❞❛ Tj✱

❞❡ ❢♦*♠❛ ❛♥?❧♦❣❛ H ❝♦♥)#*✉,-♦ ❛♣*❡)❡♥#❛❞❛ ♣❛*❛ #❛❜❡❧❛) ❝♦♠ #❛♠❛♥❤♦ n2
✳ ❆♣❡)❛*

❞✐))♦✱ ❢♦✐ ♣*♦✈❛❞♦ 6✉❡ ❡)❝♦❧❤❡♥❞♦ ❜❡♠ ❛ ❢✉♥,-♦ ❞❡ ❞✐)♣❡*)-♦ ❞♦ ♣*✐♠❡✐*♦ ♥7✈❡❧✱ ♦

❡)♣❛,♦ #♦#❛❧ ❡)♣❡*❛❞♦ ♥♦ ❡)6✉❡♠❛ ❞❡ ❞♦✐) ♥7✈❡✐) ❛✐♥❞❛ " O(n) ✭❈❖❘▼❊◆ ❡# ❛❧✳✱

✷✵✵✶✮✳

❆ ✜❣✉*❛ ✷✳✻ ✐❧✉)#*❛ ❛ ❝♦♥)#*✉,-♦ ❞♦ ❤❛"❤✐♥❣ ♣❡*❢❡✐#♦ ❝♦♠ ❡)♣❛,♦ O(n)✱ ♦♥❞❡

" ♣♦))7✈❡❧ ♥♦#❛* 6✉❡ ❞❡♥#*❡ ♦ ❝♦♥❥✉♥#♦ ❞❡ n ❝❤❛✈❡)✱ nj ❝❤❛✈❡) ❢♦*❛♠ ♠❛♣❡❛❞❛) ♣❛*❛

♣♦)✐,-♦ j ♣❡❧❛ ❢✉♥,-♦ ❞❡ ❞✐)♣❡*)-♦ ❞♦ ♣*✐♠❡✐*♦ ♥7✈❡❧✱ ❡ ❡)#❛) nj ❢♦*❛♠ ♠❛♣❡❛❞❛)

♣❡❧❛ ❢✉♥,-♦ ❞❡ ❞✐)♣❡*)-♦ ❞❛6✉❡❧❛ ♣♦)✐,-♦✱ ♦✉ )❡❥❛✱ hj ♣❛*❛ ❛ #❛❜❡❧❛ ❞❡ ❞✐)♣❡*)-♦

)❡❝✉♥❞?*✐❛ Tj✳

◗✉❛♥❞♦ ✉♠ ❝♦♥❥✉♥#♦ ❞❡ n ❝❤❛✈❡) " ♠❛♣❡❛❞♦ ♣❛*❛ ✉♠❛ #❛❜❡❧❛ ❞❡ ❞✐)♣❡*)-♦

❞❡ #❛♠❛♥❤♦ n✱ )❡♠ ❝♦❧✐)E❡)✱ ❞✐③✲)❡ 6✉❡ ❛ ❢✉♥,-♦ ❞❡ ❞✐)♣❡*)-♦ ♣❡*❢❡✐#❛ " ♠7♥✐♠❛

✭❉■❊❚❩❋❊▲❇■◆●❊❘✱ ✷✵✵✼❀ ❚❊◆❊◆❇❆❯▼❀ ▲❆◆●❙❆▼❀ ❆❯●❊◆❙❚❊■◆✱ ✶✾✾✵✮✳

❖✉ )❡❥❛✱ )< " ♥❡❝❡))?*✐♦ ✉♠ ❛❝❡))♦ ♣❛*❛ ❡♥❝♦♥#*❛* ✉♠ ❡❧❡♠❡♥#♦ ❡ ♥-♦ ❤? ♣♦)✐,E❡)

✈❛③✐❛) ♥❛ #❛❜❡❧❛ ❞❡ ❞✐)♣❡*)-♦✳
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n chaves

0

1

2

...

n-1

h

...

j nj chaves 0

1

...

n -1j

2

hj

❋✐❣✉$❛ ✷✳✻✿ ❍❛"❤✐♥❣ *❡$❢❡✐-♦ ❝♦♠ ❡1♣❛3♦ O(n)

✷✳✻ ❍❛%❤✐♥❣ ❉✐♥+♠✐❝♦

❆ ❢❛❧-❛ ❞❡ ✢❡①✐❜✐❧✐❞❛❞❡ ♥♦ -❛♠❛♥❤♦ ❞❛ -❛❜❡❧❛ ❞❡ ❞✐1♣❡$1<♦ ❡ ♦ ❛❧-♦ ❝✉1-♦

♣❛$❛ $❡❞✐♠❡♥1✐♦♥❛♠❡♥-♦ ❞❛ ♠❡1♠❛✱ -♦$♥❛♠ ❛ ✉-✐❧✐③❛3<♦ ❞❡ ❤❛"❤✐♥❣ ❡1-?-✐❝♦ ♣♦✉❝♦

❛-$❛❡♥-❡ ♣❛$❛ ❛$♠❛③❡♥❛$ ❝♦♥❥✉♥-♦1 ❞❡ ❡♥-$❛❞❛ ❝✉❥♦ -❛♠❛♥❤♦ ✈❛$✐❛ ♥♦ -❡♠♣♦✳ *❛$❛

❧✐❞❛$ ❝♦♠ ❡1-❡1 ♣$♦❜❧❡♠❛1✱ ✉♠❛ ❛❧-❡$♥❛-✐✈❛ B ❛ ✉-✐❧✐③❛3<♦ ❞❡ ❤❛"❤✐♥❣ ❞✐♥C♠✐❝♦✱

D✉❡ -❡♠ ❝♦♠♦ ♦❜❥❡-✐✈♦ ❢♦$♥❡❝❡$ ✉♠❛ ❢✉♥3<♦ ❡ ✉♠❛ -❛❜❡❧❛ ❞❡ ❞✐1♣❡$1<♦ ❛❞❛♣-?✈❡✐1

E1 ♠✉❞❛♥3❛1 ♥♦ -❛♠❛♥❤♦ ❞♦ ❝♦♥❥✉♥-♦ ❞❡ ❡♥-$❛❞❛✱ ♠❛1 D✉❡ ❝♦♥-✐♥✉❡ ♦❢❡$❡❝❡♥❞♦

❞❡1❡♠♣❡♥❤♦ ❡D✉✐✈❛❧❡♥-❡ ❛♦ ❞♦ ❤❛"❤✐♥❣ ❡1-?-✐❝♦✳

*❛$❛ -❛♥-♦✱ ♥♦ ❤❛"❤✐♥❣ ❞✐♥C♠✐❝♦ 1<♦ ❛❧♦❝❛❞♦1✱ ✐♥✐❝✐❛❧♠❡♥-❡✱ ✉♠❛ -❛❜❡❧❛ ❞❡

❞✐1♣❡$1<♦ ❞❡ -❛♠❛♥❤♦ m ❝♦♠♣♦1-❛ ♣♦$ m ❝♦♠♣❛$-✐♠❡♥-♦1✱ ♦♥❞❡ ❝❛❞❛ ❝♦♠♣❛$-✐✲

♠❡♥-♦ B ✉♠❛ ❡1-$✉-✉$❛ ❝❛♣❛③ ❞❡ ❛$♠❛③❡♥❛$ ♠❛✐1 ❞❡ ✉♠ ❡❧❡♠❡♥-♦✳ ❆ ♠❛♥❡✐$❛ ❝♦♠♦

♦ -❛♠❛♥❤♦ ❞❛ -❛❜❡❧❛ ❞❡ ❞✐1♣❡$1<♦ ✈❛$✐❛ B ♦ D✉❡ ❞✐❢❡$❡♥❝✐❛ ♦1 ♠B-♦❞♦1 ❞❡ ❤❛"❤✐♥❣

❞✐♥C♠✐❝♦✱ 1❡♥❞♦ ♦ ❤❛"❤✐♥❣ ❧✐♥❡❛$ ✉♠❛ ♦♣3<♦ ❜❛1-❛♥-❡ ❡✜❝✐❡♥-❡ ✭❙❩❲❆❘❈❋■❚❊❘❀

▼❆❘❑❊◆❩❖◆✱ ✶✾✾✹✮✳

❈♦♥1✐❞❡$❡ ✉♠❛ -❛❜❡❧❛ ❞❡ ❞✐1♣❡$1<♦ ❞❡ -❛♠❛♥❤♦ m✳ ◆♦ ❤❛"❤✐♥❣ ❧✐♥❡❛$ ♦ ❡1♣❛3♦

❞❡ ❡♥❞❡$❡3♦1 B ❛✉♠❡♥-❛❞♦ ❛♦1 ♣♦✉❝♦1✱ ❡①♣❛♥❞✐♥❞♦ ❝♦♠♣❛$-✐♠❡♥-♦ ❛ ❝♦♠♣❛$-✐♠❡♥-♦✱

❝♦♠❡3❛♥❞♦ ❞♦ ♣$✐♠❡✐$♦✱ ❡ ♠❛♥-❡♥❞♦ ✉♠ ♣♦♥-❡✐$♦ pt ♣❛$❛ ♦ ♣$Z①✐♠♦ ❝♦♠♣❛$-✐♠❡♥-♦

❛ 1❡$ ❡①♣❛♥❞✐❞♦✳ ❆♦ ❡①♣❛♥❞✐$ ✉♠ ❝♦♠♣❛$-✐♠❡♥-♦ p✱ ♦ ❝♦♠♣❛$-✐♠❡♥-♦ q ❡①♣❛♥✲
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❞✐❞♦ ❞❡ p✱ % ✐♥'❡(✐❞♦ ♥♦ ✜♥❛❧ ❞❛ ,❛❜❡❧❛ ❞❡ ❞✐'♣❡('/♦ ❡ ❛' ❝❤❛✈❡' ❛(♠❛③❡♥❛❞❛' ❡♠ p

'/♦ ❞✐',(✐❜✉6❞❛' ❡♥,(❡ p ❡ q ❞❡ ♠❛♥❡✐(❛ ❝♦♥✈❡♥✐❡♥,❡✳ ❆♣9' ❡①♣❛♥❞✐( ,♦❞♦' ♦' ❝♦♠✲

♣❛(,✐♠❡♥,♦'✱ ❛ ,❛❜❡❧❛ ,❡✈❡ '❡✉ ,❛♠❛♥❤♦ ❞♦❜(❛❞♦ ❡ ♦ ♣(♦❝❡''♦ ♣♦❞❡ (❡❝♦♠❡<❛(✱ '❡

♥❡❝❡''=(✐♦✳ ❆ ✜❣✉(❛ ✷✳✼ ❛♣(❡'❡♥,❛ ✉♠ ❡①❡♠♣❧♦ ♣❛(❛ m = 3✱ ♦♥❞❡ ❛' '❡,❛' ✐♥❞✐❝❛♠

A✉❛❧ ❝♦♠♣❛(,✐♠❡♥,♦ ❢♦✐ ❡①♣❛♥❞✐❞♦ ❡ ♦ (❡'✉❧,❛♥,❡ ❞❛ ❡①♣❛♥'/♦✱ ♦ ♣♦♥,❡✐(♦ ♣❛(❛ ♦ ♣(9✲

①✐♠♦ ❝♦♠♣❛(,✐♠❡♥,♦ ❛ '❡( ❡①♣❛♥❞✐❞♦ ❝❛'♦ '❡❥❛ ♥❡❝❡''=(✐♦ ❡ ♦ ♣♦♥,✐❧❤❛❞♦ (❡♣(❡'❡♥,❛

♦ ❧♦❝❛❧ ❞♦ ❝♦♠♣❛(,✐♠❡♥,♦ ❡①♣❛♥❞✐❞♦ ❛ ♣❛(,✐( ❞♦ ❛♣♦♥,❛❞♦ ♣♦( pt✳ ◗✉❛♥❞♦ ,♦❞♦'

♦' ❝♦♠♣❛(,✐♠❡♥,♦' ❢♦(❡♠ ❡①♣❛♥❞✐❞♦'✱ ❛ ❢✉♥</♦ ❞❡ ❞✐'♣❡('/♦✱ ♥❡',❡ ❝❛'♦✱ % ❛❧,❡(❛❞❛

♣❛(❛ h(x) = x ♠♦❞ 6✳

0 1 2 3

pt

❋✐❣✉(❛ ✷✳✼✿ ❍❛"❤✐♥❣ ▲✐♥❡❛(

❉❡ ♠❛♥❡✐(❛ ❣❡(❛❧✱ ❛ ❢✉♥</♦ ❞❡ ❞✐'♣❡('/♦ ♥❡',❡ ♠%,♦❞♦ ♣♦❞❡ '❡( ❞❡✜♥✐❞❛ ❝♦♠♦

hl = x ♠♦❞ (m · 2l)✱ ♦♥❞❡ l % ♦ ♥I♠❡(♦ ❞❡ ✈❡③❡' A✉❡ ♦ ,❛♠❛♥❤♦ ❞❛ ,❛❜❡❧❛ ❞♦❜(♦✉

✭❙❩❲❆❘❈❋■❚❊❘❀ ▼❆❘❑❊◆❩❖◆✱ ✶✾✾✹✮✳
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✸ ❆"▲■❈❆➬'❊❙

❊!"❡ ❝❛♣'"✉❧♦ ❛♣+❡!❡♥"❛ ❛ !♦❧✉-.♦ ❞❡ ❞✐✈❡+!♦! ♣+♦❜❧❡♠❛! ✉"✐❧✐③❛♥❞♦ ❤❛"❤✐♥❣✳ 6❛+❛

"♦+♥❛+ ♦ "❡①"♦ ♠❛✐! ❝❧❛+♦ ♦! ♣+♦❜❧❡♠❛! ❢♦+❛♠ ❛❣+✉♣❛❞♦! ♣♦+ !✐♠✐❧❛+✐❞❛❞❡✳

✸✳✶ #$♦❜❧❡♠❛+✿ ❛$✐.♠/.✐❝♦✱ ❛❧❣/❜$✐❝♦ ❡ .❡♦$✐❛ ❞❡ ❝♦♥❥✉♥.♦+

✸✳✶✳✶ ◆$♠❡'♦) ❦✲❝♦♠♣❧❡♠❡♥0❛'❡)

❙❡❥❛ k ✉♠ ✐♥"❡✐+♦ ♣♦!✐"✐✈♦✱ ❡ !❡❥❛ A ✉♠❛ ❧✐!"❛ ♥.♦✲♦+❞❡♥❛❞❛ ❝♦♥"❡♥❞♦ |A| = n

♥>♠❡+♦! ✐♥"❡✐+♦!✳ ❖ ♣+♦❜❧❡♠❛ ❞♦! ♥>♠❡+♦! k✲❝♦♠♣❧❡♠❡♥"❛+❡! ❝♦♥!✐!"❡ ❡♠ ❞❡"❡+✲

♠✐♥❛+ "♦❞♦! ♦! ♣❛+❡! ♥.♦✲♦+❞❡♥❛❞♦! {x, y} ❞❡ ❡❧❡♠❡♥"♦! ❞❡ A "❛✐! @✉❡ ❛ ✐❣✉❛❧❞❛❞❡

x + y = k !❡❥❛ !❛"✐!❢❡✐"❛✳ ❙❡❥❛✱ ♣♦+ ❡①❡♠♣❧♦✱ A = [1,−4, 18, 11, 2, 9,−3, 5, 560, 10] ❡

k = 20✳ ❆ !❛'❞❛ ❡!♣❡+❛❞❛ ❝♦♠♣+❡❡♥❞❡ ♦! ♣❛+❡! {2, 18} ✱ {9, 11} ❡ {10, 10}✳

❊♠ ✉♠❛ ♣+✐♠❡✐+❛ !♦❧✉-.♦ ✐♥❣B♥✉❛✱ ❝❛❞❛ ❡❧❡♠❡♥"♦ ❞❛ ❧✐!"❛ A C !♦♠❛❞♦ ❛ ❝❛❞❛

✉♠ ❞♦! ❞❡♠❛✐! ❡❧❡♠❡♥"♦!✱ ❞❡ ❢♦+♠❛ @✉❡ "♦❞♦! ♦! ♣❛+❡! ❞❡ ❡❧❡♠❡♥"♦! ❞❡ A !❡❥❛♠

✐♥✈❡!"✐❣❛❞♦!✱ ❡ ❧♦❝❛❧✐③❛❞♦! ❛@✉❡❧❡! @✉❡ !♦♠❡♠ k✳ 6+♦❝❡❞❡♥❞♦ ❞❡!"❛ ❢♦+♠❛✱ ♦ ♣+♦✲

❜❧❡♠❛ ❝❡+"❛♠❡♥"❡ !❡+D +❡!♦❧✈✐❞♦✱ ♠❛!✱ ❡♠❜♦+❛ ♥❡♥❤✉♠ ❡!♣❛-♦ ❡①"+❛ !❡❥❛ +❡@✉❡+✐❞♦✱
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❛ !✉❛♥$✐❞❛❞❡ ❞❡ ❛❞✐()❡* !✉❡ *❡+,♦ ❡❢❡$✉❛❞❛* *❡+/ O(n2)✱ +❡*✉❧$❛♥❞♦ ♥✉♠ ❛❧❣♦+✐$♠♦

❞❡ $❡♠♣♦ !✉❛❞+/$✐❝♦ ♥♦ $❛♠❛♥❤♦ ❞❛ ❡♥$+❛❞❛✳

◗✉❡+❡♠♦* ❢❛③❡+ ♠❡❧❤♦+✳ :+✐♠❡✐+❛♠❡♥$❡✱ ❛❧❣♦ ✐♥$❡+❡**❛♥$❡ ❛ *❡+ ♦❜*❡+✈❛❞♦ =

!✉❡✱ *❡ *❡❧❡❝✐♦♥❛♠♦* ✉♠ ❡❧❡♠❡♥$♦ x ❞❡ A ❡ ❝❛❧❝✉❧❛♠♦* *❡✉ k✲❝♦♠♣❧❡♠❡♥$♦ y = k−x✱

♦ ♣+?①✐♠♦ ♣❛**♦ ❝♦♥*✐*$✐+/ ❡♠ *✐♠♣❧❡*♠❡♥$❡ ♣+♦❝✉+❛+♠♦* y✱ ♦✉ *❡❥❛✱ ♥❡**❡ ✐♥*$❛♥$❡

♦ ♣+♦❜❧❡♠❛ ♣❛**❛+✐❛ ❛ *❡+ ✉♠ ♣+♦❜❧❡♠❛ ❞❡ ❜✉*❝❛✳ ●♦*$❛+C❛♠♦*✱ ♥❡**❡ ❝❛*♦✱ ❞❡ ♣♦❞❡+

❜✉*❝❛+ ✉♠ ❡❧❡♠❡♥$♦ +❛♣✐❞❛♠❡♥$❡✳

❯♠❛ ♣♦**✐❜✐❧✐❞❛❞❡ *❡+✐❛ ✉$✐❧✐③❛+♠♦* ✈❡$♦+❡* ✭♦✉ ❛!!❛②#✮ ❜♦♦❧❡❛♥♦* ♣❛+❛ +❡♣+❡✲

*❡♥$❛+♠♦* ♦* ❡❧❡♠❡♥$♦* ❞❡ A✿ ❝❛❞❛ ❡❧❡♠❡♥$♦ ❞❡ A ✐♥❞✐❝❛+✐❛ ✉♠❛ ♣♦*✐(,♦ ♣+❡❡♥❝❤✐❞❛

❝♦♠ ✉♠ ❜✐& 1✱ *❡♥❞♦ $♦❞❛* ❛* ❞❡♠❛✐* ♣♦*✐()❡* ❞♦ ✈❡$♦+ ♣+❡❡♥❝❤✐❞❛* ❝♦♠ ❜✐&# 0✳

◆❛ $=❝♥✐❝❛ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❡♥❞❡+❡(❛♠❡♥$♦ ❞✐+❡$♦✱ ❛ ✐♥❞✐❝❛(,♦ ❞❛ ♣♦*✐(,♦ ❞❡ ❝❛❞❛

❡❧❡♠❡♥$♦ = ❝♦♥*❡❣✉✐❞❛ ❢❛③❡♥❞♦ ❝♦♠ !✉❡ ♦ ✈❛❧♦+ ❞♦ ❡❧❡♠❡♥$♦ ❝♦♥*$✐$✉❛ *❡✉ ♣+?♣+✐♦

❡♥❞❡+❡(♦✱ ✐*$♦ =✱ ♦ C♥❞✐❝❡ ❞❡ *✉❛ ♣♦*✐(,♦ ♥♦ ✈❡$♦+ !✉❡ ♦ ❛+♠❛③❡♥❛+/✳ ❉❡**❛ ❢♦+♠❛✱

♦ ❡❧❡♠❡♥$♦ 18 ✜❝❛+✐❛ ❛+♠❛③❡♥❛❞♦ ♥❛ 18❛ ♣♦*✐(,♦ ❞♦ ✈❡$♦+❀ ♦ ❡❧❡♠❡♥$♦ 560✱ ♥❛ 560❛

♣♦*✐(,♦❀ ❡ ❛**✐♠ ♣♦+ ❞✐❛♥$❡

✶

✳

❍/✱ ♥♦ ❡♥$❛♥$♦✱ ✉♠ ♣+♦❜❧❡♠❛ ❣+❛✈❡ ♥❡*$❛ ❛❜♦+❞❛❣❡♠✿ ♦ $❛♠❛♥❤♦ ❞♦* ✈❡$♦+❡*

❞❡✈❡+/ *❡+ ♣+♦♣♦+❝✐♦♥❛❧ ♥,♦ ❛♦ $❛♠❛♥❤♦ ❞❡ A✱ ♠❛* *✐♠ ❛♦ ✐♥$❡+✈❛❧♦ ❞❡ ✈❛❧♦+❡*

♣♦**C✈❡✐* !✉❡ ♣♦❞❡♠ ✜❣✉+❛+ ❡♠ A✱ ✐*$♦ =✱ ❛♦ $❛♠❛♥❤♦ ❞♦ ✉♥✐✈❡+*♦ ❞❡ ♦♥❞❡ ✐+,♦

❛❞✈✐+ ♦* ✈❛❧♦+❡* ❞❛ ❧✐*$❛ ❞❡ ❡♥$+❛❞❛ ❞♦ ♣+♦❜❧❡♠❛✳ ❙❡ ❛ ❧✐*$❛ ❝♦♥$=♠✱ ❞✐❣❛♠♦*✱ ❝❡♠

❡❧❡♠❡♥$♦* ♣♦*✐$✐✈♦*✱ ♦ ♠❛✐♦+ ❞♦* !✉❛✐* ✐❣✉❛❧ ❛ ✉♠ ♠✐❧❤,♦✱ *❡+✐❛ ♥❡❝❡**/+✐♦ ✉♠ ✈❡$♦+

❝♦♠ ✉♠ ♠✐❧❤,♦ ❞❡ ♣♦*✐()❡* ♣❛+❛ +❡♣+❡*❡♥$❛+ ❛ ❧✐*$❛✦ ▼❛✐* ❢♦+♠❛❧♠❡♥$❡✱ *❡ w = ✉♠

♣❛+P♠❡$+♦ ❞❛ ❡♥$+❛❞❛ ❞♦ ♣+♦❜❧❡♠❛✱ ✐♥❞✐❝❛♥❞♦ ♦ $❛♠❛♥❤♦ ❞♦ ✉♥✐✈❡+*♦ ❞❡ ✈❛❧♦+❡* !✉❡

♣♦❞❡+,♦ ❝♦♥*$❛+ ♥❛ ❧✐*$❛✱ ❡♥$,♦ ♦ ❡*♣❛(♦ ✉$✐❧✐③❛❞♦ ♣❡❧♦ ❛❧❣♦+✐$♠♦ *❡+✐❛ ❡①♣♦♥❡♥❝✐❛❧

♥♦ $❛♠❛♥❤♦ ♦❝✉♣❛❞♦ ♣♦+ ❡*$❡ ♣❛+P♠❡$+♦ ♥❛ ❡*♣❡❝✐✜❝❛(,♦ ❞❛ ✐♥*$P♥❝✐❛ ❞❡ ❡♥$+❛❞❛

✭✉♠❛ ✈❡③ !✉❡ w = +❡♣+❡*❡♥$❛❞♦ ♣♦+ ❧♦❣ w ❜✐&#✮✳

✶

❖ ❢❛#♦ ❞❡ ♣♦❞❡( ❤❛✈❡( ♥,♠❡(♦. ♥❡❣❛#✐✈♦. ❡♠ A ♥1♦ ❝❤❡❣❛(✐❛ ❛ .❡( ✉♠ ♣(♦❜❧❡♠❛✱ ♣♦✐. ♣♦❞❡(7❛✲

♠♦. ✉.❛( ❞♦✐. ✈❡#♦(❡.✿ ✉♠ ♣❛(❛ ♦. ❡❧❡♠❡♥#♦. ♥1♦✲♥❡❣❛#✐✈♦.✱ ♦✉#(♦ ♣❛(❛ ♦. ❡❧❡♠❡♥#♦. ♥❡❣❛#✐✈♦. ❞❡ A✱

✈❛❧❡♥❞♦✲♥♦. ❞♦ ♠:❞✉❧♦ ❞❡ ❝❛❞❛ ♥,♠❡(♦ ♣❛(❛ ❛ ✐♥❞✐❝❛;1♦ ❞❡ .❡✉ ❡♥❞❡(❡;♦ ♥♦ ✈❡#♦( ❝♦((❡.♣♦♥❞❡♥#❡✳



✹✸

◆❡"#❡ ♣♦♥#♦ ♥♦" '❡♠❡#❡♠♦" ❛♦ ❡♠♣'❡❣♦ ❞❡ ❤❛"❤✐♥❣✳ ❯#✐❧✐③❛♥❞♦ ✉♠❛ #❛❜❡❧❛

❞❡ ❞✐"♣❡'"3♦ ♣❛'❛ ❛'♠❛③❡♥❛' ♦" n ❡❧❡♠❡♥#♦" ❞❡ A✱ ♦ ❡"♣❛5♦ ♥❡❝❡""7'✐♦ "❡'7 ✐❣✉❛❧

❛ m = n
α
✳ 8❛'❛ ✉♠ ❢❛#♦' ❞❡ ❝❛'❣❛ α ❝♦♥"#❛♥#❡✱ ♦ #❡♠♣♦ ♠:❞✐♦ ❞❛" ♦♣❡'❛5;❡" ❞❡

❞✐❝✐♦♥7'✐♦ : #❛♠❜:♠✱ ❝♦♠♦ ❥7 ♠❡♥❝✐♦♥❛❞♦✱ O(1)✳

❏7 ❡"#❛♠♦" ❞✐❛♥#❡ ❞❡ ✉♠ ❛❧❣♦'✐#♠♦ ❧✐♥❡❛' ❡♠ ❡"♣❛5♦ ❡ ❡♠ #❡♠♣♦ ♠:❞✐♦ ♣❛'❛

♦ ♣'♦❜❧❡♠❛ ❞♦" ♥>♠❡'♦" k✲❝♦♠♣❧❡♠❡♥#❛'❡"✳ 8❡'❝♦''❡✲"❡ ❛ ❧✐"#❛ A✱ ❛'♠❛③❡♥❛♥❞♦ "❡✉"

❡❧❡♠❡♥#♦" ♥✉♠❛ #❛❜❡❧❛ ❞❡ ❞✐"♣❡'"3♦ H ✐♥✐❝✐❛❧♠❡♥#❡ ✈❛③✐❛✳ ❆ "❡❣✉✐'✱ ♣❡'❝♦''❡✲"❡ A

✉♠❛ "❡❣✉♥❞❛ ✈❡③✿ ♣❛'❛ ❝❛❞❛ ❡❧❡♠❡♥#♦ x ❞❡ A✱ ❜✉"❝❛✲"❡ ❡♠ H ♦ k✲❝♦♠♣❧❡♠❡♥#♦ y

❞❡ x✱ ✐♠♣'✐♠✐♥❞♦ {x, y} ❝❛"♦ y ❡"#❡❥❛ ❡♠ H✳

➱ ❝❧❛'♦ D✉❡ "♦❧✉5;❡" ✉#✐❧✐③❛♥❞♦ ❤❛"❤✐♥❣ ❡①✐❣❡♠ ✉♠❛ ❡❧❛❜♦'❛53♦ ✉♠ ♣♦✉❝♦

♠❛✐♦' ♥❛ ❡"❝'✐#❛ ❞♦ ❝F❞✐❣♦ ❞♦ D✉❡ "♦❧✉5;❡" D✉❡ ✉#✐❧✐③❛♠ ❛♣❡♥❛" ❡"#'✉#✉'❛" ❞❡ ❞❛❞♦"

♠❛✐" "✐♠♣❧❡" ❝♦♠♦ ✈❡#♦'❡" ❡ ❧✐"#❛"✳ ❋❡❧✐③♠❡♥#❡✱ ❛ ✐♠❡♥"❛ ♠❛✐♦'✐❛ ❞❛" ❧✐♥❣✉❛❣❡♥" ❞❡

♣'♦❣'❛♠❛53♦ ♠♦❞❡'♥❛" ❞❡ ❛❧#♦ ♥H✈❡❧ ❥7 ♦❢❡'❡❝❡♠ ✕ ♦✉ ❞✐"♣;❡♠ ❞❡ ❜✐❜❧✐♦#❡❝❛" D✉❡ ♦

❢❛③❡♠ ✕ ✐♠♣❧❡♠❡♥#❛5;❡" ❜❛"#❛♥#❡ ❡✜❝✐❡♥#❡" ❞❡ #❛❜❡❧❛" ❞❡ ❞✐"♣❡'"3♦✱ ❞❡ ❢♦'♠❛ D✉❡

♦ ♣'♦❣'❛♠❛❞♦' ♥3♦ ♣'❡❝✐"❛ ♥❡❝❡""❛'✐❛♠❡♥#❡ ❝♦❞✐✜❝❛' ❛" ♦♣❡'❛5;❡" ❜7"✐❝❛" ♣❛'❛ ❡"#❡

#✐♣♦ ❞❡ ❡"#'✉#✉'❛✱ ♠❛" ❛♣❡♥❛" ✉#✐❧✐③7✲❧❛"✱ #'❛♥"♣❛'❡♥#❡♠❡♥#❡✱ ❡♠ "❡✉ ♣'♦✈❡✐#♦✳ ❉❡

D✉❛❧D✉❡' ♠♦❞♦✱ ♣❛'❛ ❡❢❡✐#♦ ❞❡ ❝♦♠♣❧❡#✉❞❡✱ ❛♣'❡"❡♥#❛♠♦" ❛ "❡❣✉✐' ✉♠❛ ♣♦""H✈❡❧ ❝♦✲

❞✐✜❝❛53♦ ❞♦ ❛❧❣♦'✐#♠♦ ♣'♦♣♦"#♦ D✉❡ ❞✐"♣❡♥"❛ D✉❛❧D✉❡' "✉♣♦'#❡ ❛ ❤❛"❤✐♥❣ ❞❛❞♦ ♣❡❧❛

❧✐♥❣✉❛❣❡♠ ❛ "❡' ✉#✐❧✐③❛❞❛✳

◆3♦ : ❞♦ ❡"❝♦♣♦ ❞❡"#❡ #'❛❜❛❧❤♦ ❛ ❝♦♥❝❡♣53♦ ❞❡ ❢✉♥5;❡" ❞❡ ❞✐"♣❡'"3♦ ❛♣'♦♣'✐✲

❛❞❛" ❛ ❝❛❞❛ ❝❛"♦✱ ❛""✉♥#♦ ❡"#❡ D✉❡ '❡D✉❡' ❢❡''❛♠❡♥#❛❧ ❡"#❛#H"#✐❝♦ ❡ ❡"#✉❞♦ ❡"♣❡❝H✜❝♦✳

❆ ♣❛'#✐' ❞❛D✉✐✱ "✉♣♦'❡♠♦" ❛ ❡①✐"#M♥❝✐❛ ❞❡ ✉♠❛ ❢✉♥53♦ ❞❡ ❞✐"♣❡'"3♦ D✉❡ ♠❛♣❡✐❡ ✈❛✲

❧♦'❡" x ❞❡ ❡♥#'❛❞❛ ❡♠ ♥>♠❡'♦" ✐♥#❡✐'♦" ❞♦ ✐♥#❡'✈❛❧♦ [0,m− 1]✱ ♦♥❞❡ m : ♦ #❛♠❛♥❤♦

❞❛ #❛❜❡❧❛ ❞❡ ❞✐"♣❡'"3♦ ✉#✐❧✐③❛❞❛

✷

✳ ❯♠ ❡①❡♠♣❧♦ ♣♦""H✈❡❧ "❡'✐❛ ❛ ❢✉♥53♦ ♠✉✐#♦ "✐♠♣❧❡"

hash(x) = x ♠♦❞ m ✭❑◆❯❚❍✱ ✶✾✾✽✮✳

❆ "♦❧✉53♦ ♣'♦♣♦"#❛ ❡"#7 ❞✐✈✐❞✐❞❛ ❡♠ #'M" ♣❛'#❡"✿ ✉♠ ♣'♦❝❡❞✐♠❡♥#♦ ♣❛'❛ ❛

✷

❉❡ ❢❛$♦✱ ' ♣♦))*✈❡❧ ❡♥❝♦♥$/❛/ ❜♦❛) ❢✉♥23❡) ❞❡ ❞✐)♣❡/)6♦ ❞✐)♣♦♥*✈❡✐) ♥❛) ♠♦❞❡/♥❛) ❧✐♥❣✉❛❣❡♥)

❞❡ ♣/♦❣/❛♠❛26♦✳
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❝!✐❛$%♦ ❡ ✐♥✐❝✐❛❧✐③❛$%♦ ❞❛ ❡,-!✉-✉!❛ ❜0,✐❝❛✱ ❛ -❛❜❡❧❛ ❞❡ ❞✐,♣❡!,%♦❀ ✉♠ ♣!♦❝❡❞✐♠❡♥-♦

♣❛!❛ ❛ ✐♥,❡!$%♦ ❞♦, ❡❧❡♠❡♥-♦, ❞❡ A ♥❛ -❛❜❡❧❛❀ ❡✱ ♣♦! ✜♠✱ ♦ ❛❧❣♦!✐-♠♦ ♣!♦♣!✐❛♠❡♥-❡

❞✐-♦✱ 7✉❡ ,♦❧✉❝✐♦♥❛ ♦ ♣!♦❜❧❡♠❛ ❞♦, ♥8♠❡!♦, k✲❝♦♠♣❧❡♠❡♥-❛!❡,✳

❖ ♣!♦❝❡❞✐♠❡♥-♦ ✐♥✐❝✐❛❧✐③❛❴❤❛(❤✭✮ ❝!✐❛ ✉♠❛ -❛❜❡❧❛ ❞❡ ❞✐,♣❡!,%♦ ❝♦♠ ❡♥❝❛❞❡✲

❛♠❡♥-♦ ❡①-❡!✐♦!✱ ♥❛ ❢♦!♠❛ ❞❡ ✉♠ ✈❡-♦! H ❝♦♠ m ♣♦,✐$?❡,✳ ❈❛❞❛ ♣♦,✐$%♦ i ❞❡ H

❝♦♥-A♠ ✉♠ ♣♦♥-❡✐!♦ ♣❛!❛ ❛ ❧✐,-❛ ❡♥❝❛❞❡❛❞❛ Li✱ ♥❛ 7✉❛❧ ,❡!%♦ ❛!♠❛③❡♥❛❞❛, ❛, ❝❤❛✲

✈❡, ♠❛♣❡❛❞❛, ♥❛ ♣♦,✐$%♦ i ♣❡❧❛ ❢✉♥$%♦ ❞❡ ❞✐,♣❡!,%♦✳ ❆, ❛-!✐❜✉✐$?❡, !❡❛❧✐③❛❞❛, ♥❛,

❧✐♥❤❛, 3, 4, 5 ❡ 6 ❝!✐❛♠ ❡ ✐♥✐❝✐❛❧✐③❛♠ ❛, ❧✐,-❛, ❡♥❝❛❞❡❛❞❛, ❛,,♦❝✐❛❞❛, ❛ ❝❛❞❛ ♣♦,✐$%♦

❞❡ H✳ ❈❛❞❛ ✉♠❛ ❞❡,-❛, ❛-!✐❜✉✐$?❡, D !❡❛❧✐③❛❞❛ ❡♠ -❡♠♣♦ O(1)✱ ❞❡ ❢♦!♠❛ 7✉❡ -♦❞♦

♦ ♣!♦❝❡❞✐♠❡♥-♦ !♦❞❛ ❡♠ -❡♠♣♦ O(m)✳

❆❧❣♦$✐&♠♦ ✶✿ *$♦❝❡❞✐♠❡♥&♦✿ ✐♥✐❝✐❛❧✐③❛❴❤❛,❤✭♠✮

❊♥&$❛❞❛✿ ✐♥-❡✐!♦ m✱ ✐♥❞✐❝❛♥❞♦ ♦ -❛♠❛♥❤♦ ❞❡,❡❥❛❞♦ ❞❛ -❛❜❡❧❛ ❞❡ ❞✐,♣❡!,%♦

❙❛2❞❛✿ -❛❜❡❧❛ ❞❡ ❞✐,♣❡!,%♦ ✈❛③✐❛

H ✿❂ ♥♦✈♦ ✈❡-♦! ❞❡ -❛♠❛♥❤♦ m❀

♣❛$❛ ✐ ✿❂ ✵ ❛/0 ♠✲✶ ❢❛5❛

Li ✿❂ ♥♦✈❛ ❧✐,-❛❀

Li✳♣!✐♠❡✐!♦ ✿❂ ∅❀
Li✳✉❧-✐♠♦ ✿❂ ∅❀
H❬i❪ ✿❂ i❀

✜♠

!❡-♦!♥❡ H

❖ ♣!♦❝❡❞✐♠❡♥-♦ ♣♦♣✉❧❛❴❤❛(❤✭ ✮ -!❛♥,❢❡!❡ ♦, ❡❧❡♠❡♥-♦, ❞❛ ❧✐,-❛ ❞❡ ❡♥-!❛❞❛

♣❛!❛ ✉♠❛ -❛❜❡❧❛ ❞❡ ❞✐,♣❡!,%♦ ♣!❡✈✐❛♠❡♥-❡ ✐♥✐❝✐❛❧✐③❛❞❛✳ ◆♦-❡ 7✉❡ ❝❛❞❛ ✐-❡!❛$%♦ ❞♦

❧❛$♦ ❞♦ ♣!♦❝❡❞✐♠❡♥-♦ ♣♦♣✉❧❛❴❤❛(❤✭ ✮ ❧A ♦ ♣!N①✐♠♦ ❡❧❡♠❡♥-♦ ❞❛ ❧✐,-❛ ❡♠ -❡♠♣♦

O(1)✱ ❝❛❧❝✉❧❛ ,✉❛ ♣♦,✐$%♦ ♥❛ -❛❜❡❧❛ ❞❡ ❞✐,♣❡!,%♦ -❛♠❜D♠ ❡♠ -❡♠♣♦ O(1) ❡✱ ♣♦!

✜♠✱ ❛!♠❛③❡♥❛ ♦ ❡❧❡♠❡♥-♦ ♥♦ ❡♥❞❡!❡$♦✲❜❛,❡ ❝♦!!❡,♣♦♥❞❡♥-❡✱ ♦ 7✉❡ D ❢❡✐-♦ ❛❧♦❝❛♥❞♦

❡,♣❛$♦ ❡ ❛-✉❛❧✐③❛♥❞♦ ♣♦♥-❡✐!♦,✱ ❝❛❞❛ ✉♠❛ ❞❡,,❛, ♦♣❡!❛$?❡, -❛♠❜D♠ ❡①❡❝✉-❛❞❛ ❡♠

-❡♠♣♦ O(1)✳ ▲♦❣♦✱ ❝♦♠♦ ♦ ❧❛$♦ D !❡♣❡-✐❞♦ ♣❛!❛ -♦❞♦ ❡❧❡♠❡♥-♦ ❞❡ A✱ ❛ ❝♦♠♣❧❡①✐❞❛❞❡

❞♦ ♣!♦❝❡❞✐♠❡♥-♦ D n ·O(1) = O(n)✳

❋✐♥❛❧♠❡♥-❡✱ ♦ ❛❧❣♦!✐-♠♦ ❜✉(❝❛❴❝♦♠♣❧❡♠❡♥/❛8❡(✭ ✮ !❡❛❧✐③❛ ❛ ❜✉,❝❛ ♣❡❧♦, ♣❛!❡,
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❆❧❣♦$✐&♠♦ ✷✿ *$♦❝❡❞✐♠❡♥&♦✿ ♣♦♣✉❧❛❴❤❛'❤✭❆✱❍ ✮

❊♥&$❛❞❛✿ ❧✐',❛ ❡♥❝❛❞❡❛❞❛ ✭♦✉ ✈❡,♦2✮ A ❝♦♥,❡♥❞♦ n ✐♥,❡✐2♦'✱ ,❛❜❡❧❛ ❞❡

❞✐'♣❡2'5♦ H

❙❛2❞❛✿ H ❝♦♥,❡♥❞♦ ♦' ❡❧❡♠❡♥,♦' ❞❡ A

♣❛$❛ ❝❛❞❛ ❡❧❡♠❡♥'♦ ① ❞❡ ❆ ❢❛5❛

hx ✿❂ hash(x)❀
Lh ✿❂ H❬hx❪❀

l ✿❂ ♥♦✈♦ ✐,❡♠❀

l✳❝❤❛✈❡ ✿❂ x❀

l✳♣2♦①✐♠♦ ✿❂ ∅❀
l✳❛♥,❡2✐♦2 ✿❂ Lh✳✉❧,✐♠♦❀

6❡ Lh✳♣-✐♠❡✐-♦ ❂ ∅ ❡♥&7♦
Lh✳♣2✐♠❡✐2♦ ✿❂ l❀

✜♠

Lh✳✉❧,✐♠♦ ✿❂ l❀

✜♠

2❡,♦2♥❡ H

{x, y} =✉❡ '♦♠❛♠ k✳ ◆❡',❡ ❛❧❣♦2✐,♠♦✱ ♦ ♣✐♦2 ❝❛'♦ ♦❝♦22❡ =✉❛♥❞♦ ,♦❞♦' ♦' ❡❧❡♠❡♥,♦'

❞❡ A '5♦ ♠❛♣❡❛❞♦' ♣❛2❛ ❛ ♠❡'♠❛ ♣♦'✐@5♦ ❞❛ ,❛❜❡❧❛ ❞❡ ❞✐'♣❡2'5♦✱ ❞❡ ❢♦2♠❛ =✉❡ ✉♠❛

❜✉'❝❛ ♥❡',❛ ,❛❜❡❧❛ ❝♦22❡'♣♦♥❞❛ ❛ ✉♠❛ ❜✉'❝❛ ♥✉♠❛ ❧✐',❛ ❡♥❝❛❞❡❛❞❛ ❞❡ ,❛♠❛♥❤♦ n✳ ❆

❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ♣✐♦2 ❝❛'♦ ❞♦ ❛❧❣♦2✐,♠♦ C✱ ♣♦2,❛♥,♦✱ n ·O(n) = O(n2)✳ ◆♦ ❡♥,❛♥,♦✱

❝♦♠♦ '❡ ,2❛,❛ ❞❡ ✉♠❛ '♦❧✉@5♦ ❝♦♠ ❤❛2❤✐♥❣✱ ❡ ❝♦♠♦ ♦ ❡'♣❛❧❤❛♠❡♥,♦ ❞❛' ❝❤❛✈❡' =✉❡ C

♦❢❡2❡❝✐❞❛ ♣♦2 ❜♦❛' ❢✉♥@D❡' ❞❡ ❞✐'♣❡2'5♦ '❡ ❛♣2♦①✐♠❛ ❞❡ ✉♠❛ ❞✐',2✐❜✉✐@5♦ ❛❧❡❛,E2✐❛ ❡

✉♥✐❢♦2♠❡ ✭▼❖❘❊❚❚■◆❀ ❇❯❙❙❆❇✱ ✷✵✶✵✮✱ ♦ ♣✐♦2 ❝❛'♦ ❞❡✈❡ '❡2 ✈✐',♦ ♥5♦ ❝♦♠♦ ✉♠❛

❡♥,2❛❞❛ =✉❡ ❧❡✈❛ ♦ ❛❧❣♦2✐,♠♦ ❛ ❡①❡❝✉,❛2 ♦ ♠❛✐♦2 ♥R♠❡2♦ ♣♦''S✈❡❧ ❞❡ ♣❛''♦'✱ ♠❛'

❝♦♠♦ ✉♠❛ ❢✉♥@5♦ ❞❡ ❞✐'♣❡2'5♦ =✉❡ ❢❛❧❤❛ ❡♠ ❞✐',2✐❜✉✐2 ♦' ❡❧❡♠❡♥,♦' ❞❡ ✉♠❛ ❝❡2,❛

❡♥,2❛❞❛ ❞❡ ❢♦2♠❛ ❡=✉✐❧✐❜2❛❞❛✳ ❆ ♣2♦❜❛❜✐❧✐❞❛❞❡ ❞✐',♦ ❛❝♦♥,❡❝❡2✱ ♥♦ ❡♥,❛♥,♦✱ ♣❛2❛

=✉❛❧=✉❡2 ❡♥,2❛❞❛ ✜①❛✱ C ❡♠ ❣❡2❛❧ ❡①,2❡♠❛♠❡♥,❡ ❜❛✐①❛✳ ❊♠ ✈✐',❛ ❞✐',♦✱ ❛ ❛♥U❧✐'❡

❞❡ ❝❛'♦ ♠C❞✐♦✱ ♥♦' ❛❧❣♦2✐,♠♦' ❡♥✈♦❧✈❡♥❞♦ ❤❛2❤✐♥❣✱ ❢♦2♥❡❝❡ ✉♠ ✐♥❞✐❝❛❞♦2 ❜❛',❛♥,❡

✜❡❧ ❞❡ '❡✉ ❞❡'❡♠♣❡♥❤♦ ♣2U,✐❝♦✱ ✐♥❞❡♣❡♥❞❡♥,❡♠❡♥,❡ ❞❛ ♥❛,✉2❡③❛ ❞❛' ✐♥',W♥❝✐❛' ❞❡

❡♥,2❛❞❛ =✉❡ ❧❤❡ ✈❡♥❤❛♠ ❛ '❡2 ❢♦2♥❡❝✐❞❛'✳

❖ '❡❣✉♥❞♦ ❧❛@♦ ❞♦ ❛❧❣♦2✐,♠♦ ❜✉2❝❛❴❝♦♠♣❧❡♠❡♥'❛-❡2✭✮ 2❡❛❧✐③❛❞❛ ❛ ❜✉'❝❛ ♣❡❧♦'
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❆❧❣♦$✐&♠♦ ✸✿ ❜✉"❝❛❴❝♦♠♣❧❡♠❡♥,❛-❡"✭❆✱❦✮

❊♥&$❛❞❛✿ ❧✐",❛ ❡♥❝❛❞❡❛❞❛ A ❝♦♥,❡♥❞♦ n ✐♥,❡✐-♦" ❡ ✉♠ ✐♥,❡✐-♦ k

❙❛/❞❛✿ ❧✐",❛❣❡♠ ❞❡ ,♦❞♦ ♣❛- x, y ,❛❧ 4✉❡ x+ y = k

m = n
0.5

✴✴ ❛-❜✐,-❛♥❞♦ ✉♠ ❢❛,♦- ❞❡ ❝❛-❣❛ ❞❡ 0.5❀
H = ✐♥✐❝✐❛❧✐③❛❴❤❛*❤✭♠✮❀

H = ♣♦♣✉❧❛❴❤❛*❤✭❆✱❍ ✮❀

♣❛$❛ ❝❛❞❛ ❡❧❡♠❡♥1♦ ① ❞❡ ❆ ❢❛2❛

y ✿❂ k − x❀

hy ✿❂ hash(y)❀
Lh ✿❂ H❬hy❪❀

pt ✿❂ Lh✳♣-✐♠❡✐-♦❀

❡♥4✉❛♥&♦ pt 6= ∅ ❢❛2❛
6❡ pt✳❝❤❛✈❡ ❂ ② ❡♥&7♦

✐♠♣-✐♠❛ x, y❀

pt ✿❂ ∅❀

✜♠

6❡♥7♦

pt ✿❂ pt✳♣-♦①✐♠♦❀

✜♠

✜♠

✜♠

♣❛-❡" {x, y}✳ ➱ ♣♦"">✈❡❧ ❛♣-❡"❡♥,❛- ❞✉❛" ❛♥@❧✐"❡" ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ ♥♦ ❝❛"♦ ♠A❞✐♦✿

✉♠❛ ❝♦♥"✐❞❡-❛ ,♦❞♦" ♦" ❝♦♥❥✉♥,♦" 4✉❡ ♣♦""✉❡♠ ♥♦ ♠>♥✐♠♦ ✉♠ ♣❛- {x, y} 4✉❡ "♦♠❛

k✳ ❊""❛ ❛♥@❧✐"❡ ✐-@ -❡,♦-♥❛- ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ❝❛"♦ ♠A❞✐♦ ♠>♥✐♠❛✱ ♦✉ "❡❥❛✱ ❛

❝♦♠♣❧❡①✐❞❛❞❡ ♠A❞✐❛ ♣❛-❛ ♦" ♠❡❧❤♦-❡" ❝❛"♦"❀ ❛ ♦✉,-❛ ❝♦♥"✐❞❡-❛ ,♦❞♦" ♦" ❝♦♥❥✉♥,♦" 4✉❡

♥F♦ ♣♦""✉❡♠ ❡❧❡♠❡♥,♦" 4✉❡ "♦♠❛♠ k✱ ❞❡ ❢♦-♠❛ 4✉❡✱ ,♦❞❛" ❛" ♣❡"4✉✐"❛" -❡❛❧✐③❛❞❛"

"❡-F♦ "❡♠ "✉❝❡""♦✳

■♥✐❝✐❛❧♠❡♥,❡✱ "✉♣♦♥❤❛ 4✉❡ ❡①✐",❛ ♣❡❧♦ ♠❡♥♦" ✉♠ ♣❛- {x, y}✱ ,❛❧ 4✉❡ x+y = k✱

❡ 4✉❡ ❛ ♣-♦❜❛❜✐❧✐❞❛❞❡ ❞❡ 4✉❛❧4✉❡- ❡❧❡♠❡♥,♦ "❡- ❛-♠❛③❡♥❛❞♦ ❡♠ ✉♠❛ ❞❛" m ♣♦"✐IJ❡"

"❡❥❛ ✐❣✉❛❧✳ ❆❧A♠ ❞✐""♦✱ "✉♣♦♥❤❛ 4✉❡ ♦ ,❡♠♣♦ ♣❛-❛ ♦ ❡♥❞❡-❡I♦✲❜❛"❡ "❡- ❝❛❧❝✉❧❛❞♦ "❡❥❛

O(1)✳

❖ ♥N♠❡-♦ ❞❡ ❡❧❡♠❡♥,♦" ❡①❛♠✐♥❛❞♦" ❞✉-❛♥,❡ ✉♠❛ ♣❡"4✉✐"❛ ❝♦♠ "✉❝❡""♦ ♣❡❧♦
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y✱ ! ✉♠❛ ✉♥✐❞❛❞❡ ♠❛✐♦* +✉❡ ♦ ♥,♠❡*♦ ❞❡ ❡❧❡♠❡♥.♦/ +✉❡ ❛♣❛*❡❝❡♠ ❛♥.❡/ ❞❡ y ❡♠

/✉❛ ❧✐/.❛✳ ➱ /❛❜✐❞♦ +✉❡ ♦/ ❡❧❡♠❡♥.♦/ ❡①✐/.❡♥.❡/ ❛♥.❡/ ❞❡ y ❢♦*❛♠ ✐♥/❡*✐❞♦/ ❛♥.❡/ ♥❛

.❛❜❡❧❛ ❞❡ ❞✐/♣❡*/7♦✱ ❥9 +✉❡ ♥♦✈♦/ ❡❧❡♠❡♥.♦/ /7♦ ❝♦❧♦❝❛❞♦/ ♥♦ ✜♥❛❧ ❞❛ ❧✐/.❛✳

❊♥.7♦✱ /❡❥❛ xi ♦ i✲!/✐♠♦ ❡❧❡♠❡♥.♦ ❛❞✐❝✐♦♥❛❞♦ ❛ .❛❜❡❧❛✳ ❊♠ ♠!❞✐❛✱ .❡♠✲/❡ +✉❡

♦ ♥,♠❡*♦ ❞❡ ❡❧❡♠❡♥.♦/ ni +✉❡ /7♦ ♠❛♣❡❛❞♦/ ♣❛*❛ ❛ ♠❡/♠❛ ❧✐/.❛ ❞♦ ❡❧❡♠❡♥.♦ xi !

∑n

(j=1)

1

m
=

1

m

∑n

(j=1) 1 =
1

m
(n− 1) =

n− 1

m
✳

❊♠ ♠!❞✐❛✱ ♦ ♥,♠❡*♦ ❞❡ ♣❡/+✉✐/❛ ♥❡❝❡//9*✐❛ ♣❛*❛ ❡♥❝♦♥.*❛* ♦ ❡❧❡♠❡♥.♦ xi !

1 +
∑n

(j=1)

1

m
= 1 +

n− 1

m
✳

❉❡ ♦♥❞❡ .❡♠✲/❡ +✉❡✱ ❡♠ ♠!❞✐❛✱ ♦ ♥,♠❡*♦ ❞❡ ♣❡/+✉✐/❛/ ♣❛*❛ ❡♥❝♦♥.*❛* ❛❧❣✉♠ ❡❧❡✲

♠❡♥.♦ ! ❛ ♠!❞✐❛ ❞❡ .♦❞♦/ ♦/ xi✱ ♦ +✉❡ ♣♦❞❡ /❡* ❝❛❧❝✉❧❛❞♦ ❞❛ /❡❣✉✐♥.❡ ❢♦*♠❛✱ /❛❜❡♥❞♦

+✉❡

1
n

! ♦ ♥,♠❡*♦ ❞❡ ❝♦♠♣❛*❛@A❡/ ♣❛*❛ ❡♥❝♦♥.*❛* ♦ ❡❧❡♠❡♥.♦ xi ♣❛*❛ .♦❞♦ xi✿

1
n
[
∑n

i=1 1 +
(n−i)
m

] = 1
n
[n+

∑n

i=1
(n−i)
m

]

= 1 + 1
n
[
∑n

i=1
(n−i)
m

] = 1 + 1
nm

[
∑n

i=1(n− i)]

= 1 + 1
nm

[
∑n−1

j=0 (j)] = 1 + 1
nm

[n(n−1)
2

]

= 1 + 1
m
[ (n−1)

2
] = 1 + n

2m
− 1

2m

= 1 + α
2
− α

2n
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❆❞✐❝✐♦♥❛♥❞♦ ♦ '❡♠♣♦ ♣❛+❛ ❝❛❧❝✉❧❛+ ♦ ❡♥❞❡+❡.♦ ❜❛0❡ '❡♠♦0 Θ(2 + α
2
− α

2n
)✳

❊♥'3♦✱ 0♦♠❛♥❞♦ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♣+✐♠❡✐+♦ ❡ ❞♦ 0❡❣✉♥❞♦ ❧❛.♦✱ '❡♠✲0❡ 8✉❡ ❛ ❝♦♠✲

♣❧❡①✐❞❛❞❡ ♥♦ ❝❛0♦ ♠9❞✐♦ 9 O(n) + Θ(n − 1) = O(n)✱ ♣❛+❛ ♦0 ❝♦♥❥✉♥'♦0 ❞❡ ❡♥'+❛❞❛

8✉❡ ♣♦00✉❡♠ ❛♦ ♠❡♥♦0 ✉♠ ♣❛+ ❞❡ ♥;♠❡+♦0 k✲❝♦♠♣❧❡♠❡♥'❛+❡0✳

❆❣♦+❛✱ ❝♦♥0✐❞❡+❡ ❛♣❡♥❛0 ❡♥'+❛❞❛0 ♦♥❞❡ ♥3♦ ❤= 8✉❛❧8✉❡+ ♣❛+ ❞❡ ♥;♠❡+♦0 k✲

❝♦♠♣❧❡♠❡♥'❛+❡0✱ ❞❡ ❢♦+♠❛ 8✉❡ ❝❛❞❛ ✉♠❛ ❞❛0 ❜✉0❝❛0 ♣❡❧♦ k✲❝♦♠♣❧❡♠❡♥'♦ y ❞❡ ✉♠

♥;♠❡+♦ x ❞❛ ❧✐0'❛ ❞❡ ❡♥'+❛❞❛ '❡♥❤❛ 8✉❡ ❡①❛✉+✐+ '♦❞❛ ❛ ❧✐0'❛ ❡♥❝❛❞❡❛❞❛ ❝♦++❡0♣♦♥✲

❞❡♥'❡ ❛♦ ❡♥❞❡+❡.♦✲❜❛0❡ ❞❡ y ♥❛ '❛❜❡❧❛ ❞❡ ❞✐0♣❡+03♦✳ ❈❡+'❛♠❡♥'❡✱ ❡♥'+❛❞❛0 8✉❡

♣♦00✉❛♠ ♣❛+❡0 ❞❡ ♥;♠❡+♦0 k✲❝♦♠♣❧❡♠❡♥'❛+❡0 ❛❝❛++❡'❛+3♦ ❝❡+'♦ ♥;♠❡+♦ ❞❡ ❜✉0❝❛0

❜❡♠✲0✉❝❡❞✐❞❛0✱ ❜✉0❝❛0 ❡0'❛0 8✉❡ 0❡+3♦ ❝♦♥❝❧✉@❞❛0 ♣♦00✐✈❡❧♠❡♥'❡ ❛♥'❡0 ✭♠❛0 ♥✉♥❝❛

❞❡♣♦✐0✮ 8✉❡ '♦❞❛ ❛ ❧✐0'❛ ❝♦++❡0♣♦♥❞❡♥'❡ '❡♥❤❛ 0✐❞♦ ❡①❛✉+✐❞❛✱ ❞❡ ❢♦+♠❛ 8✉❡ ♦ '❡♠♣♦

❣❛0'♦ ♥❡0'❡0 ❝❛0♦0 0❡+= ♠❛❥♦+❛❞♦ ♣❡❧♦ '❡♠♣♦ ❣❛0'♦ ♥❛8✉❡❧❡0 ❡♠ 8✉❡ ♥3♦ ❤= 8✉❛❧8✉❡+

♣❛+ ❞❡ ♥;♠❡+♦0 k✲❝♦♠♣❧❡♠❡♥'❛+❡0✳

❙❡♥❞♦ T ♦ '❡♠♣♦ '♦'❛❧ ♣❛+❛ ❡♥❝♦♥'+❛+ ♦0 k✲❝♦♠♣❧❡♠❡♥'♦0✱

T =
∑n

i=1 Ti✱

❡ ♣❡❧❛ ❧✐♥❡❛+✐❞❛❞❡ ❞❛ ❡0♣❡+❛♥.❛✱

E[T ] = E[
∑n

i=1 Ti] =
∑n

i=1 E[Ti] = n ·O(1) = O(n)✳

❈♦♥❝❧✉@♠♦0 8✉❡✱ ✉0❛♥❞♦ ❡0♣❛.♦ ❧✐♥❡❛+ ♥♦ '❛♠❛♥❤♦ ❞❛ ❡♥'+❛❞❛✱ ♦ ❛❧❣♦+✐'♠♦

♣+♦♣♦0'♦ +❡0♦❧✈❡ ♦ ♣+♦❜❧❡♠❛ ❡♠ '❡♠♣♦ ❡0♣❡+❛❞♦ ❧✐♥❡❛+✱ ♠❡0♠♦ ♣❛+❛ ❡♥'+❛❞❛0 8✉❡

♥3♦ ♣♦00✉❛♠ 8✉❛❧8✉❡+ ♣❛+ ❞❡ ♥;♠❡+♦0 k✲❝♦♠♣❧❡♠❡♥'❛+❡0✳ ◆♦ ❛❧❣♦+✐'♠♦ ✐♥❣F♥✉♦

❛♥❛❧✐0❛❞♦ ❛♥'❡+✐♦+♠❡♥'❡✱ ♦ '❡♠♣♦ ❞❡ ♣✐♦+ ❝❛0♦ ❡+❛ 8✉❛❞+='✐❝♦✱ ❡ ❡0'❡ ❧✐♠✐'❡ 9 ❥✉0'♦✱

♣♦+ ❡①❡♠♣❧♦✱ ♥♦0 ❝❛0♦0 ❞❡ ❡♥'+❛❞❛0 0❡♠ ♣❛+❡0 k✲❝♦♠♣❧❡♠❡♥'❛+❡0✳
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✸✳✶✳✷ ■♥&❡()❡*+♦ ❞❡ ❝♦♥❥✉♥&♦)

❖ ♣"♦❜❧❡♠❛ ❞❛ ✐♥,❡"-❡./♦ ❞❡ ❝♦♥❥✉♥,♦- ❝♦♥-✐-,❡ ❡①❛,❛♠❡♥,❡ ♥♦ 4✉❡ -❡✉ ♥♦♠❡

✐♥❞✐❝❛✿ ❞❡-❡❥❛✲-❡ ❡♥❝♦♥,"❛" ❡❧❡♠❡♥,♦- 4✉❡ ♣❡",❡♥.❛♠ -✐♠✉❧,❛♥❡❛♠❡♥,❡ ❛ ❞♦✐- ❝♦♥✲

❥✉♥,♦- A ❡ B✳ ❍9 ❞✐✈❡"-❛- ❢♦"♠❛- ❞❡ "❡-♦❧✈<✲❧♦✱ -❡♥❞♦ ❛ ♠❛✐- -✐♠♣❧❡- ♣"♦✈❛✈❡❧♠❡♥,❡

❛4✉❡❧❛ ❡♠ 4✉❡✱ ♣❛"❛ ❝❛❞❛ ✉♠ ❞♦- ❡❧❡♠❡♥,♦- x ❞❡ ✉♠ ❞♦- ❝♦♥❥✉♥,♦-✱ ♣❡"❝♦""❡✲-❡

♣♦--✐✈❡❧♠❡♥,❡ ,♦❞♦ ♦ ♦✉,"♦ ❝♦♥❥✉♥,♦ > ♠❡❞✐❞❛ 4✉❡ -❡✉- ❡❧❡♠❡♥,♦- ✈/♦ -❡♥❞♦ ❝♦♠♣❛✲

"❛❞♦- ❝♦♠ x✳ ❉✉"❛♥,❡ ❡--❡ ♣"♦❝❡--♦✱ ✐♠♣"✐♠❡♠✲-❡ ♦- ♣"♦,❛❣♦♥✐-,❛- ❞❡ ❝♦♠♣❛"❛.A❡-

❜❡♠✲-✉❝❡❞✐❞❛-✳ ❙❡♥❞♦ nA ❡ nB ♦- ,❛♠❛♥❤♦- ❞❡ A ❡ B✱ "❡-♣❡❝,✐✈❛♠❡♥,❡✱ -/♦ ❡♥,/♦

"❡❛❧✐③❛❞❛- nA · nB ❝♦♠♣❛"❛.A❡- ♥♦ ♣✐♦" ❝❛-♦✳ ❙❡ ✜③❡"♠♦- n ✐❣✉❛❧ ❛♦ ,❛♠❛♥❤♦ ❞♦

♠❛✐♦" ❝♦♥❥✉♥,♦✱ ❡♥,"❡ A ❡ B✱ ♣♦❞❡♠♦- ❞❡-❝"❡✈❡" ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ,❡♠♣♦ ❞❡ ,❛❧

❛❧❣♦"✐,♠♦ ❝♦♠♦ -❡♥❞♦ O(n2)✳

❊♥,"❡,❛♥,♦✱ G ♣♦--H✈❡❧ ♠❡❧❤♦"❛" ♦ ❛❧❣♦"✐,♠♦ ❛♥,❡"✐♦" ♦"❞❡♥❛♥❞♦✲-❡ ♣"❡✈✐❛✲

♠❡♥,❡ ♦- ❡❧❡♠❡♥,♦- ❞♦- ❝♦♥❥✉♥,♦- ❡✱ ❡♠ -❡❣✉✐❞❛✱ ❝♦♠♣❛"❛♥❞♦✲-❡ ♦- ❡❧❡♠❡♥,♦- ❞♦-

❞♦✐- ❝♦♥❥✉♥,♦- > ♠❡❞✐❞❛ 4✉❡ -❡ ❝❛♠✐♥❤❛ ❝♦♠ ❞♦✐- H♥❞✐❝❡-✱ ✉♠ ♣❛"❛ ❝❛❞❛ ❝♦♥❥✉♥,♦✱

❝♦♠♦ ✐❧✉-,"❛❞♦ ♣❡❧♦ ♣-❡✉❞♦❝I❞✐❣♦ ❞♦ ❛❧❣♦"✐,♠♦ ✐♥"❡$%❡&'♦❴♦$❞❡♥❛❞❛✭ ✮✳

❖- ✈❡,♦"❡- A ❡ B "❡❝❡❜✐❞♦- ❝♦♠♦ ❡♥,"❛❞❛ ❞♦ ❛❧❣♦"✐,♠♦✱ -/♦ ♦"❞❡♥❛❞♦- ♣♦"

4✉❛❧4✉❡" ❛❧❣♦"✐,♠♦ ❞❡ ♦"❞❡♥❛./♦✱ ❞✐❣❛♠♦- ▼❡$❣❡ ❙♦$"✱ ❞❡♠❛♥❞❛♥❞♦ ♣❛"❛ ✐-,♦ ,❡♠♣♦

O(n ❧♦❣ n) ♥♦ ♣✐♦" ❝❛-♦ ✭❈❖❘▼❊◆ ❡, ❛❧✳✱ ✷✵✵✶✮✳ ❊♠ -❡❣✉✐❞❛✱ ❛ ❝❛❞❛ ✐,❡"❛./♦ ❞♦

❧❛.♦ ✐♥✐❝✐❛❞♦ ♥❛ ❧✐♥❤❛ 4✱ G ❡❢❡,✉❛❞❛ ❛ ❝♦♠♣❛"❛./♦ ❡♥,"❡ ✉♠ ❡❧❡♠❡♥,♦ ❞❡ A ❡ ♦✉,"♦

❞❡ B✱ ❞❡ ❢♦"♠❛ 4✉❡✱ -❡ ♦- ❡❧❡♠❡♥,♦- ❢♦"❡♠ ✐❣✉❛✐-✱ -❡✉ ✈❛❧♦" G ✐♠♣"❡--♦✱ ❡ ♦- H♥❞✐❝❡-

i ❡ j ✭❞❡ A ❡ B✱ "❡-♣❡❝,✐✈❛♠❡♥,❡✮ -/♦ ❛♠❜♦- ✐♥❝"❡♠❡♥,❛❞♦- ❡♠ ✉♠❛ ✉♥✐❞❛❞❡✳ ❙❡ ♦-

❡❧❡♠❡♥,♦- ❞❡ A ❡ B ❡♠ 4✉❡-,/♦ ❢♦"❡♠ ❞✐❢❡"❡♥,❡-✱ ❡♥,/♦✱ ♦✉ ♦ H♥❞✐❝❡ i G ✐♥❝"❡♠❡♥,❛❞♦✱

❝❛-♦ ♦ ❡❧❡♠❡♥,♦ ❞❡ A -❡❥❛ ♠❡♥♦" 4✉❡ ♦ ❞❡ B✱ ♦✉ ❡♠ ❝❛-♦ ❝♦♥,"9"✐♦ G ♦ H♥❞✐❝❡ j 4✉❡

G ✐♥❝"❡♠❡♥,❛❞♦✳ ❆--✐♠ -❡♥❞♦✱ ♦ ♥T♠❡"♦ ❞❡ "❡♣❡,✐.A❡- ❞♦ ❧❛.♦ G ✐❣✉❛❧ ❛♦ ♥T♠❡"♦

❞❡ ✐♥❝"❡♠❡♥,♦- "❡❛❧✐③❛❞♦-✱ 4✉❡ G nA + nB✳ ▲♦❣♦✱ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ❛❧❣♦"✐,♠♦✱ -❡

❝♦♥-✐❞❡"❛♠♦- ♥♦✈❛♠❡♥,❡ n ❝♦♠♦ ♦ ♠❛✐♦" ❞❡♥,"❡ nA ❡ nB✱ G O(n ❧♦❣ n)✳

❆✐♥❞❛ G ♣♦--H✈❡❧ ♦❜-❡"✈❛" 4✉❡✱ ♠❡-♠♦ ❝♦♠ ❛ ♠❡❧❤♦"✐❛ ❝♦♥-❡❣✉✐❞❛ ♣❡❧❛ ♦"❞❡✲
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❆❧❣♦$✐&♠♦ ✹✿ ✐♥"❡$%❡&'♦❴♦$❞❡♥❛❞❛✭❆✱❇✮

❊♥&$❛❞❛✿ ✈❡"♦$❡% A ❡ B ❝♦♥"❡♥❞♦ ♦% ❡❧❡♠❡♥"♦% ❞❡ ❞♦✐% ❝♦♥❥✉♥"♦%

❙❛/❞❛✿ A ∩ B

❖$❞❡♥❡ A ❡ B❀

i := 0❀ j := 0❀

nA := |A|❀ nB := |B|❀
❡♥1✉❛♥&♦ ✐ ❁ nA ❡ ❥ ❁ nB ❢❛4❛

5❡ ❆❬✐❪❂❇❬❥❪ ❡♥&6♦

✐♠♣$✐♠❛ A[i]❀
i := i+ 1❀ j := j + 1❀

✜♠

5❡♥6♦

5❡ ❆❬✐❪❁❇❬❥❪ ❡♥&6♦

i = i+ 1❀

✜♠

5❡♥6♦

j = j + 1❀

✜♠

✜♠

✜♠

♥❛&'♦ ♣$8✈✐❛ ❞♦% ❡❧❡♠❡♥"♦%✱ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ❛❧❣♦$✐"♠♦ ♦❜"✐❞♦ ❛✐♥❞❛ 8 ♠❛✐♦$ ❞♦

=✉❡ ♦ ❝✉%"♦ ♥❡❝❡%%>$✐♦ ♣❛$❛ %✐♠♣❧❡%♠❡♥"❡ ♣❡$❝♦$$❡$ "♦❞♦% ♦% ❡❧❡♠❡♥"♦% ❞❡ A ❡ B

✉♠❛ ?♥✐❝❛ ✈❡③✳ ❊%"❡ ❢❛"♦ ♥♦% ❧❡✈❛ ❛ ♣❡♥%❛$ ❡♠ ✉♠❛ ♥♦✈❛ %♦❧✉&'♦ ✉"✐❧✐③❛♥❞♦ ❤❛,❤✐♥❣✳

❆ ✐❞❡✐❛ 8 ❝$✐❛$ ✉♠❛ "❛❜❡❧❛ ❞❡ ❞✐%♣❡$%'♦ H ❡ ♣♦♣✉❧>✲❧❛ ✉%❛♥❞♦ ♦% ❡❧❡♠❡♥"♦%

❞❡ ✉♠ ❞♦% ✈❡"♦$❡% ❞❡ ❡♥"$❛❞❛ ✭❞✐❣❛♠♦% ♦ ♠❡♥♦$ ❞♦% ✈❡"♦$❡%✱ ♣❛$❛ ❡❝♦♥♦♠✐③❛$♠♦%

❡%♣❛&♦✱ ❡ ❝❤❛♠❡♠♦✲♥♦ ❞❡ A✱ %❡♠ ♣❡$❞❛ ❞❡ ❣❡♥❡$❛❧✐❞❛❞❡✮✳ ❆ %❡❣✉✐$✱ ♦% ❡❧❡♠❡♥"♦%

❞❡ A ∩B %'♦ ♦❜"✐❞♦% ♣❡$❝♦$$❡♥❞♦✲%❡ "♦❞❛% ❛% ♣♦%✐&G❡% ❞♦ ✈❡"♦$ B ❡ ❝♦♠♣❛$❛♥❞♦✲%❡

❝❛❞❛ ❡❧❡♠❡♥"♦ x ❞❡ B ❝♦♠ ♦% ❡❧❡♠❡♥"♦% y =✉❡ ❡%"'♦ ❛$♠❛③❡♥❛❞♦% ❡♠ H ♥♦ ♠❡%♠♦

❡♥❞❡$❡&♦✲❜❛%❡ =✉❡ "❡$✐❛ x✱ ✐%"♦ 8✱ ❝♦♠♣❛$❛♠♦% x ❡ y =✉❛♥❞♦ hash(x) = hash(y)✱

♦♥❞❡ hash() 8 ❛ ❢✉♥&'♦ ✉"✐❧✐③❛❞❛ ♣❛$❛ ♣♦♣✉❧❛$ H ✭=✉❡ ♦$❛ ♦♠✐"✐♠♦% ♣❡❧♦% ♠♦"✐✈♦%

❥> ❡①♣♦%"♦%✱ ♠❛% =✉❡ ♣♦❞❡ %❡$ "'♦ %✐♠♣❧❡% =✉❛♥"♦ ❛=✉❡❧❛ ❛♣$❡%❡♥"❛❞❛ ♥♦ ❈❛♣I"✉❧♦ 2✮✳



✺✶

❖ ❛❧❣♦%✐'♠♦ ✐♥"❡$%❡&'♦❴❤❛%❤✐♥❣✭ ✮ ) ❞❛❞♦ ❛ +❡❣✉✐% ❡♠ ♣+❡✉❞♦❝0❞✐❣♦✱ ❡ ♦ '%❛'❛♠❡♥'♦

❞❡ ❝♦❧✐+3❡+ ) ❢❡✐'♦ ♣♦% ❡♥❝❛❞❡❛♠❡♥'♦ ❡①'❡%✐♦%✳

❆❧❣♦$✐&♠♦ ✺✿ ✐♥'❡%+❡78♦❴❤❛+❤✐♥❣✭❆✱❇✮

❊♥&$❛❞❛✿ ✈❡'♦%❡+ A ❡ B✱ ❝♦♠ |A| ≤ |B|
❙❛/❞❛✿ A ∩ B

nA := |A|❀ nB := |B|❀
m := nA

0.5
✴✴ ❛%❜✐'%❛♥❞♦ ✉♠ ❢❛'♦% ❞❡ ❝❛%❣❛ ❞❡ 0.5❀

H =✐♥✐❝✐❛❧✐③❛❴❤❛%❤✭♠✮❀

H =♣♦♣✉❧❛❴❤❛%❤✭❆✱❍ ✮❀

♣❛$❛ ✐ ✿❂ ✵✱ ✳✳✳✱ nB − 1 ❢❛2❛
x ✿❂ B[i]❀
hx ✿❂ hash(x)❀
Lx ✿❂ H[hx]❀
pt ✿❂ Lx✳♣%✐♠❡✐%♦❀

❡♥4✉❛♥&♦ pt 6= ∅ ❢❛2❛
6❡ pt✳❝❤❛✈❡ ❂ x ❡♥&7♦

✐♠♣%✐♠❡ x❀

pt ✿❂ ∅❀

✜♠

6❡♥7♦

pt ✿❂ pt✳♣%♦①✐♠♦❀

✜♠

✜♠

✜♠

❖+ ♣%♦❝❡❞✐♠❡♥'♦+ ✐♥✐❝✐❛❧✐③❛❴❤❛%❤✭ ✮ ❡ ♣♦♣✉❧❛❴❤❛%❤✭ ✮ ❝♦%%❡+♣♦♥❞❡♠ ❛C✉✐

❛♦+ ♣%♦❝❡❞✐♠❡♥'♦+ ❤♦♠D♥✐♠♦+ ❞❛ ❙❡78♦ ✸✳✶✳✶✳

❯♠❛ ❛♥I❧✐+❡ ❛♥I❧♦❣❛ J+ C✉❡ ✜③❡♠♦+ ♥❛ ❙❡78♦ ✸✳✶✳✶ ♥♦+ ♠♦+'%❛ C✉❡ ♦ ♥M♠❡%♦

♠)❞✐♦ ❞❡ ♦♣❡%❛73❡+ ❡❢❡'✉❛❞❛+ ♣❡❧♦ ❛❧❣♦%✐'♠♦ ) ✐❣✉❛❧ J C✉❛♥'✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥'♦+ ❞♦

♠❛✐♦% ❝♦♥❥✉♥'♦ ✈❡③❡+ (1+α)✱ ♦♥❞❡ α ) ♦ ❢❛'♦% ❞❡ ❝❛%❣❛ ❞❛ '❛❜❡❧❛ ❞❡ ❞✐+♣❡%+8♦✳ ❈♦♠♦✱

❛♦ ✉'✐❧✐③❛%♠♦+ ❡+♣❛7♦ ♣%♦♣♦%❝✐♦♥❛❧ J C✉❛♥'✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥'♦+ ❛ +❡%❡♠ ❛%♠❛③❡♥❛❞♦+✱

❡+'❛❜❡❧❡❝❡♠♦+ α ❝♦♠♦ ✉♠❛ ❝♦♥+'❛♥'❡✱ '❡♠♦+ C✉❡ ❛ C✉❛♥'✐❞❛❞❡ ❞❡ ❝♦♠♣❛%❛73❡+ ❞♦

❛❧❣♦%✐'♠♦ ✐♥"❡$%❡&'♦❴❤❛%❤✐♥❣✭ ✮ ) O(nB) ·α = O(nB)✳ ❊+'❛ C✉❛♥'✐❞❛❞❡ ❞❡ ❝♦♠♣❛%❛✲

73❡+✱ ❝❛❞❛ ✉♠❛ ❞❛+ C✉❛✐+ %❡❛❧✐③❛❞❛ ❡♠ '❡♠♣♦ ❝♦♥+'❛♥'❡✱ +♦♠❛❞❛ J+ O(nA) ♦♣❡%❛73❡+

♣❛%❛ +❡ ♣♦♣✉❧❛% ❛ '❛❜❡❧❛ ❝♦♠ ♦+ ❡❧❡♠❡♥'♦+ ❞♦ ♠❡♥♦% ❝♦♥❥✉♥'♦✱ %❡+✉❧'❛ ♥✉♠❛ ❝♦♠✲
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♣❧❡①✐❞❛❞❡ '♦'❛❧ ❡)♣❡*❛❞❛ ❞❡ O(nA) + O(nB) = O(n) ♣❛*❛ ♦ ❛❧❣♦*✐'♠♦✳ ❚*❛'❛✲)❡✱

♣♦*'❛♥'♦✱ ❞❡ ✉♠ ❣❛♥❤♦ ❝♦♥)✐❞❡*5✈❡❧ ❡♠ *❡❧❛78♦ ❛♦) '❡♠♣♦) *❡)♣❡❝'✐✈♦) O(n2) ❡ O(n

❧♦❣ n) ❞♦) ❛❧❣♦*✐'♠♦) ❛♥'❡*✐♦*❡)✳

✸✳✶✳✸ ■❣✉❛❧❞❛❞❡ ❞❛ *♦♠❛ ❞❡ ❢✉♥/0❡*

❖ ♣*♦❜❧❡♠❛ ❞❛ ✐❣✉❛❧❞❛❞❡ ❞❛ )♦♠❛ ❞❡ ❢✉♥7<❡) ❝♦♥)✐)'❡ ❡♠ ❡♥❝♦♥'*❛* ❛) =✉5✲

❞*✉♣❧❛) ♦*❞❡♥❛❞❛) (x, y, z, w) ❢♦*♠❛❞❛) ♣♦* ❡❧❡♠❡♥'♦) ❞❡ ❝❡*'♦ ❝♦♥❥✉♥'♦ A ❞❛❞♦✱

)❛'✐)❢❛③❡♥❞♦ f(x) + f(y) = f(z) + f(w)✱ ♣❛*❛ ✉♠❛ ❢✉♥78♦ *❡❛❧ f =✉❛❧=✉❡* ❛✈❛❧✐❛❞❛

❡♠ '❡♠♣♦ ❝♦♥)'❛♥'❡✳ ❊)'❡ ♣*♦❜❧❡♠❛ ♣♦❞❡ )❡* ❝♦♥)✐❞❡*❛❞♦ ✉♠ ❝❛)♦ ♣❛*'✐❝✉❧❛* ❡ ♣♦✲

❧✐♥♦♠✐❛❧ ❞♦ ♣*♦❜❧❡♠❛ ❞❛ ♣❛*'✐78♦✱ =✉❡ A ◆C✲❝♦♠♣❧❡'♦ ✭❍❆❨❊❙✱ ✷✵✵✷✮✱ ❡ ♥♦ =✉❛❧

❞❡)❡❥❛✲)❡ )❛❜❡* )❡ ✉♠ ❝♦♥❥✉♥'♦ ❞❡ ❡♥'*❛❞❛ S ♣♦❞❡ )❡* ❞✐✈✐❞✐❞♦ ❡♠ ❞♦✐) ❝♦♥❥✉♥'♦) S1

❡ S2 ❞❡ ♠❡)♠❛ )♦♠❛✱ ♥8♦ ❤❛✈❡♥❞♦✱ ❝♦♥'✉❞♦ =✉❛❧=✉❡* *❡)'*✐78♦ ❛♦ '❛♠❛♥❤♦ ❞♦) ❞♦✐)

❝♦♥❥✉♥'♦)✳

❆ ♣❛*'✐* ❞❡)'❡ ♣♦♥'♦✱ ♥8♦ ♥♦) ♣*❡♦❝✉♣❛*❡♠♦) ♠❛✐) ❝♦♠ ❛ ✐♥✐❝✐❛❧✐③❛78♦ ❞❛)

'❛❜❡❧❛) ❞❡ ❞✐)♣❡*)8♦✱ ♦✉ ❝♦♠ ❛) ❢✉♥7<❡) ❞❡ ❞✐)♣❡*)8♦✱ ♦✉ ♦) ♠A'♦❞♦) ❞❡ '*❛'❛♠❡♥'♦

❞❡ ❝♦❧✐)8♦ ✉'✐❧✐③❛❞♦)✱ =✉❡ )✉♣♦*❡♠♦) ❞✐)♣♦♥L✈❡✐) ❡ ❛♣*♦♣*✐❛❞♦)✱ ❝✐'❛♥❞♦✲♦) ❛♣❡♥❛)

=✉❛♥❞♦ ❢♦* ❝♦♥✈❡♥✐❡♥'❡✳

❆ ❛❜♦*❞❛❣❡♠ '*✐✈✐❛❧ ❞♦ ♣*♦❜❧❡♠❛ ❡①♣♦)'♦ ❡①❛♠✐♥❛*✐❛ ❝❛❞❛ ✉♠❛ ❞❛) =✉5❞*✉✲

♣❧❛) ❞❡ ❡❧❡♠❡♥'♦) ❞♦ ❝♦♥❥✉♥'♦ A✱ ♣❛*❛ ✉♠❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ '❡♠♣♦ ✐❣✉❛❧ ❛ O(n4)✱

♦♥❞❡ n = |A|✳ ❈♦♠♦ '*❛♥)❢♦*♠❛* ❡)'❡ ♣*♦❜❧❡♠❛ ♥✉♠ ♣*♦❜❧❡♠❛ ❞❡ ❜✉)❝❛ ❡♠ =✉❡

♣♦))❛♠♦) ♥♦) ✈❛❧❡* ❞❛ ❡✜❝✐O♥❝✐❛ ♠A❞✐❛ ❞❛) '❛❜❡❧❛) ❞❡ ❞✐)♣❡*)8♦❄

❯♠❛ *❡)♣♦)'❛ ♣♦))L✈❡❧ )❡*✐❛✿ ❛*♠❛③❡♥❛♥❞♦ ♦) ♣♦))L✈❡✐) ✈❛❧♦*❡) d = f(x) +

f(y)✱ ♣❛*❛ '♦❞♦ x, y ∈ A✱ ❝♦♠♦ ❝❤❛✈❡) ❞❡ ✉♠❛ '❛❜❡❧❛ ❞❡ ❞✐)♣❡*)8♦ H✱ ❝❛❞❛ ✉♠❛

❞❛) =✉❛✐) ❛))♦❝✐❛❞❛) ❛ ✉♠❛ ❧✐)'❛ =✉❡ ❝♦♥'❡*5 '♦❞♦) ♦) ♣❛*❡) ♦*❞❡♥❛❞♦) (x, y) ❝✉❥❛)

✐♠❛❣❡♥) ♣♦* f )♦♠❡♠ d✳ ❆ )❡❣✉✐*✱ ♣❛*❛ ❝❛❞❛ ❝❤❛✈❡ d ❛*♠❛③❡♥❛❞❛ ❡♠ H✱ ❝♦♠❜✐♥❛♠♦)

❞♦✐) ❛ ❞♦✐) ♦) ♣❛*❡) (x, y) ♣❡*'❡♥❝❡♥'❡) S ❧✐)'❛ ❛))♦❝✐❛❞❛ ❛ d✱ ♦❜'❡♥❞♦ ❛))✐♠ ❛)
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 ✉"❞$✉♣❧❛( ❞❡(❡❥❛❞❛(✳ ❖ ♣(❡✉❞♦❝/❞✐❣♦ ❞♦ ❛❧❣♦$✐2♠♦  ♦♠❛❴❞❡❴❢✉♥*+❡ ❴❤❛ ❤✐♥❣✭ ✮

4 ❞❛❞♦ ❛ (❡❣✉✐$✿

❆❧❣♦$✐&♠♦ ✻✿ (♦♠❛❴❞❡❴❢✉♥9:❡(❴❤❛(❤✐♥❣✭❆✱❢ ✮

❊♥&$❛❞❛✿ ✈❡2♦$ A✱ ❢✉♥9@♦ f

❙❛/❞❛✿  ✉"❞$✉♣❧❛( ♦$❞❡♥❛❞❛( (x, y, z, w) (❛2✐(❢❛③❡♥❞♦
f(x) + f(y) = f(z) + f(w)

H = 2❛❜❡❧❛ ❞❡ ❞✐(♣❡$(@♦ ✐♥✐❝✐❛❧♠❡♥2❡ ✈❛③✐❛❀

♣❛$❛ ❝❛❞❛ (x, y) ⊆ A ❢❛2❛

d = f(x) + f(y)❀
3❡ ❞ 4 ❝❤❛✈❡ ❞❡ ❍ ❡♥&5♦

Ld := ❧✐(2❛ ❡♥❝❛❞❡❛❞❛ ❛((♦❝✐❛❞❛ ❛ d✱ ❡♠ H❀

✜♠

3❡♥5♦

Ld := ♥♦✈❛ ❧✐(2❛ ❡♥❝❛❞❡❛❞❛❀

✐♥(✐$❛ ❡♠ H ❛ ❝❤❛✈❡ d ❡✱ ❛((♦❝✐❛❞❛ ❛ ❡❧❛✱ ❛ ❧✐(2❛ Ld❀

✜♠

❛❝$❡(❝❡♥2❡ ♦ ♣❛$ (x, y) D ❧✐(2❛ Ld❀

✜♠

♣❛$❛ ❝❛❞❛ ❞ ❡♠ ❍ ❢❛2❛

Ld := ❧✐(2❛ ❡♥❝❛❞❡❛❞❛ ❛((♦❝✐❛❞❛ ❛ d✱ ❡♠ H❀

♣❛$❛ ❝❛❞❛ (x, y) ∈ Ld ❢❛2❛

♣❛$❛ ❝❛❞❛ (z, w) ∈ Ld ❢❛2❛

✐♠♣$✐♠❛ (x, y, z, w)❀
✜♠

✜♠

✜♠

❖ ❡(♣❛9♦ ✉2✐❧✐③❛❞♦ (❡$" ❛ ✉❡❧❡ ♥❡❝❡(("$✐♦ ♣❛$❛ ❛$♠❛③❡♥❛$ O(n2) ♣❛$❡( ♥✉♠❛

2❛❜❡❧❛ ❞❡ ❞✐(♣❡$(@♦✱ ✐(2♦ 4✱ Θ(n2)✱ ♣❛$❛ ✉♠ ❢❛2♦$ ❞❡ ❝❛$❣❛ ❝♦♥(2❛♥2❡✳

◗✉❛♥2♦ ❛♦ 2❡♠♣♦✱ ❝❛❞❛ ❝❤❛✈❡ d ♣♦❞❡ (❡$ ❧♦❝❛❧✐③❛❞❛ ❡✴♦✉ ✐♥(❡$✐❞❛ ❡♠ H ❡♠

2❡♠♣♦ ♠4❞✐♦ ❝♦♥(2❛♥2❡✱ ❡ ❝❛❞❛ ✉♠ ❞♦( O(n2) ♣❛$❡( ❞❡ ❡❧❡♠❡♥2♦( (x, y) ❞❡ A ❞❡♠❛♥❞❛

2❡♠♣♦ O(1) ♣❛$❛ (❡$ ✐♥(❡$✐❞♦ ♥♦ ✜♥❛❧ ❞❛ ❧✐(2❛ ❛((♦❝✐❛❞❛ D ❝❤❛✈❡ d = f(x) + f(y)✳

❉❡((❛ ❢♦$♠❛✱ 2♦❞❛ ❛ 2❛$❡❢❛ ❞❡ (❡ ♣♦♣✉❧❛$ ❛ 2❛❜❡❧❛ ❝♦♠ ❝❛❞❛ ❝❤❛✈❡ d ❛((♦❝✐❛❞❛ ❛♦(

♣❛$❡( ❞❡ ❡❧❡♠❡♥2♦( ❝✉❥❛( ✐♠❛❣❡♥( (♦♠❡♠ d ♣♦❞❡ (❡$ ❡①❡❝✉2❛❞❛ ❡♠ 2❡♠♣♦ ♠4❞✐♦

O(n2)✳
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❘❡"#❛ ❧✐"#❛' ❛" (✉*❞'✉♣❧❛" (✉❡ "❛#✐"❢❛③❡♠ ❛ ✐❣✉❛❧❞❛❞❡ ❞❡"❡❥❛❞❛ ✭❧✐♥❤❛" ✶✵✲

✶✹✮✱ ♦ (✉❡ < ❝♦♥"❡❣✉✐❞♦ ♣❡❧❛" ❞✐❢❡'❡♥#❡" ❝♦♠❜✐♥❛?@❡" ❞♦" ♣❛'❡" ❛'♠❛③❡♥❛❞♦" ❡♠

✉♠❛ ♠❡"♠❛ ❧✐"#❛✳ ❈♦♠♦ < ❣❛"#♦ #❡♠♣♦ ❝♦♥"#❛♥#❡ ♣❛'❛ ❝❛❞❛ ♣❛' ✐♠♣'❡""♦✱ ❡ "❡♥❞♦

d ❛ (✉❛♥#✐❞❛❞❡ ❞❡ #❛✐" ♣❛'❡"✱ ♦ #❡♠♣♦ ❡"♣❡'❛❞♦ ❞❡ #♦❞♦ ♦ ❛❧❣♦'✐#♠♦ "❡'* O(n2 + d)✳

✸✳✷ ❆❧❣♦'✐)♠♦ ❞❡ ♦'❞❡♥❛/0♦ ✲ ❇✉❝❦❡% ❙♦(%

❖ ❇✉❝❦❡% ❙♦(% < ✉♠ ❛❧❣♦'✐#♠♦ ❞❡ ♦'❞❡♥❛?D♦ ♣♦' ❞✐"#'✐❜✉✐?D♦ (✉❡ ❝♦♥"✐"#❡ ♥❛

❞❡✜♥✐?D♦ ❞❡ ✐♥#❡'✈❛❧♦" ♥♦" (✉❛✐" ♦ ❝♦♥❥✉♥#♦ ❞❡ ❡♥#'❛❞❛ "❡'* ❞✐✈✐❞✐❞♦✳ ❖" ❡❧❡♠❡♥#♦" ❞❡

❝❛❞❛ ✐♥#❡'✈❛❧♦ "D♦ ❛'♠❛③❡♥❛❞♦" ❡♠ ✉♠ ❜✉❝❦❡%✱ ❡ ❝❛❞❛ ❜✉❝❦❡% ❝♦''❡"♣♦♥❞❡ ❛ "♦♠❡♥#❡

✉♠ ✐♥#❡'✈❛❧♦✳ ❖" ✈❛❧♦'❡" ❞❡♣♦"✐#❛❞♦" ❡♠ ❝❛❞❛ ❜✉❝❦❡% "D♦ ♦'❞❡♥❛❞♦" ✉#✐❧✐③❛♥❞♦

♦✉#'♦ ❛❧❣♦'✐#♠♦ ❞❡ ♦'❞❡♥❛?D♦✱ ♦✉ ♦ ♣'G♣'✐♦ ❇✉❝❦❡% ❙♦(% '❡❝✉'"✐✈❛♠❡♥#❡✳ ❆♦ ✜♥❛❧✱

♦ ❝♦♥❥✉♥#♦ ♦'❞❡♥❛❞♦ < ♦❜#✐❞♦ ♣❡'❝♦''❡♥❞♦ ♦" ❜✉❝❦❡%* ❡♠ ♦'❞❡♠ ✭❈❖❘▼❊◆ ❡# ❛❧✳✱

✷✵✵✶✮✳

➱ ✉♠❛ ✐❞❡✐❛ ♠✉✐#♦ "✐♠♣❧❡" ❡ ♣♦❞❡ ❢❛❝✐❧♠❡♥#❡ "❡' ✐♠♣❧❡♠❡♥#❛❞❛ ❝'✐❛♥❞♦ ✉♠

✈❡#♦' ❞❡ #❛♠❛♥❤♦ m✱ ♦♥❞❡ m < ♦ ♠❛✐♦' ❡❧❡♠❡♥#♦ ❞♦ ❝♦♥❥✉♥#♦ ❞❡ ❡♥#'❛❞❛ ❡✱ ♣♦'✲

#❛♥#♦✱ ♦ N❧#✐♠♦ ♥❛ ❧✐"#❛ ♦'❞❡♥❛❞❛✳ ❈❛❞❛ ❡❧❡♠❡♥#♦ < ❛'♠❛③❡♥❛❞♦ ♥❛ ♣♦"✐?D♦ ❞♦ ✈❡#♦'

❝✉❥♦ O♥❞✐❝❡ < ✐❣✉❛❧ ❛♦ "❡✉ ✈❛❧♦' ✭❡♥❞❡'❡?❛♠❡♥#♦ ❞✐'❡#♦✮✳ ❆♣G" '❡❛❧✐③❛❞❛ ❛ ❞✐"#'✐❜✉✐✲

?D♦✱ ♣❡'❝♦''❡✲"❡ ♦ ✈❡#♦' ❛ ♣❛'#✐' ❞❛ ♣♦"✐?D♦ ❞❡ ♠❡♥♦' O♥❞✐❝❡ ♣❛'❛ ♦❜#❡' ♦ ❝♦♥❥✉♥#♦

♦'❞❡♥❛❞♦ ✭❈❖❘❲■◆❀ ▲❖●❆❘✱ ✷✵✵✹✮✳

◆❡"#❛ ✐♠♣❧❡♠❡♥#❛?D♦✱ ❝♦♠♦ ❝❛❞❛ ♣♦"✐?D♦ ♣♦❞❡ ❛'♠❛③❡♥❛' ❛♣❡♥❛" ✉♠ ✈❛❧♦'✱ ❤❛✲

✈❡'* ♣❡'❞❛ ❞❡ ✐♥❢♦'♠❛?D♦ (✉❛♥❞♦ ✉#✐❧✐③❛❞❛ ♥❛ ♦'❞❡♥❛?D♦ ❞❡ ❝♦♥❥✉♥#♦" (✉❡ ♣♦""✉❡♠

❡❧❡♠❡♥#♦" '❡♣❡#✐❞♦"✳ ❈♦♠ ✐""♦✱ ❢♦✐ ♣'♦♣♦"#❛ ✉♠❛ ❛❧#❡'♥❛#✐✈❛ ♥❛ (✉❛❧ ❝❛❞❛ ❜✉❝❦❡% ❛'✲

♠❛③❡♥❛ (✉❛♥#❛" ✈❡③❡" ♦ ❡❧❡♠❡♥#♦ ❝✉❥♦ ✈❛❧♦' ✐❣✉❛❧ ❛(✉❡❧❡ O♥❞✐❝❡ ❛♣❛'❡❝❡ ♥♦ ❝♦♥❥✉♥#♦

❞❡ ❡♥#'❛❞❛✱ ❝♦♥❢♦'♠❡ ♠♦"#'❛ ❛ ✜❣✉'❛ ✸✳✶✳

◆♦ (✉❡ "❡ '❡❢❡'❡ ❛ ❝♦♠♣❧❡①✐❞❛❞❡✱ ♥❛" ❞✉❛" ✐♠♣❧❡♠❡♥#❛?@❡" < ♥❡❝❡""*'✐♦ ♣❡'❝♦'✲

'❡' ♦" n ❡❧❡♠❡♥#♦" ❞♦ ❝♦♥❥✉♥#♦ ❞❡ ❡♥#'❛❞❛ '❡❛❧✐③❛♥❞♦ ❛ ❞✐"#'✐❜✉✐?D♦ ❞❛" ✐♥❢♦'♠❛?@❡"



✺✺

❋✐❣✉$❛ ✸✳✶✿ ❇✉❝❦❡% ❙♦(%

❡♥,$❡ ❛- m ♣♦-✐01❡- ❞♦ ✈❡,♦$❀ ❡ ♥♦ ✜♥❛❧✱ ♣❡$❝♦$$❡$ ❛- m ♣♦-✐01❡- ❞♦ ✈❡,♦$✱ ♣❛$❛ ♦❜,❡$

♦ ❝♦♥❥✉♥,♦ ♦$❞❡♥❛❞♦✱ ♦✉ -❡❥❛✱ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ = ❖✭n + m✮✳ ❈♦♥,✉❞♦✱ = ♥❡❝❡--B$✐♦

❝$✐❛$ ✉♠ ✈❡,♦$ ,C♦ ❣$❛♥❞❡ D✉❛♥,♦ ♦ ♠❛✐♦$ ❡❧❡♠❡♥,♦ ❞♦ ❝♦♥❥✉♥,♦ ♣♦--❛ -❡$✱ -❡♥❞♦

D✉❡✱ ♥❛ ♠❛✐♦$✐❛ ❞♦- ❝❛-♦-✱ ♣♦✉❝❛- ♣♦-✐01❡- -❡$C♦ ✉,✐❧✐③❛❞❛-✳ ❆--✐♠✱ ❤B ✉♠❛ ,$♦❝❛

❡♥,$❡ ,❡♠♣♦ ❡ ❡-♣❛0♦✱ ♣♦✐- ❡-,❛- ✐♠♣❧❡♠❡♥,❛01❡- ♣♦--✉❡♠ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ,❡♠♣♦

✐♥❢❡$✐♦$ ❛ D✉❛❧D✉❡$ ❛❧❣♦$✐,♠♦ ❞❡ ♦$❞❡♥❛0C♦ ♣♦$ ❝♦♠♣❛$❛0C♦ ❡ ,$♦❝❛✱ ❝✉❥♦ ♦ ❧✐♠✐,❡

✐♥❢❡$✐♦$ = ❖✭n ❧♦❣ n✮✱ ♠❛- ❡①✐❣❡ ✉♠❛ ❞❡♠❛♥❞❛ ♠✉✐,♦ ♠❛✐♦$ ❞❡ ❡-♣❛0♦✳

I❛$❛ ❝♦♥,✐♥✉❛$ ♦❜,❡♥❞♦ ❜♦♠ ❞❡-❡♠♣❡♥❤♦ -❡♠ ❛ ♥❡❝❡--✐❞❛❞❡ ❞❡ ✉♠❛ ❣$❛♥❞❡

D✉❛♥,✐❞❛❞❡ ❞❡ ❡-♣❛0♦✱ ✉♠❛ ❛❧,❡$♥❛,✐✈❛ ♣❛$❛ ❛ ✐♠♣❧❡♠❡♥,❛0C♦ ❞♦ ❇✉❝❦❡% ❙♦(% =

❛ ✉,✐❧✐③❛0C♦ ❞❡ ,❛❜❡❧❛- ❞❡ ❞✐-♣❡$-C♦✱ ♦♥❞❡ ❝❛❞❛ ♣♦-✐0C♦ ❞❛ ,❛❜❡❧❛ $❡♣$❡-❡♥,❛ ✉♠

❜✉❝❦❡%✳ ◆❡-,❡ ❝❛-♦✱ ❛ ❞❡✜♥✐0C♦ ❞♦- ✐♥,❡$✈❛❧♦- ❡ ♦ ♥K♠❡$♦ ❞❡ ❡❧❡♠❡♥,♦- D✉❡ ❝❛❞❛

❜✉❝❦❡% ❡-♣❡$❛ $❡❝❡❜❡$✱ ❞❡♣❡♥❞❡ ❞♦ ,❛♠❛♥❤♦ ❞❛ ,❛❜❡❧❛ ❞❡ ❞✐-♣❡$-C♦✱ ❞❛ D✉❛❧✐❞❛❞❡ ❞❛

❢✉♥0C♦ ❞❡ ❞✐-♣❡$-C♦ ❡ ❞♦ ❢❛,♦$ ❞❡ ❝❛$❣❛✳ ❆❧=♠ ❞✐--♦✱ ❝♦♥-✐❞❡$❡ ❞♦✐- ❡❧❡♠❡♥,♦- x ❡ y✱

❡ -✉♣♦♥❤❛ -❡♠ ♣❡$❞❛ ❞❡ ❣❡♥❡$❛❧✐❞❛❞❡ x < y✳ ❆ ❢✉♥0C♦ ❞❡ ❞✐-♣❡$-C♦ ❞❡✈❡ ❛--❡❣✉$❛$

D✉❡ x -❡❥❛ ♠❛♣❡❛❞♦ ♣❛$❛ ✉♠❛ ♣♦-✐0C♦ ❞❛ ,❛❜❡❧❛ ✐❣✉❛❧ ♦✉ ♠❡♥♦$ D✉❡ ❛ ♣♦-✐0C♦ ❞❡ y✳

➱ ✐♠♣♦$,❛♥,❡ ♦❜-❡$✈❛$ D✉❡ ❛ ❞❡✜♥✐0C♦ ❞❛ ❢✉♥0C♦ ❞❡ ❞✐-♣❡$-C♦ ❞❡♣❡♥❞❡ ❞♦

❝♦♥❥✉♥,♦ ❞❡ ❡♥,$❛❞❛✳ ❙❡ ❛ ❡♥,$❛❞❛ ❢♦$ ✉♥✐❢♦$♠❡♠❡♥,❡ ❞✐-,$✐❜✉N❞❛✱ ♦- ❡❧❡♠❡♥,♦- -C♦

❞✐-,$✐❜✉N❞♦- ❞❡ ♠❛♥❡✐$❛ ✉♥✐❢♦$♠❡ ♣❡❧❛ ,❛❜❡❧❛ ❞❡ ❞✐-♣❡$-C♦ ❞❡✜♥✐♥❞♦ ✉♠❛ ❢✉♥0C♦ ❞❡

❞✐-♣❡$-C♦ D✉❡ ❝$✐❡ ❜✉❝❦❡%* ❞❡ ,❛♠❛♥❤♦- ✐❣✉❛✐- ✭✐♥,❡$✈❛❧♦- ❝♦♠ ♦ ♠❡-♠♦ ,❛♠❛♥❤♦✮✱

♠❛- -❡ ❛ ❞✐-,$✐❜✉✐0C♦ ❞♦- ❡❧❡♠❡♥,♦- ❞❛ ❡♥,$❛❞❛ ♥C♦ ❢♦$ ✉♥✐❢♦$♠❡✱ ❛✐♥❞❛ = ♣♦--N✈❡❧



✺✻

❞❡✜♥✐% ✉♠❛ ❢✉♥*+♦ ❞❡ ❞✐-♣❡%-+♦ /✉❡ ❞✐-0%✐❜✉❛ ♦- ❡❧❡♠❡♥0♦- ❞❡ ♠❛♥❡✐%❛ ✉♥✐❢♦%♠❡

♣❡❧❛ 0❛❜❡❧❛✳ 4❛%❛ 0❛♥0♦✱ 6 ♥❡❝❡--8%✐♦ /✉❡ -❡❥❛♠ ❝%✐❛❞♦- ✐♥0❡%✈❛❧♦- ♠❡♥♦%❡- ♥❛ ❢❛✐①❛

❞❡ ✈❛❧♦%❡- ❡♠ /✉❡ ♦- ❡❧❡♠❡♥0♦- ❡-0+♦ ♠❛✐- ❝♦♥❝❡♥0%❛❞♦-✱ ❡ ✐% ❛✉♠❡♥0❛♥❞♦ ♦ ✐♥0❡%✈❛❧♦

< ♠❡❞✐❞❛ /✉❡ ♦- ❡❧❡♠❡♥0♦- ♣♦--✉❡♠ ♠❡♥♦% ♣%♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡-0❛%❡♠ ♣%❡-❡♥0❡- ♥♦

❝♦♥❥✉♥0♦ ❞❡ ❡♥0%❛❞❛✳

❈♦♥-✐❞❡%❡ ♦ ❝❛-♦ ❡♠ /✉❡ ❛ ❡♥0%❛❞❛ 6 ✉♥✐❢♦%♠❡♠❡♥0❡ ❞✐-0%✐❜✉>❞❛✳ ❙❡❥❛ max

♦ ♠❛✐♦% ❡❧❡♠❡♥0♦ ❞♦ ❝♦♥❥✉♥0♦ ❡ m ♦ 0❛♠❛♥❤♦ ❞❛ 0❛❜❡❧❛ ❞❡ ❞✐-♣❡%-+♦✱ ❞❡ ♠♦❞♦ /✉❡

m ≤ n✳ ❖ ✐♥0❡%✈❛❧♦ ❛%♠❛③❡♥❛❞♦ ❡♠ ❝❛❞❛ ❜✉❝❦❡% 6 ✐❣✉❛❧ ❛

i =
max

m

❡ ❛ ❢✉♥*+♦ ❞❡ ❞✐-♣❡%-+♦ ♣♦❞❡ -❡% ❞❡✜♥✐❞❛ ❝♦♠♦

h(x) =
⌊x

i

⌋

✳

❖ ❛❧❣♦%✐0♠♦ ❜✉❝❦❡%&♦(%❴❤❛&❤✐♥❣✭✮ ♠♦-0%❛ ❛ ✐♠♣❧❡♠❡♥0❛*+♦ ❞♦ ❇✉❝❦❡% ❙♦(%

✉0✐❧✐③❛♥❞♦ ❛ ❢✉♥*+♦ ❞❡ ❞✐-♣❡%-+♦ ❞❡✜♥✐❞❛ ❛♥0❡%✐♦%♠❡♥0❡✳ ❖❜-❡%✈❡ /✉❡ ♦ ♣♦♥0♦ ❝%>0✐❝♦

❝♦♠ %❡❧❛*+♦ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ❛❧❣♦%✐0♠♦ ❡-08 ♥♦ ♣%✐♠❡✐%♦ ❧❛*♦✱ ♦♥❞❡ ♦- ❡❧❡♠❡♥0♦-

-+♦ ✐♥❝❧✉>❞♦- ♥❛ 0❛❜❡❧❛ ❞❡ ❞✐-♣❡%-+♦✱ %❡❛❧✐③❛♥❞♦ ❛ ♦%❞❡♥❛*+♦ ♣♦% ✐♥-❡%*+♦ ❡♠ ❝❛❞❛

❜✉❝❦❡%✳

❊♥0+♦✱ ♣❛%❛ ❞❡✜♥✐% ♦ 0❡♠♣♦ ❡-♣❡%❛❞♦ ❞♦ ❛❧❣♦%✐0♠♦ ❜✉❝❦❡%&♦(%❴❤❛&❤✐♥❣✭✮ ❞❡✲

✈❡♠♦- ❝♦♥0❛% ♦ ♥F♠❡%♦ ❞❡ ❡❧❡♠❡♥0♦- /✉❡ ❢♦%❛♠ ❛%♠❛③❡♥❛♥❞♦- ❡ ♦%❞❡♥❛❞♦- ❡♠ ❝❛❞❛

❜✉❝❦❡% i✳ ▲♦❣♦✱ -❡❥❛ Xi ✉♠❛ ✈❛%✐8✈❡❧ ❛❧❡❛0H%✐❛ ❜✐♥♦♠✐❛❧ /✉❡ ❝♦♥0❛ ♦- ❡❧❡♠❡♥0♦-

❛%♠❛③❡♥❛❞♦- ♥♦ ❜✉❝❦❡% i ❡ T ✱ ♦ 0❡♠♣♦ 0♦0❛❧ ❣❛-0♦ ♣❡❧♦ ❛❧❣♦%✐0♠♦✳ ❚❡♠♦-

T ❂

∑m

i=1 X
2
i ✱

♦♥❞❡ X2
i -❡ ❞❡✈❡ ❛♦ 0❡♠♣♦ ❞❡ ❡①❡❝✉*+♦ /✉❛❞%80✐❝♦ ❞♦ ❛❧❣♦%✐0♠♦ ❞❡ ♦%❞❡♥❛*+♦ ♣♦%

✐♥-❡%*+♦ ✉0✐❧✐③❛❞♦ ♥❛ ♦%❞❡♥❛*+♦ ❞♦- ❜✉❝❦❡%&✳



✺✼

❆❧❣♦$✐&♠♦ ✼✿ ❜✉❝❦❡%&♦(%❴❤❛&❤✐♥❣✭A,m,max✮

❊♥&$❛❞❛✿ A✿ ✈❡%♦( ❛ &❡( ♦(❞❡♥❛❞♦❀ m✿ %❛♠❛♥❤♦ ❞❛ %❛❜❡❧❛ ❞❡ ❞✐&♣❡(&8♦❀ ❡

max✿ ♠❛✐♦( ✈❛❧♦( ❞❡ A

❙❛/❞❛✿ %❛❜❡❧❛ ❞❡ ❞✐&♣❡(&8♦ ❝♦♠ ♦& ✈❛❧♦(❡& ♦(❞❡♥❛❞♦&

n ✿❂ |A|❀
i ✿❂ max

m
❀

♣❛$❛ ❥ ✿❂ ✵ ❛%& ♥✲✶ ❢❛2❛

x := A[j]❀
hx := ⌊x

i
⌋❀

Lh := H[hx]❀
pt := Lh✳♣(✐♠❡✐(♦❀

❡♥4✉❛♥&♦ ♣% 6= ∅ ❢❛2❛
6❡ ♣%✳ ❝❤❛✈❡ < ① ❡♥&7♦

pt := pt✳♣(♦①✐♠♦❀

✜♠

6❡♥7♦

l := ♥♦✈♦ ✐%❡♠❀

l✳❝❤❛✈❡ := x❀

l✳♣(♦①✐♠♦ := pt❀

l✳❛♥%❡(✐♦( := pt✳❛♥%❡(✐♦(❀

pt := ∅❀

✜♠

✜♠

✜♠

♣❛$❛ ❥ ✿❂ ✵ ❛%& ♠ ❢❛2❛

pt := Lj✳♣(✐♠❡✐(♦❀

❡♥4✉❛♥&♦ ♣% 6= ∅ ❢❛2❛
✐♠♣(✐♠❡ pt✳❝❤❛✈❡❀

pt := pt✳♣(♦①✐♠♦❀

✜♠

✜♠

❚♦♠❛♥❞♦ ❛ ❡&♣❡(❛♥=❛ ❡♠ ❛♠❜♦& ♦& ❧❛❞♦&✱ %❡♠♦&

E[T ] = E[
∑m

i=1 X
2
i ]✳

❙❛❜❡✲&❡ A✉❡ ❛ ✈❛(✐B♥❝✐❛ ❞❡ ✉♠❛ ✈❛(✐C✈❡❧ ❛❧❡❛%D(✐❛ ❜✐♥♦♠✐❛❧ E np(1− p) ✭♦♥❞❡
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n  ♦ ♥#♠❡&♦ ❞❡ (❡♥(❛(✐✈❛, ❡ p  ❛ ♣&♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ,✉❝❡,,♦ ✭▼❖❘❊❚❚■◆❀ ❇❯❙❙❆❇✱

✷✵✶✵✮✮ ❡ D✉❡ E[X]2 = (n · p)2✳ ❊♥(F♦✱

V ar(X) = E[X2]− E[X]2

np(1− p) = E[X2]− (np)2

E[X2] = np− np2 + n2p2

❋❛③❡♥❞♦ p = 1
m

(❡♠♦,

E[X2] =
n

m
−

n

m2
+

n2

m2

E[X2] =
n

Θ(n)
−

n

(n2)
+

n2

Θ(n2)

E[X2] = Θ(1)−
1

Θ(n)
+ Θ(1)

E[X2] = Θ(1)−
1

Θ(n)

❙✉❜,(✐(✉✐♥❞♦✱

T =
∑m

i=1

{

Θ(1)−
1

Θ(n)

}

T =
∑m

i=1 Θ(1)−
∑m

i=1

1

Θ(n)
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T = Θ(m)−
m

Θ(n)
= Θ(m) = Θ(n)
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✸✳✸ ❆❧❣♦&✐(♠♦* ❝♦♠ ❧❡✐(✉&❛✴❡*❝&✐(❛ ❞❡ ❞❛❞♦* ❡♠ (❡♠♣♦ ♠2❞✐♦

❝♦♥*(❛♥(❡
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♣❧❛♥✐❧❤❛4 ❡❧❡)/R♥✐❝❛4✱ ❡♥)/❡ ♦✉)/❛4✳
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♣✐✈♦)❛♠❡♥)♦✮ ♥1♦ ✉)✐❧✐③❛♠ ❛4 ♣♦4✐0H❡4 ❝♦♠ ✈❛❧♦/ ✐❣✉❛❧ ❛ ③❡/♦✱ ♦ 8✉❡ ♣❡/♠✐)❡✱ ♥♦ ❝❛4♦

❞❛4 ♠❛)/✐③❡4 ❡4♣❛/4❛4✱ ❡❝♦♥♦♠✐③❛/ ✉♠❛ 8✉❛♥)✐❞❛❞❡ 4✐❣♥✐✜❝❛)✐✈❛ ❞❡ ❡4♣❛0♦ ❡ /❡❛❧✐③❛/

❛4 ♦♣❡/❛0H❡4 ❡♠ )❡♠♣♦ ♠✉✐)♦ ♠❡♥♦/✱ ❛/♠❛③❡♥❛♥❞♦ 4♦♠❡♥)❡ ♦4 ✈❛❧♦/❡4 ❞✐❢❡/❡♥)❡4 ❞❡
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❛/♠❛③❡♥❛♠❡♥)♦ ❞❡ 8✉❛❧8✉❡/ ♠❛)/✐③✱ ♠❛4 ❛4 ♠❡❧❤♦/✐❛4 ❡♠ )❡/♠♦4 ❞❡ ❞❡4❡♠♣❡♥❤♦ ❡
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③❡*♦❀ ♦ ✈❡$♦* ColInd ❛*♠❛③❡♥❛ ♦# V♥❞✐❝❡# ❞❛# ❝♦❧✉♥❛# ❡♠ K✉❡ #❡ ❡♥❝♦♥$*❛♠ ♦# ✈❛❧♦*❡#

❛*♠❛③❡♥❛❞♦# ❡♠ V al✳ ❖✉ #❡❥❛✱ #❡ V al(k) = aij✱ ❡♥$2♦ ColInd = j❀ ❡✱ ♣♦* ✜♠✱ ♦

✈❡$♦* RowPtr ❛*♠❛③❡♥❛ ♦# V♥❞✐❝❡# ❞❡ ColInd ❡♠ K✉❡ ♦ ✈❡$♦* V al ✐♥✐❝✐❛ ✉♠❛ ♥♦✈❛

❧✐♥❤❛✱ ✐#$♦ [✱ #❡ V al(k) = aij✱ ❡♥$2♦ RowPtr(i) ≤ k ≤ RowPtr(i+1)✳ ❆""✐♠✱ "❡♥❞♦

nz ♦ ♥*♠❡+♦ ❞❡ ❡❧❡♠❡♥-♦" ❞✐❢❡+❡♥-❡" ❞❡ ③❡+♦ ❞❛ ♠❛-+✐③ ❡"♣❛+"❛✱ "2♦ ♥❡❝❡""4+✐♦"

2nz+ n+1 ❧♦❝❛✐" ♣❛+❛ ❛+♠❛③❡♥❛+ ❛ ♠❛-+✐③ A ✭❇❆■ ❡- ❛❧✳✱ ✷✵✵✵✮✳ ❯♠❛ ❡❝♦♥♦♠✐❛ ❞❡
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✉♠ -♦-❛❧ ❞❡ n×m✱ ♦✉ n2
❡❧❡♠❡♥-♦" ❛+♠❛③❡♥❛❞♦"✳
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❖ ❢♦9♠❛8♦ ❞❡ 9❡♣9❡B❡♥8❛CD♦ ❈❈❙ K ❛♥L❧♦❣♦ ❛♦ ❈❘❙✳ ❖✉ B❡❥❛✱ ColInd K ❡P✉✐✈❛✲

❧❡♥8❡ ❛ RowInd✱ ❧♦❣♦ ♣❛9❛ V al(aij)✱ RowInd = i ❡ ColP tr K ❡P✉✐✈❛❧❡♥8❡ ❛ RowPtr✱

❡♥8D♦ ColP tr B❡9L ♦ R♥❞✐❝❡ ❞♦ ❡❧❡♠❡♥8♦ V al ❡♠ RowInd✱ ♦♥❞❡ ❝♦♠❡C❛ ✉♠❛ ♥♦✈❛

❝♦❧✉♥❛ ❞❡ A✳

❆♣❡B❛9 ❞♦B ❢♦9♠❛8♦B ❈❘❙ ❡ ❈❈❙ ✉8✐❧✐③❛9❡♠ ♠❡♥♦B ❡B♣❛C♦ P✉❡ ♦ ❛9♠❛③❡♥❛✲

♠❡♥8♦ 89❛❞✐❝✐♦♥❛❧ ❡ B❡9❡♠ ♠✉✐8♦ ✉8✐❧✐③❛❞♦B✱ ♥D♦ BD♦ ♦B ♠❛✐B ❡✜❝✐❡♥8❡B ♣❛9❛ 9❡❛❧✐③❛9

♦♣❡9❛CV❡B ♠❛8❡♠L8✐❝❛B ❡♠ ♠❛89✐③❡B✱ ♣♦9P✉❡ 9❡❝♦99❡♠ ❛ ✉♠ ♠K8♦❞♦ ❞❡ ❡♥❞❡9❡C❛✲

♠❡♥8♦ ✐♥❞✐9❡8♦ ♣❛9❛ ❛❝❡BB❛9 ❝❛❞❛ ✈❛❧♦9✳

◆❡B8❡ ❝❡♥L9✐♦✱ ♦✉89❛ ♦♣CD♦ ❞❡ 9❡♣9❡B❡♥8❛CD♦ ❞❡ ♠❛89✐③❡B ❡B♣❛9B❛B ❢❛③ ✉B♦ ❞❡

✉♠❛ ❧✐B8❛ ❞✉♣❧❛♠❡♥8❡ ❡♥❝❛❞❡❛❞❛✳ 7❡9♠✐8✐♥❞♦ P✉❡ ♦B ❡❧❡♠❡♥8♦B B❡❥❛♠ ♣❡9❝♦99✐❞♦B

8❛♥8♦ ♣♦9 ❧✐♥❤❛ P✉❛♥8♦ ♣♦9 ❝♦❧✉♥❛✱ ❢❛❝✐❧✐8❛♥❞♦ ❛B ♦♣❡9❛CV❡B B♦❜9❡ ❛B ♠❛89✐③❡B✳ ❈❛❞❛

❡❧❡♠❡♥8♦ K ❛9♠❛③❡♥❛❞♦ ❡♠ ✉♠ ♥Y ❞❛ ❧✐B8❛✱ P✉❡ B❡9L ✉♠❛ ❡B89✉8✉9❛ ❝♦♠♣♦B8❛ ♣❡❧♦

R♥❞✐❝❡ ❞❛ ❝♦❧✉♥❛✱ R♥❞✐❝❡ ❞❛ ❧✐♥❤❛✱ ♦ ✈❛❧♦9 ❞♦ ❡❧❡♠❡♥8♦✱ ✉♠ ♣♦♥8❡✐9♦ ♣❛9❛ ♦ ♣9Y①✐♠♦

❡❧❡♠❡♥8♦ P✉❡ ❡B8L ♥❛ ♠❡B♠❛ ❧✐♥❤❛ ❡ ✉♠ ♣♦♥8❡✐9♦ ♣❛9❛ ♦ ♣9Y①✐♠♦ ❡❧❡♠❡♥8♦ P✉❡ ❡B8L

♥❛ ♠❡B♠❛ ❝♦❧✉♥❛ ✭❩■❱■❆◆■✱ ✶✾✾✾✮✳

◆❛ 9❡♣9❡B❡♥8❛CD♦ ♣♦9 ❧✐B8❛B ❡♥❝❛❞❡❛❞❛B✱ B♦♠❡♥8❡ ♦B ✈❛❧♦9❡B ❞✐❢❡9❡♥8❡B ❞❡ ③❡9♦

❞❛ ♠❛89✐③ ❡B♣❛9B❛ BD♦ ❛9♠❛③❡♥❛❞♦B✳ ❈❛❞❛ ❝♦❧✉♥❛ ❡ ❝❛❞❛ ❧✐♥❤❛ ❞❛ ♠❛89✐③ BD♦ 9❡♣9❡✲

B❡♥8❛❞❛B ♣♦9 ✉♠❛ ❧✐B8❛ ❝✐9❝✉❧❛9 ❝♦♠ ✉♠ ♥Y ❝❛❜❡C❛✱ ♦✉ B❡❥❛✱ ❝❛❞❛ ♥Y ♣❡98❡♥❝❡ ❛ ❞✉❛B

❧✐B8❛B B✐♠✉❧8❛♥❡❛♠❡♥8❡✳ ❊♥8D♦✱ ✉♠ ♥Y ♣♦❞❡ B❡9 ❛❧❝❛♥C❛❞♦ ❛ ♣❛98✐9 ❞♦ ♥Y ❝❛❜❡C❛

P✉❡ ❝♦99❡B♣♦♥❞❡ ❛ ❧✐♥❤❛ ❞❡ B✉❛ ♣♦B✐CD♦ ♥❛ ♠❛89✐③✱ ♦✉ ❛ ♣❛98✐9 ❞♦ ♥Y ❝❛❜❡C❛ P✉❡

❝♦99❡B♣♦♥❞❡♠ ❛ ❝♦❧✉♥❛ ❞❡ B✉❛ ♣♦B✐CD♦✳
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❈♦♥#✐❞❡'❡ ❛ ♠❛*'✐③ ❡#♣❛'#❛ B ❛♣'❡#❡♥*❛❞❛ ♥❛ ✜❣✉'❛ ✸✳✸✿

B =

8 0 7 0

0 0 0 0

0 -1 0 0

0 0 0 3

❋✐❣✉'❛ ✸✳✸✿ ▼❛*'✐③ ❊#♣❛'#❛ B

❯♠❛ ♣♦##7✈❡❧ '❡♣'❡#❡♥*❛:;♦ ❞❛ ♠❛*'✐③ B ✉#❛♥❞♦ ❧✐#*❛# ❞✉♣❧❛♠❡♥*❡ ❡♥❝❛❞❡❛❞❛#

♣♦❞❡ #❡' ✈✐#*❛ ♥❛ ✜❣✉'❛ ✸✳✹✱ ♦♥❞❡ ♦# ♥?# ❝❛❜❡:❛ ♣♦❞❡♠ #❡' ✐❞❡♥*✐✜❝❛❞♦# ♣❡❧♦ ✈❛❧♦'

−1 ♥♦# ❝❛♠♣♦# ❧✐♥❤❛ ❡ ❝♦❧✉♥❛✳

-1 -1 -1 -1 -1 -1

-1

-1

-1

-1

1 1

3

4

1 3

2

4

3

-1

8 7

❋✐❣✉'❛ ✸✳✹✿ ❘❡♣'❡#❡♥*❛:;♦ ❞❛ ♠❛*'✐③ B ✉*✐❧✐③❛♥❞♦ ❧✐#*❛ ❡♥❝❛❞❡❛❞❛

❆ '❡♣'❡#❡♥*❛:;♦ ❞❡ ✉♠❛ ♠❛*'✐③ ❡#♣❛'#❛ n×m ❝♦♠ r ❡❧❡♠❡♥*♦# ❞✐❢❡'❡♥*❡# ❞❡

③❡'♦✱ ✉#❛♥❞♦ ❧✐#*❛# ❡♥❝❛❞❡❛❞❛#✱ ❣❛#*❛'E (m + n + r✮ ♥?# ✭❩■❱■❆◆■✱ ✶✾✾✾✮✳ ❆♣❡#❛'

❞❡ ✉♠ ♥? ♦❝✉♣❛' ✈E'✐♦# ❜②"❡$ ❞❡ ♠❡♠?'✐❛✱ ♦ *♦*❛❧ ❞❡ ♠❡♠?'✐❛ ✉#❛❞♦ ✖ O✉❛♥❞♦ ♦

r ❢♦' #✉✜❝✐❡♥*❡♠❡♥*❡ ♣❡O✉❡♥♦ ✖ ❛✐♥❞❛ #❡'E ♠❡♥♦' O✉❡ ❛# n2
♣♦#✐:P❡# ❞❡ ♠❡♠?'✐❛

♥❡❝❡##E'✐❛# ♣❛'❛ '❡♣'❡#❡♥*❛' *♦❞❛ ❛ ♠❛*'✐③✳

❯♠ ♣'♦❜❧❡♠❛ ❡①✐#*❡♥*❡ ♥❡#*❡ *✐♣♦ ❞❡ '❡♣'❡#❡♥*❛:;♦ ❡#*E '❡❧❛❝✐♦♥❛❞♦ ❛♦ ❢❛*♦

❞❡ ♥;♦ #❡' ♣♦##7✈❡❧ ❛❝❡##❛' ✉♠ ❞❡*❡'♠✐♥❛❞♦ 7♥❞✐❝❡ ❞✐'❡*❛♠❡♥*❡✱ #❡♥❞♦ ♥❡❝❡##E'✐♦
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✈❛""❡" ❛ ❡$%"✉%✉"❛ ❛%' ♦ )♥❞✐❝❡ ❞❡$❡❥❛❞♦✳ ❆❧'♠ ❞✐$$♦✱ ♦$ ❢♦"♠❛%♦$ ❈❘❙ ❡ ❈❈❙ ♦❝✉♣❛♠

♠❡♥♦$ ❡$♣❛9♦ :✉❡ ❛ "❡♣"❡$❡♥%❛9;♦ ♣♦" ❧✐$%❛$ ❡♥❝❛❞❡❛❞❛$✱ ❡♠❜♦"❛ $❡❥❛ ♥❡❝❡$$="✐♦ ♠❛✐$

%❡♠♣♦$ ♣❛"❛ "❡❛❧✐③❛" ♠♦❞✐✜❝❛9@❡$ ♥❛ ♠❛%"✐③✳ ❊$$❛$ :✉❡$%@❡$ $✉❣❡"❡♠ ❛ ♣"♦♣♦$%❛ ❞❡

✉♠❛ ♥♦✈❛ ❛❜♦"❞❛❣❡♠✱ :✉❡ ❝♦♥$✐$%❡✱ ❜❛$✐❝❛♠❡♥%❡✱ ♥✉♠ ❢♦"♠❛%♦ ❞❡ ❛"♠❛③❡♥❛♠❡♥%♦

❞❡ ❝♦♦"❞❡♥❛❞❛$✱ ♦♥❞❡ %♦❞♦$ ♦$ ✈❛❧♦"❡$ ❞✐❢❡"❡♥%❡$ ❞❡ ③❡"♦ $;♦ ❛"♠❛③❡♥❛❞♦$ ❡♠ ✉♠❛

%❛❜❡❧❛ ❞❡ ❞✐$♣❡"$;♦ ✭❆❙D◆❆❙❀ ❙■●◆❊▲▲❀ ❲❊❙❚❊❘❍❖▲▼✱ ✷✵✵✼✮✳

❊♥%;♦✱ $❡❥❛ A ✉♠❛ ♠❛%"✐③ ❡$♣❛"$❛ n×m✳ ❈♦♥$✐❞❡"❡ ✉♠ ❡❧❡♠❡♥%♦ (i, j) ❝♦♠

✈❛❧♦" v✱ ♦♥❞❡ i ∈ [0, n− 1]✱ j ∈ [0,m− 1]✳ D❛"❛ ❞❡✜♥✐" ❛ ♣♦$✐9;♦ ❞❡ v ♥❛ %❛❜❡❧❛ ❞❡

❞✐$♣❡"$;♦✱ ' ♥❡❝❡$$="✐♦ ❞❡✜♥✐" ✉♠❛ ❝❤❛✈❡ ♣❛"❛ v✱ ❞❡ ❢♦"♠❛ :✉❡ $❡❥❛ ♣♦$$)✈❡❧ ❡❢❡%✉❛"

$❡✉ ❡♥❞❡"❡9❛♠❡♥%♦ ♥❛ %❛❜❡❧❛ ❡ "❡❝✉♣❡"❛"✱ ♣♦$%❡"✐♦"♠❡♥%❡✱ $✉❛ ♣♦$✐9;♦ ♥❛ ♠❛%"✐③✳

❈♦♠♦ $;♦ ❝♦♥❤❡❝✐❞♦$ ❛♣❡♥❛$ v ❡ $✉❛ ♣♦$✐9;♦ ♥❛ ♠❛%"✐③✱ ♣♦❞❡✲$❡ ❞❡✜♥✐" ✉♠❛ ❝❤❛✈❡

k✱ ❝♦♠♦ $❡♥❞♦✱ ♣♦" ❡①❡♠♣❧♦✱ k = i ∗ ncol + j✱ ♦♥❞❡ i ' ❛ ❧✐♥❤❛ ❡ j ' ❛ ❝♦❧✉♥❛ ❞❡

v ♥❛ ♠❛%"✐③✳ ❖ %❛♠❛♥❤♦ ❞❛ %❛❜❡❧❛ ❞❡ ❞✐$♣❡"$;♦ ♣♦❞❡ $❡" ❞❛ ♦"❞❡♠ ❞♦ ♥V♠❡"♦ ❞❡

❡❧❡♠❡♥%♦$ ❞✐❢❡"❡♥%❡$ ❞❡ ③❡"♦ ♥❛ ♠❛%"✐③✱ ♣♦✐$ ❛$$✉♠✐♥❞♦ :✉❡ ♦$ ❡❧❡♠❡♥%♦$ ❞✐❢❡"❡♥%❡$

❞❡ ③❡"♦ ❡$%;♦ ✉♥✐❢♦"♠❡♠❡♥%❡ ❞✐$%"✐❜✉)❞♦$ $♦❜"❡ ❛$ ❝❤❛✈❡$ ❞❡✜♥✐❞❛$✱ %❡♠✲$❡ :✉❡✱ ❡♠

♠'❞✐❛✱ ♦ ♥V♠❡"♦ ❞❡ ❡❧❡♠❡♥%♦$ ♠❛♣❡❛❞♦$ ♣❛"❛ ❝❛❞❛ ♣♦$✐9;♦ ❞❛ %❛❜❡❧❛ ❞❡ ❞✐$♣❡"$;♦

✉%✐❧✐③❛♥❞♦ ❡♥❝❛❞❡❛♠❡♥%♦ ❡①%❡"✐♦" $❡"= α ✭❢❛%♦" ❞❡ ❝❛"❣❛✮✳

❆ ✜❣✉"❛ ✸✳✺ ♠♦$%"❛ ❛ "❡♣"❡$❡♥%❛9;♦ ❞❛ ♠❛%"✐③ A ❞❛ ✜❣✉"❛ ✸✳✷ ✉%✐❧✐③❛♥❞♦

❤❛"❤✐♥❣ ❝♦♠ ❡♥❝❛❞❡❛♠❡♥%♦ ❡①%❡"✐♦"✱ ♦♥❞❡ ❢♦✐ ✉%✐❧✐③❛❞❛ ❛ ❢✉♥9;♦ ❞❡ ❞✐$♣❡"$;♦ h(x) =

k ♠♦❞ 5 ❡ ❛ ❝❤❛✈❡ k = i2 + j✱ ♦♥❞❡ i ' ❛ ❧✐♥❤❛ ❡ j ' ❛ ❝♦❧✉♥❛ ❞❡ x ❡♠ A✳

0

1

2

3

4

11,5

4,3 -8

4,6 3

6,5 -4 2,2 9

1,1 7

2,4 5 6,2 15

5,4 9

3,6 6

❋✐❣✉"❛ ✸✳✺✿ ❘❡♣"❡$❡♥%❛9;♦ ❞❛ ♠❛%"✐③ A ✉%✐❧✐③❛♥❞♦ ❤❛"❤✐♥❣

❆ ✐♥❝❧✉$;♦ ❞❡ ✉♠ ✈❛❧♦" x ♥❛ ♣♦$✐9;♦ (i, j) ❞❛ ♠❛%"✐③ ' "❡❛❧✐③❛❞❛ ❝❛❧❝✉❧❛♥❞♦ ❛
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❝❤❛✈❡ k✱ ❡ ❛&♠❛③❡♥❛♥❞♦ ❛ ❝♦♦&❞❡♥❛❞❛ (i, j) ❡ x ♥❛ ♣♦-✐/0♦ h(k)✳ ❈❛❞❛ ♣♦-✐/0♦ ❞❛

3❛❜❡❧❛ ❞❡ ❞✐-♣❡&-0♦ 6 ✉♠❛ ❡-3&✉3✉&❛ ❝♦♠♣♦-3❛ ♣❡❧❛ ❝♦♦&❞❡♥❛❞❛ (i, j) ❡ ✉♠ ✈❛❧♦& x✱

♦ 8✉❡ 3♦&♥❛ ♣♦--9✈❡❧ ❛ ✐❞❡♥3✐✜❝❛/0♦ ❞❡ ❝♦♦&❞❡♥❛❞❛- ❞✐-3✐♥3❛- ❡♠ ✉♠❛ ♠❡-♠❛ ❧✐-3❛

❞❡ ❝♦❧✐-0♦✳ ◆0♦ 6 ♥❡❝❡--<&✐♦ ❛&♠❛③❡♥❛& ❛ ❝❤❛✈❡ k✱ ✉♠❛ ✈❡③ 8✉❡ ♣♦❞❡ ❢❛❝✐❧♠❡♥3❡ -❡&

♦❜3✐❞❛ &❡❛❧✐③❛♥❞♦ ✉♠❛ ♦♣❡&❛/0♦ ❜<-✐❝❛ ❡♠ 3❡♠♣♦ O(1)✳

>❛&❛ &❡❛❧✐③❛& ❜✉-❝❛-✱ 6 ♥❡❝❡--<&✐♦ ❝❛❧❝✉❧❛& ❛ ❝❤❛✈❡ k ❡ ♦ ❡♥❞❡&❡/♦✲❜❛-❡ h(k)✱ ❡

❞❡♣♦✐- ♣❡&❝♦&&❡& ❛ ❧✐-3❛ ❡♥❝❛❞❡❛❞❛ ✈❡&✐✜❝❛♥❞♦ -❡ ❛ ❝❤❛✈❡ ♣&♦❝✉&❛❞❛ ❡♥❝♦♥3&❛✲-❡ ♥❛

❧✐-3❛✳ ◆❛ ❡①❝❧✉-0♦✱ ❡❢❡3✉❛✲-❡ ✉♠❛ ♦♣❡&❛/0♦ ❞❡ ❜✉-❝❛✱ ❡ -❡ ♦ ✈❛❧♦& ❢♦& ❡♥❝♦♥3&❛❞♦✱ ❛

&❡♠♦/0♦ 6 &❡❛❧✐③❛❞❛ ❢❛③❡♥❞♦ ❛ ❛3✉❛❧✐③❛/0♦ ❞♦- ♣♦♥3❡✐&♦- ❞♦ ❛♥3❡❝❡--♦& ❡ -✉❝❡--♦& ❞♦

✈❛❧♦&✱ ❡ ❧✐❜❡&❛♥❞♦ ♦ ❡-♣❛/♦ ♦❝✉♣❛❞♦ ♣❡❧♦ ♥A✳

❊-3❛ &❡♣&❡-❡♥3❛/0♦ ❞❡ ♠❛3&✐③❡- ❡-♣❛&-❛- ♣❡&♠✐3❡ 8✉❡ ❛- ❞✐♠❡♥-C❡- ❞❛ ♠❛3&✐③

-❡❥❛♠ ❢❛❝✐❧♠❡♥3❡ ❛❧3❡&❛❞❛-✱ ♣♦&6♠ ♥0♦ ♣❡&♠✐3❡ ❛ &❡❛❧✐③❛/0♦ ❞❡ ✉♠❛ ♦&❞❡♥❛/0♦ ❞♦-

✈❛❧♦&❡-✳ ❆- ❜✉-❝❛- -0♦ &<♣✐❞❛-✱ ✉♠❛ ✈❡③ 8✉❡ ❝❛❞❛ ♣♦-✐/0♦ ❞❛ 3❛❜❡❧❛ ❞❡ ❞✐-♣❡&-0♦ 3❡&<

✉♠❛ ❧✐-3❛ ❡♥❝❛❞❡❛❞❛ ❝♦♠ ❝♦♠♣&✐♠❡♥3♦ ♠6❞✐♦ α✱ ❡♠❜♦&❛ ♥♦ ♣✐♦& ❝❛-♦ ❛ ❝♦♠♣❧❡①✐❞❛❞❡

-❡❥❛ O(n)✳ ❯♠❛ ❛❜♦&❞❛❣❡♠ ❛❧3❡&♥❛3✐✈❛ -❡&✐❛ ❛ ✉3✐❧✐③❛/0♦ ❞❡ ✉♠❛ ❡-3&✉3✉&❛ ❜❛-❡❛❞❛

❡♠ <&✈♦&❡ ♣❛&❛ 3&❛3❛& ❛- ❝♦❧✐-C❡-✱ ♣♦& ❡①❡♠♣❧♦✱ ✉♠❛ <&✈♦&❡ ❆❱▲ ✭●❖❖❉❘■❈❍❀

❚❆▼❆❙❙■❆✱ ✷✵✵✶✮✳ ■-3♦ ❢❛&✐❛ ❝♦♠ 8✉❡ ❛- ❜✉-❝❛- ♣✉❞❡--❡♠ -❡& &❡❛❧✐③❛❞❛- ❡♠ 3❡♠♣♦

O( ❧♦❣ n)✱ ♠❛- ❛- ✐♥❝❧✉-C❡- -❡&✐❛♠ ♠❛✐- ❝♦♠♣❧❡①❛- ❡ -❡&✐❛ ♥❡❝❡--<&✐♦ ♦ ✉-♦ ❞❡

♠❛✐- ❡-♣❛/♦ ♣❛&❛ ❛&♠❛③❡♥❛& ♦- ❞♦✐- ♣♦♥3❡✐&♦- ♣❛&❛ ❛- -✉❜<&✈♦&❡- ❡-8✉❡&❞❛ ❡ ❞✐&❡✐3❛✱

&❡-♣❡❝3✐✈❛♠❡♥3❡✱ ❛❧6♠ ❞♦- ❝❛♠♣♦- ♣❛&❛ ❛ ♣♦-✐/0♦ (i, j) ❡ ♦ ✈❛❧♦&✳

✸✳✸✳✷ ❘❡♣&❡'❡♥)❛+,♦ ❞❡ ●&❛❢♦'

❯♠ ❣&❛❢♦ 6 ✉♠❛ ❡-3&✉3✉&❛ ❞❡✜♥✐❞❛ ❝♦♠♦ G = (V,E)✱ ♦♥❞❡ V 6 ✉♠ ❝♦♥❥✉♥3♦

♥0♦ ✈❛③✐♦ ❞❡ ❡❧❡♠❡♥3♦- ❞❡♥♦♠✐♥❛❞♦- ✈6&3✐❝❡-✱ ❡ E 6 ♦ ❝♦♥❥✉♥3♦ ❞❡ ♣❛&❡- (vi, vj)

❞❡♥♦♠✐♥❛❞♦- ❛&❡-3❛-✱ ♦♥❞❡ vi, vj ∈ V ✳ ❊-3❛ ❡-3&✉3✉&❛ ♣♦❞❡ -❡& &❡♣&❡-❡♥3❛❞❛ ❝♦♠♣✉✲

3❛❝✐♦♥❛❧♠❡♥3❡ ❞❡ ❞✐✈❡&-❛- ❢♦&♠❛- ✭❙❩❲❆❘❈❋■❚❊❘✱ ✶✾✽✹✮✱ ❞❡♥3&❡ ❛- 8✉❛✐- ♣♦❞❡♠♦-



✻✺

❞❡"#❛❝❛& ❛" &❡♣&❡"❡♥#❛)*❡" ✉♥,✈♦❝❛" ♣♦& ♠❛#&✐③ ❞❡ ❛❞❥❛❝3♥❝✐❛ ❡ ♣♦& ❧✐"#❛" ❞❡ ❛❞❥❛✲

❝3♥❝✐❛✳

❉❛❞♦ ✉♠ ❣&❛❢♦ G = (V,E)✱ ♥❛ &❡♣&❡"❡♥#❛);♦ ♣♦& ♠❛#&✐③ ❞❡ ❛❞❥❛❝3♥❝✐❛✱ <

❞❡✜♥✐❞❛ ✉♠❛ ♠❛#&✐③ A ❞❡ #❛♠❛♥❤♦ n × m✱ ❞❡ ❢♦&♠❛ ?✉❡ aij = 1 "❡ ♦" ✈<&#✐❝❡"

vi✱ vj ❢♦&❡♠ ❛❞❥❛❝❡♥#❡" ❡ aij = 0✱ ❝❛"♦ ❝♦♥#&@&✐♦✳ ❏@ ♥❛ &❡♣&❡"❡♥#❛);♦ ♣♦& ❧✐"#❛"

❞❡ ❛❞❥❛❝3♥❝✐❛✱ ❤❛❜✐#✉❛❧♠❡♥#❡ < ✉#✐❧✐③❛❞❛ ✉♠❛ ❡"#&✉#✉&❛ ♠✐"#❛✱ ❝♦♥"#✐#✉,❞❛ ♣♦& ✉♠

✈❡#♦& V ?✉❡ &❡♣&❡"❡♥#❛ ♦" ✈<&#✐❝❡" ❞♦ ❣&❛❢♦✳ ❙❡♥❞♦ ❝❛❞❛ ♣♦"✐);♦ ❞❡ V ❛""♦❝✐❛❞❛ ❛

✉♠❛ ❧✐"#❛ ❡♥❝❛❞❡❛❞❛✱ ♥❛ ?✉❛❧ ";♦ ❛&♠❛③❡♥❛❞♦" ♦" ✈<&#✐❝❡" ❛❞❥❛❝❡♥#❡" ❛♦ ✈<&#✐❝❡ ❡♠

?✉❡"#;♦✳

❉❡✈✐❞♦ ❛ ❣&❛♥❞❡ "✐♠✐❧❛&✐❞❛❞❡ ❡♥#&❡ ❛ ❡"#&✉#✉&❛ ✉"✉❛❧♠❡♥#❡ ✉#✐❧✐③❛❞❛ ♣❛&❛

&❡♣&❡"❡♥#❛& ✉♠ ❣&❛❢♦ ♣♦& ❧✐"#❛" ❞❡ ❛❞❥❛❝3♥❝✐❛ ❡ ❛ #❛❜❡❧❛ ❞❡ ❞✐"♣❡&";♦ ❝♦♠ ❡♥❝❛❞❡❛✲

♠❡♥#♦ ❡①#❡&♥♦✱ < ✐♥#✉✐#✐✈♦ ✉#✐❧✐③❛& ❤❛"❤✐♥❣ ♣❛&❛ #❛❧ &❡♣&❡"❡♥#❛);♦ ✭❚❊◆❊◆❇❆❯▼❀

▲❆◆●❙❆▼❀ ❆❯●❊◆❙❚❊■◆✱ ✶✾✾✵✮✳ ➚ ✈✐"#❛ ❞✐""♦✱ ❛♦ ✉#✐❧✐③❛& ❤❛"❤✐♥❣ ♣❛&❛ &❡♣&❡✲

"❡♥#❛& ❛" ❧✐"#❛" ❞❡ ❛❞❥❛❝3♥❝✐❛ ❞❡ ✉♠ ❣&❛❢♦✱ ❝❛❞❛ ♥V < ♠❛♣❡❛❞♦ ♣❛&❛ ✉♠❛ ♣♦"✐);♦

❞❡ ✉♠❛ #❛❜❡❧❛ ❞❡ ❞✐"♣❡&";♦ ❡ "❡✉" ✈✐③✐♥❤♦" ";♦ ♠❛♣❡❛❞❛" ♣❛&❛ ✉♠❛ #❛❜❡❧❛ ❞❡ ❞✐"✲

♣❡&";♦ ❛""♦❝✐❛❞❛ ❛ #❛❧ ♣♦"✐);♦✳ ❖❜"❡&✈❡ ?✉❡ ❛""✐♠ ❝♦♠♦ ♥❛ &❡♣&❡"❡♥#❛);♦ ✉"✉❛❧✱

❝❛❞❛ ❛&❡"#❛ (v, w) ❞@ ♦&✐❣❡♠ ❛ ❞✉❛" ❡♥#&❛❞❛" ♥❛ #❛❜❡❧❛ ❞❡ ❞✐"♣❡&";♦ ✖ ✉♠❛ ❝♦&✲

&❡"♣♦♥❞❡ ❛ ❡①♣❧♦&❛);♦ ❞❛ ✈✐③✐♥❤❛♥)❛ ❞❡ v ❡ ♦✉#&❛ ❡①♣❧♦&❛♥❞♦ ❛ ✈✐③✐♥❤❛♥)❛ ❞❡ w✳

❉❡"#❛ ❢♦&♠❛✱ ❡"#❛ &❡♣&❡"❡♥#❛);♦ ✉#✐❧✐③❛ ✉♠ ❡"♣❛)♦ ✐❣✉❛❧ ❛ O(m × α)✱ ♦♥❞❡ m < ♦

#❛♠❛♥❤♦ ❞❛ #❛❜❡❧❛ ❞❡ ❞✐"♣❡&";♦ ♥❛ ✈❡&#✐❝❛❧✱ ♦✉ "❡❥❛✱ ❛?✉❡❧❛ ♣❛&❛ ❛ ?✉❛❧ ♦" ✈<&#✐❝❡"

";♦ ♠❛♣❡❛❞♦"✱ ❡ α < #❛♠❛♥❤♦ ❞❛" #❛❜❡❧❛" ♦♥❞❡ < ❛&♠❛③❡♥❛❞❛ ❛ ✈✐③✐♥❤❛♥)❛ ❞❡ ❝❛❞❛

✈<&#✐❝❡✳ ❈♦♠♦ α < ❝♦♥"#❛♥#❡✱ ♦ ❡"♣❛)♦ < ❧✐♥❡❛& ♥♦ #❛♠❛♥❤♦ ❞❡ G✳ ❆ ✜❣✉&❛ ✸✳✻✭❜✮

♠♦"#&❛ ❛ &❡♣&❡"❡♥#❛);♦ ❞♦ ❣&❛❢♦ ❞❛ ✜❣✉&❛ ✸✳✻✭❛✮ ✉#✐❧✐③❛♥❞♦ ❤❛"❤✐♥❣✳

◆❡"#❛ &❡♣&❡"❡♥#❛);♦✱ ♦ #❡♠♣♦ ♣❛&❛ ❡①❡❝✉#❛& ✉♠❛ ❜✉"❝❛ ♣♦& ✉♠❛ ❛&❡"#❛ (v, w)

<✱ ♥❛ ♠<❞✐❛✱ O(1) ♣❛&❛ ❡♥❝♦♥#&❛& ♦ ✈<&#✐❝❡ v ♥❛ #❛❜❡❧❛ ❞❡ ❞✐"♣❡&";♦ ✈❡&#✐❝❛❧✱ ♠❛✐"

O(1) ♣❛&❛ ❡♥❝♦♥#&❛& ♦ ✈<&#✐❝❡ w ♥❛ #❛❜❡❧❛ ❞❡ ❞✐"♣❡&";♦ ❛""♦❝✐❛❞❛ ❛ ♣♦"✐);♦ ❞❡ v✱

❡♥?✉❛♥#♦ ?✉❡ ♥❛ &❡♣&❡"❡♥#❛);♦ ✉#✐❧✐③❛♥❞♦ ❧✐"#❛" ❡♥❝❛❞❡❛❞❛" ❛""♦❝✐❛❞❛ ❛ ✉♠ ✈❡#♦&✱
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❋✐❣✉$❛ ✸✳✻✿ ❘❡♣$❡-❡♥/❛01♦ ❞❡ ❣$❛❢♦- ✉-❛♥❞♦ ❤❛"❤✐♥❣

♣❛$❛ $❡❛❧✐③❛$ ❛ ♠❡-♠❛ ❜✉-❝❛ -❡$✐❛ ♥❡❝❡--:$✐♦ ♣❡$❝♦$$❡$ ♦ ✈❡/♦$ ❛/< ❡♥❝♦♥/$❛$ ♦ ✈<$/✐❝❡

v ❡ ❞❡♣♦✐- ♣❡$❝♦$$❡$ ✉♠❛ ❧✐-/❛ ❡♥❝❛❞❡❛❞❛ ❛--♦❝✐❛❞❛✱ ❛/< ❡♥❝♦♥/$❛$ w✱ ♦✉ ♦ ✜♥❛❧ ❞❛

❧✐-/❛✱ ❝❛-♦ ♦- ✈<$/✐❝❡- ♥1♦ -❡❥❛♠ ❛❞❥❛❝❡♥/❡-✳

◆♦/❡ A✉❡ ❛ /❛❜❡❧❛ ❞❡ ❞✐-♣❡$-1♦ ❞❛ ✈❡$/✐❝❛❧ ❡ ❛- /❛❜❡❧❛- ❛--♦❝✐❛❞❛- ❛ ❝❛❞❛

✉♠❛ ❞❡ -✉❛- ♣♦-✐0B❡- -1♦ ❡♥❝❛❞❡❛❞❛-✱ ♦✉ -❡❥❛✱ ♣♦--✉❡♠ ♣♦♥/❡✐$♦- A✉❡ ✐♥❞✐❝❛♠ ❛

-❡A✉C♥❝✐❛ ❡♠ A✉❡ ♦- ✈<$/✐❝❡- ❢♦$❛♠ ✐♥-❡$✐❞♦-✳ ❊--❡- ♣♦♥/❡✐$♦- -1♦ ❡①/$❡♠❛♠❡♥/❡

F/❡✐- ❛♦ $❡❛❧✐③❛$ ❛ ❧✐-/❛❣❡♠ ❞❛- ❧✐-/❛- ❞❡ ❛❞❥❛❝C♥❝✐❛- ❞♦ ❣$❛❢♦✱ ♣♦✐- ♣❡$♠✐/❡♠ A✉❡ ♦

♥F♠❡$♦ ❞❡ ♣♦-✐0B❡- ✈✐-✐/❛❞❛- ♥❛- /❛❜❡❧❛- ❞❡ ❞✐-♣❡$-1♦ -❡❥❛ ❡①❛/❛♠❡♥/❡ ♦ ♠❡-♠♦ A✉❡

♥❛ $❡♣$❡-❡♥/❛01♦ ✉-✉❛❧✳ ■-/♦ <✱ ❞❛❞♦ A✉❡ -❡ ❞❡-❡❥❛ ❧✐-/❛$ ❛- ❧✐-/❛- ❞❡ ❛❞❥❛❝C♥❝✐❛ ❞♦

❣$❛❢♦✱ ❜❛-/❛ /♦♠❛$ ♦ ♥H ❝❛❜❡0❛ ❞❛ ❧✐-/❛ ❡♥❝❛❞❡❛❞❛ ❞❛ /❛❜❡❧❛ ❞❛ ✈❡$/✐❝❛❧ ❡ ♣❛$❛ ❝❛❞❛

♥H ♥❡-/❛ /❛❜❡❧❛✱ /♦♠❛$ ♦ ♥H ❝❛❜❡0❛ ❞❛ /❛❜❡❧❛ ❛--♦❝✐❛❞❛ ❛♦ ♥H ❡♠ A✉❡-/1♦ ✭/❛❜❡❧❛ ❞❛

❤♦$✐③♦♥/❛❧✮ ❡ ♣❡$❝♦$$❡$ ❡-/❛ ❧✐-/❛ ❛/< ♦ ♥H ❝❛✉❞❛✳ ❉❡--❛ ❢♦$♠❛✱ -♦♠❡♥/❡ ❛- ♣♦-✐0B❡-

♥1♦ ✈❛③✐❛- ❞❛- /❛❜❡❧❛- ❞❡ ❞✐-♣❡$-1♦ -❡$1♦ ✈✐-✐/❛❞❛-✳

➱ ✐♥/❡$❡--❛♥/❡ ♦❜-❡$✈❛$ A✉❡ ♠❛/$✐③ ❞❡ ❛❞❥❛❝C♥❝✐❛ < ❡-♣❛$-❛✱ ❡ ❝♦♠♦ ✈✐-/♦

♥❛ -❡01♦ ✸✳✸✳✶✱ /❛❧ $❡♣$❡-❡♥/❛01♦ /❛♠❜<♠ ♣♦❞❡ -❡$ $❡❛❧✐③❛❞❛ ✉/✐❧✐③❛♥❞♦ ❤❛"❤✐♥❣✱

$❡❞✉③✐♥❞♦ ♦ ❡-♣❛0♦ ✉/✐❧✐③❛❞♦ ❞❡ O(n2)✱ ♣❛$❛ ✉♠ ♥F♠❡$♦ ♥❛ ♦$❞❡♠ ❞❛ A✉❛♥/✐❞❛❞❡ ❞❡

1✬- ❡①✐-/❡♥/❡- ♥❛ ♠❛/$✐③✳
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✸✳✹ ❚❛❜❡❧❛( ❞❡ ❞✐(♣❡,(-♦ ❡♥❝❛❞❡❛❞❛(

✸✳✹✳✶ ❈❛❝❤❡ ▲❘❯

❖ ❝❛❝❤❡ % ✉♠ ♠%(♦❞♦ ❜❛,(❛♥(❡ ❝♦♥❤❡❝✐❞♦ ♣♦0 ♠❡❧❤♦0❛0 ❛ ❡✜❝✐3♥❝✐❛ ❡ ❡,❝❛❧❛✲

❜✐❧✐❞❛❞❡ ❞❡ ♣❡,5✉✐,❛, 0❡❛❧✐③❛❞❛, ❡♠ ♠❡✐♦, ❞❡ ❛0♠❛③❡♥❛♠❡♥(♦ 5✉❡ ♣♦,,✉❡♠ ❛❝❡,,♦

❧❡♥(♦✳ ❇❛,✐❝❛♠❡♥(❡✱ ♠❛♥(3♠ ❛, ✐♥❢♦0♠❛;<❡, ♠❛✐, 0❡❧❡✈❛♥(❡, ✖ ,♦❜ ✉♠ ❞❡(❡0♠✐♥❛❞♦

♣♦♥(♦ ❞❡ ✈✐,(❛ ✖ ❡♠ ❧♦❝❛✐, 5✉❡ ♣♦,,✉❡♠ ❛❝❡,,♦ ❞❡ ❛❧(❛ ✈❡❧♦❝✐❞❛❞❡✳

❯♠ ❞♦, ❛,♣❡❝(♦, ✐♠♣♦0(❛♥(❡, ♥❛ ✐♠♣❧❡♠❡♥(❛;@♦ ❞❡ ✉♠ ❝❛❝❤❡✱ ❡,(A ❧✐❣❛❞♦

C ♣♦❧D(✐❝❛ ❞❡ ,✉❜,(✐(✉✐;@♦✱ 5✉❡ ❞❡✜♥❡ 5✉❛✐, ✐♥❢♦0♠❛;<❡, ,❡0@♦ 0❡♠♦✈✐❞❛, 5✉❛♥❞♦

♦ ❝❛❝❤❡ ❡,(✐✈❡0 ❝❤❡✐♦✳ ❯♠ ❛❧❣♦0✐(♠♦ ❞❡ ,✉❜,(✐(✉✐;@♦ ❜❛,(❛♥(❡ ❡✜❝✐❡♥(❡✱ ❝♦♠ ❛❧(❛

(❛①❛ ❞❡ ❛❝❡0(♦ ❡ ❜❛✐①❛ ❝♦♠♣❧❡①✐❞❛❞❡ % ♦ ▲❘❯ ✭▲❡❛,( ❘❡❝❡♥(❧② ❯,❡❞✮✳ ❆ ✐❞❡✐❛ ♣♦0

(0❛③ ❞❡,,❡ ❛❧❣♦0✐(♠♦ % 5✉❡ ✐♥❢♦0♠❛;<❡, ❛❝❡,,❛❞❛, 0❡❝❡♥(❡♠❡♥(❡ (3♠ ♠❛✐♦0 ❝❤❛♥❝❡ ❞❡

,❡0❡♠ ✉(✐❧✐③❛❞❛, ♥♦, ♣0L①✐♠♦, ❛❝❡,,♦, ❡✱ ♣♦0(❛♥(♦✱ ❞❡✈❡♠ ♣❡0♠❛♥❡❝❡0 ❛0♠❛③❡♥❛❞❛,✳

▲♦❣♦✱ 5✉❛♥❞♦ ♦ ❝❛❝❤❡ ♥@♦ ♣♦,,✉✐0 ❡,♣❛;♦ ❧✐✈0❡ ♣❛0❛ ✐♥,❡0✐0 ♥♦✈❛, ✐♥❢♦0♠❛;<❡,✱ ❝♦♠

♦ ▲❘❯✱ ❛, ✐♥❢♦0♠❛;<❡, 5✉❡ ❡,(@♦ ♠❛✐, (❡♠♣♦ ,❡♠ ,❡0❡♠ ✉(✐❧✐③❛❞❛, ,@♦ 0❡♠♦✈✐❞❛,✳

❯♠❛ ♣♦,,D✈❡❧ ✐♠♣❧❡♠❡♥(❛;@♦ ❞♦ ❝❛❝❤❡ ▲❘❯ ♣♦❞❡ ,❡0 ❢❡✐(❛ ❛(0❛✈%, ❞❡ ✉♠❛

❧✐,(❛ ❞✉♣❧❛♠❡♥(❡ ❡♥❝❛❞❡❛❞❛✱ ♠❛♥(❡♥❞♦ ♦, ❡❧❡♠❡♥(♦, ♠❛✐, 0❡❝❡♥(❡♠❡♥(❡ ✉(✐❧✐③❛❞♦,

♥♦ ✐♥D❝✐♦ ❞❛ ❧✐,(❛ ❡ ♦, ♠❡♥♦, 0❡❝❡♥(❡♠❡♥(❡ ✉,❛❞♦, ♥♦ ✜♥❛❧ ✭❚❆◆❊◆❇❆❯▼✱ ✷✵✵✶✮✳

◗✉❛♥❞♦ ♦ ❝❛❝❤❡ ❡,(A ❝❤❡✐♦ ❡ % ♥❡❝❡,,A0✐♦ ✐♥,❡0✐0 ✉♠ ♥♦✈♦ ❡❧❡♠❡♥(♦✱ ❧✐❜❡0❛✲,❡ ❡,♣❛;♦✱

❡①❝❧✉✐♥❞♦ ♦ ❡❧❡♠❡♥(♦ ✜♥❛❧ ❞❛ ❧✐,(❛✱ 5✉❡ % ♦ ♠❡♥♦, 0❡❝❡♥(❡♠❡♥(❡ ✉(✐❧✐③❛❞♦✳ U♦0(❛♥(♦✱

♥❛, ,✉❜,(✐(✉✐;<❡, ❞♦ ❝❛❝❤❡✱ 0❡(✐0❛✲,❡ ♦ ❡❧❡♠❡♥(♦ 5✉❡ ❡,(A ♥♦ ✜♥❛❧ ❞❛ ❧✐,(❛ ❡ ✐♥,❡0❡

♦ ♥♦✈♦ ♥♦ ❝♦♠❡;♦✳ ❈♦♠ ♦ ❡♥❝❛❞❡❛♠❡♥(♦ ❞✉♣❧♦✱ ❡♠ ❝❛❞❛ ❛❝❡,,♦ ❛ ✉♠ ❡❧❡♠❡♥(♦

❡①✐,(❡♥(❡ ♥♦ ❝❛❝❤❡✱ % ♣♦,,D✈❡❧ ♠♦✈3✲❧♦ ♣❛0❛ ♦ ❝♦♠❡;♦ ❞❛ ❧✐,(❛✱ (♦0♥❛♥❞♦✲♦ ♦ ♥♦✈♦ ❡❧❡✲

♠❡♥(♦ ♠❛✐, 0❡❝❡♥(❡♠❡♥(❡ ✉(✐❧✐③❛❞♦✳ ❘❡❛❧✐③❛0 ❡,,❛ ♠♦✈✐♠❡♥(❛;@♦ ❡ ❡❢❡(✉❛0 ♣❡,5✉✐,❛,

♥❡,,❛ ✐♠♣❧❡♠❡♥(❛;@♦ ♣♦,,✉❡♠ ❝✉,(♦ ❡❧❡✈❛❞♦✳ ❆❧%♠ ❞✐,,♦✱ ❡,(❛ % ✉♠❛ ❜♦❛ ❛❜♦0❞❛❣❡♠

♣❛0❛ ❝❛❝❤❡, ❝♦♠ ❛❝❡,,♦, W♥✐❝♦,✱ ♣♦✐, ♥♦, ❝❛,♦, ❡♠ 5✉❡ ✈A0✐♦, ♠❡✐♦, ♣♦❞❡♠ ❛❝❡,,A✲❧♦
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 ✐♠✉❧%❛♥❡❛♠❡♥%❡✱  ❡♠♣+❡ ,✉❡ ✉♠❛ ♠♦✈✐♠❡♥%❛/0♦✱ ❡①❝❧✉ 0♦ ❡ ✐♥❝❧✉ 0♦ ❞❡ ✉♠ ♥4 5

+❡❛❧✐③❛❞❛✱ ♦ ❝❛❝❤❡ ♣+❡❝✐ ❛  ❡+ ❜❧♦,✉❡❛❞♦✱ ❝❛✉ ❛♥❞♦ ❧❡♥%✐❞0♦✳

❖ ❝❛❝❤❡ ▲❘❯ %❛♠❜5♠ ♣♦❞❡  ❡+ ✐♠♣❧❡♠❡♥%❛❞♦ ✉%✐❧✐③❛♥❞♦ ✉♠❛ ❧✐ %❛ ❞✉♣❧❛✲

♠❡♥%❡ ❡♥❝❛❞❡❛❞❛ ✐♥%❡+♥❛ ? %❛❜❡❧❛ ❞❡ ❞✐ ♣❡+ 0♦✱ ❝❤❛♠❛❞❛ ❧✐ %❛ ▲❘❯✳ ❈❛❞❛ ♣♦ ✐/0♦

❞❛ %❛❜❡❧❛ ❞❡ ❞✐ ♣❡+ 0♦✱ ,✉❡ %❛♠❜5♠ 5 ✉♠ ♥4 ❞❛ ❧✐ %❛ ▲❘❯✱ 5 ✉♠❛ ❡ %+✉%✉+❛ ❝♦♠✲

♣♦ %❛ ♣❡❧♦ ♣❛+ (chave, valor)✳ ◆❡ %❛ ✐♠♣❧❡♠❡♥%❛/0♦✱ ❛ ✐♥ ❡+/0♦ 5 +❡❛❧✐③❛❞❛ ❝♦♠ ♦

♠❛♣❡❛♠❡♥%♦ ❞❛ ❝❤❛✈❡ ♣❛+❛ ✉♠❛ ♣♦ ✐/0♦ ❞❛ %❛❜❡❧❛ ❞❡ ❞✐ ♣❡+ 0♦✱ ❡ ♣❛+❛ ♣+❡ ❡+✈❛+ ❛

♦+❞❡♠ ❞♦ ❛❝❡  ♦ ✱ ♦ ♥4 ✐♥ ❡+✐❞♦ 5 ❛❞✐❝✐♦♥❛❞♦ ❝♦♠♦ ♥4 ❝❛❜❡/❛ ❞❡ ✉♠❛ ❧✐ %❛ ▲❘❯✳

❊♠ ✉♠❛ ♣❡ ,✉✐ ❛ ❝♦♠  ✉❝❡  ♦✱ ❛ ❝❤❛✈❡ ❜✉ ❝❛❞❛ 5 ♠♦✈✐♠❡♥%❛❞❛ ♣❛+❛ ❛ ♣+✐♠❡✐+❛

♣♦ ✐/0♦ ❞❛ ❧✐ %❛ ▲❘❯✱ ❛%+❛✈5 ❞❛ ❛%✉❛❧✐③❛/0♦ ❞❡ ♣♦♥%❡✐+♦ ✳ ◗✉❛♥❞♦ 5 +❡❛❧✐③❛❞❛ ✉♠❛

❜✉ ❝❛  ❡♠  ✉❝❡  ♦ ❡ ♦ ❝❛❝❤❡ ❡ %D ❝❤❡✐♦✱ %♦+♥❛✲ ❡ ♥❡❝❡  D+✐♦ ❛❜+✐+ ❡ ♣❛/♦ ♣❛+❛ ♦ ♥♦✈♦

❡❧❡♠❡♥%♦  ❡+ ✐♥ ❡+✐❞♦✳ ❚❛❧ ♦♣❡+❛/0♦ ♣♦❞❡  ❡+ ❢❛❝✐❧♠❡♥%❡ +❡❛❧✐③❛❞❛✱ ❡①❝❧✉✐♥❞♦ ♦ G❧✲

%✐♠♦ ♥4 ❞❛ ❧✐ %❛ ▲❘❯✱ ,✉❡ %❛♠❜5♠ 5 ♦ ❡❧❡♠❡♥%♦ ♠❡♥♦ +❡❝❡♥%❡♠❡♥%❡ ✉%✐❧✐③❛❞♦✳ ◆❛

✜❣✉+❛ ✸✳✼ 5 ♠❛♥%✐❞♦ ♦ ❝❛❝❤❡ ▲❘❯ ❞❡ ♣D❣✐♥❛ ✇❡❜ ❛❝❡  ❛❞❛ ✳ ❖❜ ❡+✈❡ ,✉❡ ❛ ♣D❣✐♥❛ 

❢♦+❛♠ ❛❝❡  ❛❞❛ ♥❛  ❡,✉L♥❝✐❛ ❯❘▲1✱ ❯❘▲2✱ ❯❘▲3✱ ❯❘▲8✱ ❯❘▲5✱ ❯❘▲2 ❡ ,✉❡ ♥♦

 ❡❣✉♥❞♦ ❛❝❡  ♦ ❛ ❯❘▲2 ❤♦✉✈❡ ❛%✉❛❧✐③❛/0♦ ❞❡ ♣♦♥%❡✐+♦ ♥❛ ❧✐ %❛ ▲❘❯✳

0

1

2

3

4

URL5 DOC5

URL1 DOC1

URL2 DOC2

URL3 DOC3
URL8 DOC8

cauda

cabeça

❋✐❣✉+❛ ✸✳✼✿ ❈❛❝❤❡ ▲❘❯ ❝♦♠ ❚❛❜❡❧❛ ❞❡ ❞✐ ♣❡+ 0♦ ❡ ▲✐ %❛ ❉✉♣❧❛♠❡♥%❡ ❊♥❝❛❞❡❛❞❛

◗✉❛♥%♦ ❛ ❝♦♠♣❧❡①✐❞❛❞❡✱ %❡♠♦ ,✉❡ %♦❞❛ ❝❤❛✈❡ 5 ♠❛♣❡❛❞❛ ♣❛+❛ ✉♠❛ ♣♦ ✐/0♦

❞❛ %❛❜❡❧❛ ❞❡ ❞✐ ♣❡+ 0♦ ❡ ♦ ♥4 5 ✐♥ ❡+✐❞♦ ♥❛ ❧✐ %❛ ▲❘❯✱ ♣❡+♠✐%✐♥❞♦ ,✉❡ ♦ %❡♠♣♦

♠5❞✐♦ ❞❛ ❜✉ ❝❛  ❡❥❛ O(1)✱ ♣❛+❛ ✉♠ ❢❛%♦+ ❞❡ ❝❛+❣❛ α ❝♦♥ %❛♥%❡✳ ❆❧5♠ ❞✐  ♦✱ ♦ ♥4
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❝♦""❡$♣♦♥❞❡♥(❡ ❛♦ ❡❧❡♠❡♥(♦ ♠❛✐$ "❡❝❡♥(❡♠❡♥(❡ ✉(✐❧✐③❛❞♦ ❡$(/ $❡♠♣"❡ ♥♦ (♦♣♦ ❞❛ ❧✐$(❛

❡ ♦ ♠❡♥♦$ "❡❝❡♥(❡♠❡♥(❡ ✉(✐❧✐③❛❞♦ ❡$(/ $❡♠♣"❡ ♥♦ ✜♥❛❧✱ ♣❡"♠✐(✐♥❞♦ 2✉❡ ✐♥❝❧✉$3❡$ ❡

"❡♠♦43❡$ $❡❥❛♠ "❡❛❧✐③❛❞❛$ ❡♠ (❡♠♣♦ ❝♦♥$(❛♥(❡✳ ❆ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ❡$♣❛4♦ 9 ❖✭m✮✱

♦♥❞❡ m 9 ❛ ❝❛♣❛❝✐❞❛❞❡ ♠/①✐♠❛ ❞♦ ❝❛❝❤❡✳

❊♥("❡(❛♥(♦✱ ❛ ✉(✐❧✐③❛4?♦ ❞❛ (❛❜❡❧❛ ❞❡ ❞✐$♣❡"$?♦ ❝♦♠ ❧✐$(❛ ❞✉♣❧❛♠❡♥(❡ ❡♥❝❛❞❡✲

❛❞❛ ♥?♦ "❡$♦❧✈❡ ♦ ♣"♦❜❧❡♠❛ ❞❡ ❧❡♥(✐❞?♦ ❝❛✉$❛❞♦ ♣❡❧♦$ ❜❧♦2✉❡✐♦$✱ ♣"✐♥❝✐♣❛❧♠❡♥(❡ ❡♠

❝❛❝❤❡$ 2✉❡ ♣"❡❝✐$❛♠ ♣❡"♠✐(✐" ❛❝❡$$♦$ ♠C❧(✐♣❧♦$✳

❘❡❝❡♥(❡♠❡♥(❡✱ ✭❙F❨❈❍❊❘✱ ✷✵✶✶✮ ❛♣"❡$❡♥(♦✉ ✉♠❛ ✈❛"✐❛4?♦ ❞❡$$❛ ✐♠♣❧❡♠❡♥✲

(❛4?♦ 2✉❡ ❛❧9♠ ❞❛ (❛❜❡❧❛ ❞❡ ❞✐$♣❡"$?♦ ❡ ❞❛ ❧✐$(❛ ❞✉♣❧❛♠❡♥(❡ ❡♥❝❛❞❡❛❞❛✱ ✉(✐❧✐③❛ ✉♠❛

❧✐$(❛ ♣❛"❛ ❛"♠❛③❡♥❛" ♦$ ❡❧❡♠❡♥(♦$ 2✉❡ ❞❡✈❡♠ $❡" ❡①❝❧✉M❞♦$✳ ◆❡$(❡ ❝❛$♦✱ ❛$ ✐♥$❡"43❡$

(❛♠❜9♠ $?♦ "❡❛❧✐③❛❞❛$ ❛("❛✈9$ ❞♦ ♠❛♣❡❛♠❡♥(♦ ❞❛$ ❝❤❛✈❡$ ❡♥("❡ ❛$ ♣♦$✐43❡$ ❞❛ (❛✲

❜❡❧❛ ❞❡ ❞✐$♣❡"$?♦✳ ◗✉❛♥❞♦ ✉♠❛ ❝❤❛✈❡ 9 ❛❝❡$$❛❞❛✱ $?♦ ❝"✐❛❞♦$✿ ✉♠ ♥Q ❛$$♦❝✐❛❞♦ ❛

❡$$❛ ❝❤❛✈❡ ♥❛ ❧✐$(❛ ▲❘❯❀ ❡ ✉♠ ♣♦♥(❡✐"♦ ❡♥("❡ ♦ ❡❧❡♠❡♥(♦ ♥❛ (❛❜❡❧❛ ❞❡ ❞✐$♣❡"$?♦ ❡ ♥❛

❧✐$(❛ ▲❘❯✱ ❝❛$♦ ❛✐♥❞❛ ♥?♦ ❡①✐$(❛✳ ❉❡$$❛ ❢♦"♠❛✱ ♦$ ♥Q$ ❞❛ ❧✐$(❛ ▲❘❯ ✜❝❛♠ ❡①(❡"♥♦$

W (❛❜❡❧❛ ❞❡ ❞✐$♣❡"$?♦✱ ❡ $?♦ ♠❛♥(✐❞♦$ ❞❡ ❢♦"♠❛ 2✉❡✱ ♦$ ♠❛✐$ "❡❝❡♥(❡♠❡♥(❡ ✉(✐❧✐③❛❞♦$

✜❝❛♠ ♥♦ ✜♥❛❧ ❞❛ ❧✐$(❛ ❡ ♦$ ♠❡♥♦$ "❡❝❡♥(❡♠❡♥(❡ ✉(✐❧✐③❛❞♦$ ♥♦ ❝♦♠❡4♦✳ ❆❧9♠ ❞❛ ✐♥✲

$❡"4?♦✱ $?♦ ❛❞♠✐(✐❞❛$ ❛$ ♦♣❡"❛43❡$ ❞❡ ❜✉$❝❛✱ ♠♦✈✐♠❡♥(❛4?♦ ❞♦ ♥Q ❡♥("❡ ❛$ ♣♦$✐43❡$

❞❛ ❧✐$(❛ ▲❘❯✱ "❡♠♦4?♦ ❞♦$ ♥Q$ ❡ ❡①❝❧✉$?♦ ❞♦$ ♥Q$ ♠❛"❝❛❞♦$ ♥❛ ❧✐$(❛ ❞❡ ❡①❝❧✉$?♦✳

◗✉❛♥❞♦ ✉♠❛ ❜✉$❝❛ 9 "❡❛❧✐③❛❞❛✱ $❡ ♦ ❡❧❡♠❡♥(♦ ❢♦" ❡♥❝♦♥("❛❞♦✱ ♦ ♥Q 9 ♠♦✈✐❞♦

♣❛"❛ ♦ ✜♥❛❧ ❞❛ ❧✐$(❛ ▲❘❯✱ ✐♥❞✐❝❛♥❞♦ 2✉❡ ❡$$❡ ❡❧❡♠❡♥(♦ ❢♦✐ ❛❝❡$$❛❞♦ "❡❝❡♥(❡♠❡♥(❡✳

❊♠ ✉♠❛ $❡2✉X♥❝✐❛ ❞❡ ❜✉$❝❛$ ❡ ♠♦✈✐♠❡♥(❛4?♦ ❞❡ ♥Q$✱ ♥?♦ ❤/ ❜❧♦2✉❡✐♦✱ ❡♥(?♦✱ 2✉❛♥❞♦

❛$ ♦♣❡"❛43❡$ ❞❡ ❜✉$❝❛ $?♦ ❝♦♥❝♦""❡♥(❡$✱ ♥?♦ ♣♦❞❡✲$❡ ❞✐③❡" 2✉❡ ♦ ♥Q ♠♦✈✐❞♦ ♣❛"❛ ❛

C❧(✐♠❛ ♣♦$✐4?♦ ❞❛ ❧✐$(❛ ▲❘❯ ❝♦""❡$♣♦♥❞❡ ❛♦ ❡❧❡♠❡♥(♦ ♠❛✐$ "❡❝❡♥(❡♠❡♥(❡ ❛❝❡$$❛❞♦✱

♠❛$ $✐♠ ✉♠ ❞♦$ ♠❛✐$ "❡❝❡♥(❡♠❡♥(❡ ❛❝❡$$❛❞♦$✳

❆♣Q$ ❝❛❞❛ ✐♥$❡"4?♦✱ $❡ ♦ ❝❛❝❤❡ ❛(✐♥❣✐✉ ✉♠ ❞❡(❡"♠✐♥❛❞♦ (❛♠❛♥❤♦ ♣"Q①✐♠♦ ❛

$✉❛ ❝❛♣❛❝✐❞❛❞❡✱ ♦ ♥Q ❝❛❜❡4❛ ❞❛ ❧✐$(❛✱ 2✉❡ 9 ✉♠ ❞♦$ ♠❡♥♦$ "❡❝❡♥(❡♠❡♥(❡ ❛❝❡$$❛❞♦$✱ 9

❛❞✐❝✐♦♥❛❞♦ W ❧✐$(❛ ❞❡ ♥Q$ ❛ $❡"✇♠ ❡①❝❧✉M❞♦$ ❡ ♦ ♣♦♥(❡✐"♦ 2✉❡ ♦ ❛$$♦❝✐❛ ❛ ✉♠❛ ❡♥("❛❞❛
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❞❛ "❛❜❡❧❛ ❞❡ ❞✐'♣❡)'*♦ , ❞❡✜♥✐❞♦ ❝♦♠♦ ✈❛③✐♦✱ , ❝♦♠♦ '❡ ❢♦''❡♠ ❝)✐❛❞♦' ❜✉)❛❝♦' ♥♦

❝❛❝❤❡✳ ◗✉❛♥❞♦ ❛ ❧✐'"❛ ❞❡ ♥9' ❛ '❡)❡♠ ❡①❝❧✉;❞♦' ❛"✐♥❣✐) ✉♠ "❛♠❛♥❤♦ ♣),✲❞❡✜♥✐❞♦✱ ♦'

♥9' ♥❡❧❛ ❛)♠❛③❡♥❛❞♦' '*♦ ❞❡ ❢❛"♦ ❡①❝❧✉;❞♦' ❞❛ ❧✐'"❛ ▲❘❯✳ ❊''❛ ♦♣❡)❛B*♦ ❞❡ ❡①❝❧✉'*♦

, ❧✐♠✐"❛❞❛✱ ♣♦)C✉❡ ❡♥✈♦❧✈❡ ❞✉❛' ❛"✉❛❧✐③❛BD❡' ✭✉♠ ♣♦♥"❡✐)♦ ❛♦ '✉❝❡''♦) ❡ ♦✉")♦ ♣❛)❛ ♦

♥9 ❛♥"❡❝❡''♦)✮✱ ❛❧,♠ ❞❡ '❡) ♥❡❝❡''G)✐♦ ❜❧♦C✉❡❛) ♦ ❝❛❝❤❡✱ ♣❛)❛ ❣❛)❛♥"✐) ✉♠❛ ❡①❝❧✉'*♦

'❡❣✉)❛ ❡ ❝♦))❡"❛✳

❈♦♠ ♦ ✉'♦ ❞❛ ❧✐'"❛ ♣❛)❛ ❛)♠❛③❡♥❛) ♦' ♥9' C✉❡ ❞❡✈❡♠ '❡) ❡①❝❧✉;❞♦'✱ ❡❧✐♠✐♥♦✉✲'❡

❛ ♦❜)✐❣❛"♦)✐❡❞❛❞❡ ❞❡ ❡①❝❧✉✐) ✉♠ ♥9 "♦❞❛ ✈❡③ C✉❡ ♦ ❝❛❝❤❡ ❡'"✐✈❡) ❝❤❡✐♦✱ ♣❡)♠✐"✐♥❞♦ C✉❡

❛ ❡①❝❧✉'*♦ '❡❥❛ )❡❛❧✐③❛❞❛ ❡♠ ❧♦"❡'✱ )❡❞✉③✐♥❞♦ ♦ ♥J♠❡)♦ ❞❡ ✈❡③❡' ❡♠ C✉❡ , ♥❡❝❡''G)✐♦

❜❧♦C✉❡❛) ♦ ❝❛❝❤❡✳ ▼❛' '❡✉ ✉'♦ ❡①✐❣❡ ♠❛✐' ❡'♣❛B♦ C✉❡ ❛' ✐♠♣❧❡♠❡♥"❛BD❡' ❛♥"❡)✐♦)❡'✳

✸✳✹✳✷ $%♦❜❧❡♠❛ ❞♦ ▼❡%❝❛❞♦ ❋✐♥❛♥❝❡✐%♦

❈❡)"❛ ❡♠♣)❡'❛ X ❛"✉❛ ♥♦ ♠❡)❝❛❞♦ ✜♥❛♥❝❡✐)♦ ♥❡❣♦❝✐❛♥❞♦ ♣❛♣,✐' ❝♦♠ ✉♠

❣)❛♥❞❡ ♥J♠❡)♦ ❞❡ ♣❛)❝❡✐)♦'✳ ❉✐❛)✐❛♠❡♥"❡✱ ❞✐✈❡)'❛' ♥❡❣♦❝✐❛BD❡' '*♦ ❢❡✐"❛'✱ ♠✉✐"❛' ❞❛'

C✉❛✐' ❞❡ ❢♦)♠❛ ❛✉"♦♠G"✐❝❛ ♣♦) '♦❢"✇❛)❡' ❡'♣❡❝✐❛❧✐③❛❞♦'✳ ❆♦ ❧♦♥❣♦ ❞❡ ✉♠ ❞✐❛ ";♣✐❝♦✱

✉♠ ♣❛)❝❡✐)♦ ♣♦❞❡ )❡❛❧✐③❛) ♥♦✈❛' ♥❡❣♦❝✐❛BD❡' ❝♦♠ X ♦✉ ❝❛♥❝❡❧❛) ❛' ♥❡❣♦❝✐❛BD❡'

)❡❛❧✐③❛❞❛' ❛", ❛C✉❡❧❡ ✐♥'"❛♥"❡✱ ♣♦✐' ❛' ♥❡❣♦❝✐❛BD❡' ❞♦ ❞✐❛ '9 '*♦ ❞❡ ❢❛"♦ ❡❢❡"✐✈❛❞❛'

❛♣9' ♦ ❤♦)G)✐♦ ❝♦♠❡)❝✐❛❧✳ ◆*♦ ❤G ❧✐♠✐"❡' ♣❛)❛ ❛' C✉❛♥"✐❞❛❞❡' ❞❡ ♥❡❣♦❝✐❛BD❡' ♦✉ ❞❡

❝❛♥❝❡❧❛♠❡♥"♦'✳

❈❛❞❛ ♥❡❣♦❝✐❛B*♦ ❢❡✐"❛ ♣♦) X )❡❝❡❜❡ ✉♠ ❝9❞✐❣♦ ❞❡ ♣♦)"❢9❧✐♦✱ C✉❡✱ ♣❛)❛ "♦❞♦'

♦' ❡❢❡✐"♦'✱ , ✉♠ ♥J♠❡)♦ ✐♥"❡✐)♦ ❛''♦❝✐❛❞♦ PC✉❡❧❛ ♦♣❡)❛B*♦✳ Q❡❧❛' )❡❣)❛' ❞❡ ♥❡❣9❝✐♦

❞❡ X✱ ♥♦ ❡♥"❛♥"♦✱ ♦♣❡)❛BD❡' ❝♦♠ ♣❛)❝❡✐)♦' ❞✐'"✐♥"♦' ♣♦❞❡♠ ✈✐) ❛ )❡❝❡❜❡) ♦ ♠❡'♠♦

❝9❞✐❣♦✱ ❡ ♦♣❡)❛BD❡' ❝♦♠ ✉♠ ♠❡'♠♦ ♣❛)❝❡✐)♦ ♣♦❞❡♠ )❡❝❡❜❡) ❝9❞✐❣♦' ❞✐'"✐♥"♦'✳

❆' ♦♣❡)❛BD❡' ❡❢❡"✉❛❞❛' ❛♦ ❧♦♥❣♦ ❞❡ ✉♠ ❞✐❛ '*♦ ❛)♠❛③❡♥❛❞❛'✱ ✉♠❛ ♣♦) ❧✐♥❤❛✱

❡♠ ✉♠ ❛)C✉✐✈♦✳ ❈❛❞❛ ❧✐♥❤❛ ❝♦♠♣)❡❡♥❞❡ ✉♠ '✐♥❛❧ ❞❡ ✏✰✑ ♦✉ ❞❡ ✏✲✑✳ ❯♠ '✐♥❛❧ ❞❡

✏✰✑ ✐♥❞✐❝❛ C✉❡ ✉♠❛ ♥♦✈❛ ♥❡❣♦❝✐❛B*♦ ❢♦✐ ❢❡✐"❛✱ ❡ , '❡♠♣)❡ '❡❣✉✐❞♦ ❞♦ ✐❞❡♥"✐✜❝❛❞♦)
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❝❤❛✈❡ Y ♥❛ *❛❜❡❧❛ ❞❡ ♣♦'*❢A❧✐♦# ♣♦' ♣❛'❝❡✐'♦ ✭❛ ❝❤❛✈❡ Y #❡'G ✐♥#❡'✐❞❛ ♣❡❧❛ ♣'✐♠❡✐'❛
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❡ ♦ ❛❧❣♦,✐&♠♦ ♣♦❞❡ ♣❛,❛, ❛♥&❡) ♠❡)♠♦ /✉❡ &♦❞❛) ❛) ❧✐♥❤❛) ❞♦ ❛,/✉✐✈♦ &❡♥❤❛♠ )✐❞♦

♣,♦❝❡))❛❞❛)✳
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✸✳✺ ❇✉%❝❛ ❊①❛✉%*✐✈❛ ✭❇❛❝❦$%❛❝❦✐♥❣✮

◗✉❛♥❞♦ ✐♥❡①✐)*❡♠ ❛❧❣♦.✐*♠♦) ❡✜❝✐❡♥*❡) ♣❛.❛ *❛❧✱ ❛ ❜✉)❝❛ ♣❡❧❛ )♦❧✉45♦ 6*✐♠❛

❞❡ ✉♠ ♣.♦❜❧❡♠❛ ❞❡ ♦*✐♠✐③❛45♦ ❝♦♠❜✐♥❛*6.✐❛ 8 ❡♠ ❣❡.❛❧ ✐♠♣❧❡♠❡♥*❛❞❛ ❝♦♠♦ ✉♠❛

❜✉)❝❛ ❡①❛✉)*✐✈❛ ❡♠ ✉♠ ❣.❛❢♦ ✐♠♣❧;❝✐*♦✱ ❝✉❥♦) ♥6) ❝♦..❡)♣♦♥❞❡♠ ❛ )♦❧✉4=❡) ✈✐>✈❡✐)

✖ ♦✉ ❡)*❛❞♦)✱ ♦✉ ❝♦♥✜❣✉.❛4=❡) ✈>❧✐❞❛) ✖ ❞♦ ♣.♦❜❧❡♠❛ ❡♠ @✉❡)*5♦✳ ❙✉❛) ❛.❡)*❛)

❝♦..❡)♣♦♥❞❡♠ ❛ ❡)❝♦❧❤❛) ♣♦));✈❡✐) ♥✉♠❛ )❡@✉D♥❝✐❛ ❞❡ ❞❡❝✐)=❡) @✉❡ ♣❡.♠✐*❡ ♦❜*❡.

*♦❞♦) ♦) ❡)*❛❞♦) ♦✉ ❝♦♥✜❣✉.❛4=❡) ❛*✐♥❣;✈❡✐) ❛ ♣❛.*✐. ❞♦ ♣♦♥*♦ ❞❡ ♣❛.*✐❞❛✱ ♦ ❡)*❛❞♦

✐♥✐❝✐❛❧✳ ❊♠ ♦✉*.❛) ♣❛❧❛✈.❛)✱ ✉♠❛ ❛.❡)*❛ xy ✐♥❞✐❝❛ @✉❡ ❡①✐)*❡ ✉♠ ♣❛))♦✱ ✉♠❛ *♦♠❛❞❛

❞❡ ❞❡❝✐)5♦ ♥❛ )❡@✉D♥❝✐❛ ♣.8✲❡)*❛❜❡❧❡❝✐❞❛✱ @✉❡ ♥♦) ❧❡✈❛ ❞✐.❡*❛♠❡♥*❡ ❞❛ ❝♦♥✜❣✉.❛45♦

♦✉ ❡)*❛❞♦ x G ❝♦♥✜❣✉.❛45♦ ♦✉ ❡)*❛❞♦ y✳ ❖ @✉❡ )❡ ❞❡)❡❥❛ 8 ❡♥❝♦♥*.❛. ✉♠ ♥6 ❞♦ ❣.❛❢♦

@✉❡ ♠❛①✐♠✐③❛ ♦✉ ♠✐♥✐♠✐③❛ ❞❡*❡.♠✐♥❛❞❛ ❢✉♥45♦✱ ♦✉ @✉❡ ❝♦♥)*✐*✉✐ ✉♠ ✏❡)*❛❞♦✲❛❧✈♦✑✱

❛*❡♥❞❡♥❞♦ ❝❡.*❛ ❝♦♥❞✐45♦ ❞❡ ♣❛.❛❞❛✳ ❚8❝♥✐❝❛ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❜❛❝❦$%❛❝❦✐♥❣✳

❆♦ .❡❛❧✐③❛. ✉♠❛ ❜✉)❝❛ ❡①❛✉)*✐✈❛ 8 ♥❡❝❡))>.✐♦ *❡. ❛*❡♥45♦ @✉❛♥*♦ G )❡@✉D♥❝✐❛

❞❡ ❝♦♥✜❣✉.❛4=❡)✱ ♣♦✐)✱ )❡ ♥5♦ ❢♦.❡♠ *♦♠❛❞♦) ♦) ❞❡✈✐❞♦) ❝✉✐❞❛❞♦)✱ ❝♦♥✜❣✉.❛4=❡)

✐❣✉❛✐)✱ )✐♠8*.✐❝❛) ♦✉ ❡@✉✐✈❛❧❡♥*❡) ♣♦❞❡♠ )❡. ✈✐)✐*❛❞❛) ♠❛✐) ❞❡ ✉♠❛ ✈❡③✱ ❛❝❛..❡*❛♥❞♦

♣❡.❞❛ ❞❡ *❡♠♣♦ ♦✉ ❧❛4♦) ✐♥*❡.♠✐♥>✈❡✐)✳ M♦. ❡)*❛ .❛③5♦✱ 8 ♣.❡❝✐)♦ ❞❡♠❛.❝❛.✱ ❛♦ ❧♦♥❣♦

❞❛ ❜✉)❝❛✱ ♦) ♥6) ❞♦ ❣.❛❢♦ ❥> ✈✐)✐*❛❞♦)✳ ❖ @✉❡ ♥♦) ❧❡✈❛ ✐♥✈❛.✐❛✈❡❧♠❡♥*❡ ❛ ✉♠ ♣.♦❜❧❡♠❛

❞❡ ❡)♣❛4♦✱ ♣♦✐) ♦ ❝♦♥❥✉♥*♦ ❞❡ *♦❞❛) ❛) ❝♦♥✜❣✉.❛4=❡) ♣♦));✈❡✐) ✖ ❛*✐♥❣;✈❡✐) ♦✉ ♥5♦✱

♠❛) ❝♦♠♦ )❛❜D✲❧♦❄ ✖ ♣♦❞❡ )❡. ❡♥♦.♠❡✱ ❡ ♣♦. ❝♦♥)❡❣✉✐♥*❡ ❛ @✉❛♥*✐❞❛❞❡ ❞❡ ♠❡♠6.✐❛

❛❧♦❝❛❞❛ ♣❛.❛ ❛ ❞❡)❡❥❛❞❛ ❞❡♠❛.❝❛45♦✳

❉✐❛♥*❡ ❞❡))❛) @✉❡)*=❡)✱ 8 ♣♦));✈❡❧ ♣.♦♣♦. ✉♠❛ ❛❜♦.❞❛❣❡♠ @✉❡ ♣.♦♠♦✈❡ ✉♠❛

.❡❞✉45♦ ❝♦♥)✐❞❡.>✈❡❧ ❞❡ *❡♠♣♦ ❡ ❡)♣❛4♦✱ ❝♦♠♦ ✐❧✉)*.❛❞♦ ♥❛ )♦❧✉45♦ ❞♦) ♣.♦❜❧❡♠❛)

❞❡✜♥✐❞♦) ❛ )❡❣✉✐.✳
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✸✳✺✳✶ ❈❛&❣❛ ❞❛ ❇❛❧+❛

❈♦♠♦ #❡ #❛❜❡✱ ❜❛❧#❛# #)♦ ❡♠❜❛*❝❛,-❡# ✉#❛❞❛# ♣❛*❛ 1*❛♥#♣♦*1❛* ✈❡4❝✉❧♦# ❛1*❛✲

✈6# ❞❡ ❝✉*#♦# ❞✬8❣✉❛✳ ◆♦*♠❛❧♠❡♥1❡ ♣♦##✉❡♠ ❧❛*❣✉*❛ #✉✜❝✐❡♥1❡ ♣❛*❛ ❢♦*♠❛* ❞✉❛#

♣✐#1❛# ❝♦♠ ✈❡4❝✉❧♦# ❞❡ ❞✐❢❡*❡♥1❡# 1❛♠❛♥❤♦#✱ ♦❝✉♣❛♥❞♦ 1♦❞♦ ♦ #❡✉ ❝♦♠♣*✐♠❡♥1♦✳ ❖#

✈❡4❝✉❧♦# ❛❣✉❛*❞❛♠ ♣❡❧❛ ❡♠❜❛*❝❛,)♦ ❡♠ ✉♠❛ ✜❧❛ A♥✐❝❛✱ ♦♥❞❡ #✉❛ ♦*❞❡♠ ♥❛ ✜❧❛ ❞❡1❡*✲

♠✐♥❛ #✉❛ ♦*❞❡♠ ❞❡ ❡♠❜❛*B✉❡✳ ❖ ♣*♦❜❧❡♠❛ ❈❛*❣❛ ❞❛ ❇❛❧#❛ ❝♦♥#✐#1❡ ❡♠ ❞❡1❡*♠✐♥❛*

❝♦♠♦ ❝❛**❡❣❛* ❛ ❜❛❧#❛ ❝♦♠ ♦ ♠❛✐♦* ♥A♠❡*♦ ♣♦##4✈❡❧ ❞❡ ✈❡4❝✉❧♦#✱ ♦♥❞❡ ❝❛❞❛ ✈❡4❝✉❧♦

♣♦❞❡ ♦❝✉♣❛* ❛ ♣✐#1❛ ❞❛ ❞✐*❡✐1❛ ♦✉ ❛ ❞❛ ❡#B✉❡*❞❛✳ ❙❡ ♥)♦ ❤♦✉✈❡* ❡#♣❛,♦ ❧✐✈*❡ ♣❛*❛ ♦

✈❡4❝✉❧♦ E ❢*❡♥1❡ ❞❛ ✜❧❛✱ ❛ ❜❛❧#❛ ❡#18 ❝❤❡✐❛ ❡ ♦# ✈❡4❝✉❧♦# *❡#1❛♥1❡# ❞❡✈❡♠ ❛❣✉❛*❞❛* ❛

♣*F①✐♠❛ ❜❛❧#❛ ✭❙❑■❊◆❆❀ ❘❊❱■▲▲❆✱ ✷✵✵✸✮✳

U❛*❛ ❝♦♠♣*❡❡♥❞❡* ❛ ❞✐✜❝✉❧❞❛❞❡ ❡♠ ❡♥❝♦♥1*❛* ✉♠❛ #♦❧✉,)♦ ♣❛*❛ ♦ ♣*♦❜❧❡♠❛✱

❝♦♥#✐❞❡*❡ ♦ ♣*♦❜❧❡♠❛ ❞♦ ❡#❝❛❧♦♥❛♠❡♥1♦ ❞❡ 1❛*❡❢❛# ❝♦♠ ❞✉❛# ♠8B✉✐♥❛# ✐❞V♥1✐❝❛#✳

❊#1❡ ♣*♦❜❧❡♠❛ 6 ◆U✲❝♦♠♣❧❡1♦ ✭●❆❘❊❨❀ ❏❖❍◆❙❖◆✱ ✶✾✼✾✮✳ ❆❣♦*❛ ❝♦♥#✐❞❡*❡ ❛ ✜❧❛

❞❡ ✈❡4❝✉❧♦# ❡#♣❡*❛♥❞♦ ♣❛*❛ #❡*❡♠ ❡♠❜❛*❝❛❞♦# ♥❛ ❜❛❧#❛✳ ❙♦♠❡ ♦ ❝♦♠♣*✐♠❡♥1♦ ❞♦#

♣*✐♠❡✐*♦# ✈❡4❝✉❧♦# ❞❛ ✜❧❛ ❛16 B✉❡ ♦ ❝♦♠♣*✐♠❡♥1♦ 1♦1❛❧ ♦❜1✐❞♦ #❡❥❛ ✐❣✉❛❧ ❛ 2k ✭♦♥❞❡

k 6 ♦ ❝♦♠♣*✐♠❡♥1♦ ❞❛ ❜❛❧#❛✮ ♦✉ ♦ ♠❛✐# ♣*F①✐♠♦ ♣♦##4✈❡❧✳ ❊#1❛ #✉❜✜❧❛ ❞❡ #♦♠❛

≤ 2k 6 ❛ ❡♥1*❛❞❛ ❞♦ ♣*♦❜❧❡♠❛ ❞♦ ❡#❝❛❧♦♥❛♠❡♥1♦✱ ♦♥❞❡ ❝❛❞❛ ✈❡4❝✉❧♦ 6 ✉♠❛ 1❛*❡❢❛

❛ #❡* ❛❧♦❝❛❞❛ ❡ #❡✉ ❝♦♠♣*✐♠❡♥1♦ ❝♦**❡#♣♦♥❞❡ ❛♦ 1❡♠♣♦ ❞❡ ❡①❡❝✉,)♦✳ ❊♥1)♦✱ ♥❡#1❡

♠♦♠❡♥1♦✱ ♦ ♣*♦❜❧❡♠❛ ❝♦♥#✐#1❡ ❡♠ ❞❡✜♥✐* #❡ ❡①✐#1❡ ✉♠❛ ❛❧♦❝❛,)♦ ❞❛# 1❛*❡❢❛# ❞❡ ❢♦*♠❛

B✉❡ ♦ 1❡♠♣♦ ❣❛#1♦ ♣♦* ❝❛❞❛ ♠8B✉✐♥❛ #❡❥❛ ≤ k✳

❙❡ ❛ *❡#♣♦#1❛ ❢♦* #✐♠✱ ❡♥1)♦ ♦# ✈❡4❝✉❧♦# ❞❛ #✉❜✜❧❛ ♣♦❞❡♠ #❡* ❡♠❜❛*❝❛❞♦# ♥❛

❜❛❧#❛✱ ❡ ♣❛*❛ ♦❜1❡* ❛ ♦*❞❡♠ ❡♠ B✉❡ ❞❡✈❡♠ #❡* ❝❛**❡❣❛❞♦#✱ ❜❛#1❛ 1♦♠❛* ✉♠❛ #♦❧✉,)♦

❞♦ ♣*♦❜❧❡♠❛ ❞♦ ❡#❝❛❧♦♥❛♠❡♥1♦ ❡ ♣❡*♠✉1❛* ♦# ✈❡4❝✉❧♦# ❞❡ ❝❛❞❛ ❧❛❞♦ ❞❛ ❜❛❧#❛✱ ❞❡

♠♦❞♦ ❛ *❡#♣❡✐1❛* ❛ ♦*❞❡♠ ✐♥✐❝✐❛❧ ❞❛ ✜❧❛✳ ❏8 #❡ ❛ *❡#♣♦#1❛ ❢♦* ♥)♦✱ B✉❡* ❞✐③❡* B✉❡

♠❡#♠♦ ❝♦♠ ❛ ♦*❞❡♠ ❢♦❧❣❛❞❛ ♥)♦ 6 ♣♦##4✈❡❧ ❝❛**❡❣❛* 1♦❞♦# ♦# ✈❡4❝✉❧♦# ❞❛ #✉❜✜❧❛✳

▲♦❣♦✱ #❡ ✉♠❛ ♦*❞❡♠ ❢♦* ✜①❛❞❛ 1❛♠❜6♠ ♥)♦ #❡*8 ♣♦##4✈❡❧ ❝❛**❡❣8✲❧♦#✳
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E

E,E

E,E,E

E,E,E,D

E,E,D

E,E,D,E E,E,D,D

E,D

E,D,E

E,D,E,EE,D,E,D

E,D,D

E,D,D,E E,D,D,D

D

D,E

D,E,E

D,E,E,E D,E,E,D

D,E,D

D,E,D,E D,E,D,D

D,D

D,D,E

D,D,E,E D,D,E,D

D,D,D

D,D,D,E D,D,D,D

... ... ... ... ... ... ... ...

D,E

❋✐❣✉%❛ ✸✳✶✶✿ ➪%✈♦%❡ ❞❡ ❞❡❝✐!.♦ ✕ ❙❡'✉9♥❝✐❛ ❞❡ ❞✐%❡-J❡!

◆♦"❡ '✉❡ ♦ ♥K♠❡%♦ ❞❡ ♥L! ♥♦! ♥A✈❡✐! ❞❛ 8%✈♦%❡ ❝%❡!❝❡ ❞❡ ❢♦%♠❛ ❡①♣♦♥❡♥❝✐❛❧ N

♠❡❞✐❞❛ '✉❡ ❞❡!❝❡♠♦! ♣♦% ❡❧❛✳ ❖✉ !❡❥❛✱ ♦ ♥A✈❡❧ ✵ "❡♠ ✉♠ ♥L ✭❛ %❛✐③✮✱ ♦ ♥A✈❡❧ ✶ "❡♠

✷ ✭❡!'✉❡%❞❛ ♦✉ ❞✐%❡✐"❛✮✱ ♦ ♥A✈❡❧ ✷ "❡♠ ✹ ♥L!✱ ❡ ❛!!✐♠ ♣♦% ❞✐❛♥"❡✳ ●❡♥❡%❛❧✐③❛♥❞♦✱

♣♦❞❡♠♦! ❞✐③❡% '✉❡ ♥♦ ♥A✈❡❧ d✱ ❛ 8%✈♦%❡ "❡♠ 2d ♥L!✳ ❊♥".♦✱ ✉♠❛ !♦❧✉-.♦ ♣❛%❛

♦ ♣%♦❜❧❡♠❛ '✉❡ ✉"✐❧✐③❛ ❡!!❛! ❝♦♥✜❣✉%❛-J❡! !❡%8 ❡①♣♦♥❡♥❝✐❛❧ ♥♦ ♥K♠❡%♦ ❞❡ ❝❛%%♦!

❡♠❜❛%❝❛❞♦!✳

❯♠❛ ❛❧"❡%♥❛"✐✈❛ ♣❛%❛ ♦ ♣%♦❜❧❡♠❛ ❈❛%❣❛ ❞❛ ❇❛❧!❛✱ 5 ❝♦♥!✐❞❡%❛% ✉♠❛ ❝♦♥✜❣✉%❛✲

-.♦ ✈8❧✐❞❛ ❝♦♠♦ !❡♥❞♦ ❞❡✜♥✐❞❛ ♣❡❧❛! ❝♦♦%❞❡♥❛❞❛! (x, y)✱ ♦♥❞❡ x 5 ♦ ❡!♣❛-♦ ♦❝✉♣❛❞♦

♣❡❧♦! ✈❡A❝✉❧♦! '✉❡ ❢♦%❛♠ ❡♠❜❛%❝❛❞♦! ♥❛ ♣✐!"❛ ❞❛ ❡!'✉❡%❞❛ ❡ y✱ ♦ ❡!♣❛-♦ ♦❝✉♣❛❞♦ ♥❛

♣✐!"❛ ❞❛ ❞✐%❡✐"❛✳ ❆ ✜❣✉%❛ ✸✳✶✷ ♠♦!"%❛ "♦❞❛! ❛! ❝♦♥✜❣✉%❛-J❡! ♣♦!!A✈❡✐! ♣❛%❛ ✉♠ ❝❛!♦

❡♠ '✉❡ ❛ ❜❛❧!❛ ♣♦!!✉✐ ❝♦♠♣%✐♠❡♥"♦ ✐❣✉❛❧ ❛ ✽ ✉♥✐❞❛❞❡! ❞❡ ❡!♣❛-♦ ❡ ♦! ✈❡A❝✉❧♦! '✉❡



✼✾

❡!"#♦ ♥❛ ✜❧❛ ♣❛*❛ !❡*❡♠ ❡♠❜❛*❝❛❞♦! ♣♦!!✉❡♠ ❝♦♠♣*✐♠❡♥"♦ ✐❣✉❛❧ ❛ ✷✱ ✷✱ ✹✱ ✷✱ ✹✱ ✹✱

✺✱ ✼✳

(0,0)

(2,0) (0,2)

(4,0) (2,2)

(8,0) (4,4)

(8,2)

(8,6)

(6,4) (4,6)

(8,6)(6,8)

(8,2)

(6,2)

(6,4)

(8,6) (6,8)

(2,6)

(4,6) (2,8)

(8,6) (6,8)

(2,2)

(8,2)

(6,2)

(6,4)

(8,6) (6,8)

(2,6)

(4,6) (2,8)

(8,6) (6,8)

(0,4)

(4,4) (0,8)

(4,6)

(8,6)

(2,8)

(6,8)

(6,4)

(6,8)

❋✐❣✉*❛ ✸✳✶✷✿ ➪*✈♦*❡ ❞❡ ❞❡❝✐!#♦ ✕ ❊!♣❛@♦ ♦❝✉♣❛❞♦

❖❜!❡*✈❡ ♥❛ ✜❣✉*❛ ✸✳✶✷ B✉❡ ❛! ♠❡❧❤♦*❡! !♦❧✉@D❡! ♦✉ ❛! !♦❧✉@D❡! E"✐♠❛! ♦❝✉♣❛♠

❛! ❢♦❧❤❛! ❞❛ G*✈♦*❡✱ ✉♠❛ ✈❡③ B✉❡ ❛ ♣❛*"✐* ❞❡!"❛! ❝♦♥✜❣✉*❛@D❡!✱ ❛ ❜❛❧!❛ ♥#♦ ♣♦!!✉✐

❡!♣❛@♦ ❧✐✈*❡ !✉✜❝✐❡♥"❡ ♣❛*❛ ❡♠❜❛*❝❛* ♦ ♣*E①✐♠♦ ✈❡J❝✉❧♦ ❞❛ ✜❧❛✱ ❡✱ ❝♦♠ ✐!!♦✱ ♦✉"*❛

❝♦♥✜❣✉*❛@#♦ ♥#♦ ♣♦❞❡ !❡* ♦❜"✐❞❛✳ ❊♥"#♦✱ ♣♦❞❡♠♦! ❝♦♥❝❧✉✐* B✉❡ ❛ ♠❡❧❤♦* !❡B✉K♥❝✐❛

❞❡ ❝❛**❡❣❛♠❡♥"♦ ❞❛ ❜❛❧!❛ ♣♦❞❡ !❡* ♦❜"✐❞❛ ✏!✉❜✐♥❞♦✑ ❞❡ ✉♠❛ ❢♦❧❤❛ ❤ ❛"N ❛ *❛✐③ ❞❛

G*✈♦*❡ ❞❡ ❞❡❝✐!#♦✳ ▼❛! ❝♦♠♦ !❛❜❡* B✉❛✐! ❝♦♥✜❣✉*❛@D❡! ❢♦*❛♠ ✈✐!✐"❛❞❛! ❡♥"*❡ h ❡ ❛

*❛✐③❄

❈♦♠♦ ♦ ❜❛❝❦%&❛❝❦✐♥❣ ❢✉♥❝✐♦♥❛ ❝♦♠♦ ✉♠❛ ❜✉!❝❛ ❡♠ ✉♠ ❣*❛❢♦ ✐♠♣❧J❝✐"♦✱ ❞❛❞♦

B✉❡ ❝❤❡❣❛♠♦! ❛ ✉♠❛ ❢♦❧❤❛ h✱ ❝❡*"❛♠❡♥"❡ "❡*❡♠♦! ♣❛!!❛❞♦ ♣❡❧♦! ♥E! ❡♥"*❡ h ❡ ❛ *❛✐③ ❞❛

G*✈♦*❡✳ ❆❧N♠ ❞✐!!♦✱ ♣♦❞❡♠♦! ♣❡*❝❡❜❡* B✉❡ ♦ ❧❛❞♦ ❡!B✉❡*❞♦ ❞❛ G*✈♦*❡ N !✐♠N"*✐❝♦ ❛♦

❧❛❞♦ ❞✐*❡✐"♦✱ ♦ B✉❡ ❡①✐❣❡ ✉♠ ❝✉✐❞❛❞♦ ♠❛✐♦* ❛♦ ❛*♠❛③❡♥❛* ❛! ❝♦♥✜❣✉*❛@D❡! ✈✐!✐"❛❞❛!✱

❥G B✉❡ ♥#♦ N ❞❡!❡❥G✈❡❧ B✉❡ ✉♠❛ ❝♦♥✜❣✉*❛@#♦ !❡❥❛ ✈✐!✐"❛❞❛ ♠❛✐! ❞❡ ✉♠❛ ✈❡③✳ ❊♥"#♦✱

♣❛*❛ ❛*♠❛③❡♥❛* ❛! ❝♦♥✜❣✉*❛@D❡! ✈✐!✐"❛! ❡ ♥#♦ ♣❡*♠✐"✐* B✉❡ ✉♠❛ ♠❡!♠❛ ❝♦♥✜❣✉*❛@#♦

!❡❥❛ ✈✐!✐"❛❞❛ ♠❛✐! ❞❡ ✉♠❛ ✈❡③✱ ♣♦❞❡♠♦! ✉"✐❧✐③❛* ✉♠❛ "❛❜❡❧❛ ❞❡ ❞✐!♣❡*!#♦✱ ❝♦♠

"❛♠❛♥❤♦ ♣*♦♣♦*❝✐♦♥❛❧ ❛♦ ♥T♠❡*♦ ❞❡ ♥E! ✈✐!✐"❛❞♦✱ ♥❛ B✉❛❧ ❛! ❝❤❛✈❡! ❝♦**❡!♣♦♥❞❡♠ ❛♦

❡!♣❛@♦ ♦❝✉♣❛❞♦ ❛ ❞✐*❡✐"❛ ❡ ❛ ❡!B✉❡*❞❛ ❞❛ ❜❛❧!❛ ❡♠ ❝❛❞❛ ❝♦♥✜❣✉*❛@#♦ ✭❝♦♥!✐❞❡*❛♥❞♦

!❡♠♣*❡ B✉❡ ♦ ♠❛✐♦* ❡!♣❛@♦ ♦❝✉♣❛❞♦ ❡!"G V ❡!B✉❡*❞❛ ♣❛*❛ ❢❛❝✐❧✐"❛* ❛ ❞❡"❡❝@#♦ ❞❡

*❡♣❡"✐@D❡!✮✳ ◗✉❛♥❞♦ ✉♠❛ ♥♦✈❛ ❝♦♥✜❣✉*❛@#♦ ❢♦* ✈✐!✐"❛❞❛✱ ✈❡*✐✜❝❛ !❡ ❥G ❡①✐!"❡ ♥❛



✽✵

 ❛❜❡❧❛ ✉♠❛ ❝♦♥✜❣✉,❛-.♦ ✐❣✉❛❧ ♦✉ ❡0✉✐✈❛❧❡♥ ❡✱ ❡ ❝❛3♦ ♥.♦ ❡①✐3 ❛✱ ❛ ♥♦✈❛ ❝♦♥✜❣✉,❛-.♦

5 ❛,♠❛③❡♥❛❞❛✱ ❡ ❛❞✐❝✐♦♥❛❞❛ ❡♠ ✉♠❛ ❧✐3 ❛ ❡♥❝❛❞❡❛❞❛ ✐♥ ❡,♥❛ 8  ❛❜❡❧❛ 0✉❡ ♠❛♥ 9♠ ❛

♦,❞❡♠ ❡♠ 0✉❡ ❛3 ❝♦♥✜❣✉,❛-:❡3 ❢♦,❛♠ ✈✐3✐ ❛3✱ ♣❛,❛ 0✉❡ 0✉❛♥❞♦ ❛ ❝♦♥✜❣✉,❛-.♦ ❛❧✈♦

❢♦, ❛ ✐♥❣✐❞❛✱ ♦✉ 3❡❥❛✱ 0✉❛♥❞♦ ♦ ♥>♠❡,♦ ❞❡ ✈❡?❝✉❧♦3 ❡♠❜❛,❝❛❞♦3 ❢♦, ♦ ♠❛✐♦, ♣♦33?✈❡❧✱

3❡❥❛ ♣♦33?✈❡❧ ,❡❝✉♣❡,❛, ❛ ♦,❞❡♠ ❡♠ 0✉❡ ❢♦,❛♠ ❝❛,,❡❣❛❞♦3✳

◆♦ ♣,♦❜❧❡♠❛ ❈❛,❣❛ ❞❛ ❇❛❧3❛✱ ❞✉❛3 ❝♦♥✜❣✉,❛-:❡3 x ❡ y 3.♦ ❡0✉✐✈❛❧❡♥ ❡3 3❡✱ ❡♠

x✱ ♦3 ✈❡?❝✉❧♦3 ❡♠❜❛,❝❛❞♦3 ♦❝✉♣❛♠ ❡①❛ ❛♠❡♥ ❡ ❛ ♠❡3♠❛ ♣♦,-.♦ ❞❡ ❝❛❞❛ ♣✐3 ❛ 0✉❡

5 ♦❝✉♣❛❞❛ ♣❡❧♦3 ✈❡?❝✉❧♦3 ❡♠❜❛,❝❛❞♦3 ❡♠ y✱ ❛ ♠❡♥♦3 ❞❡ 3✐♠❡ ,✐❛✳ ❯♠❛ ✈❡③ ✈✐3✐ ❛❞❛

✉♠❛ ❞❡33❛3 ❝♦♥✜❣✉,❛-:❡3✱ ♥.♦ 5 ♥❡❝❡33E,✐♦ ✈✐3✐ ❛, 0✉❛❧0✉❡, ♦✉ ,❛✳ ■3 ♦ ,❡❞✉③ ♦

♥>♠❡,♦ ❞❡ ♥G3 ❞❛ E,✈♦,❡ ❞❡ ❜✉3❝❛✱ 0✉❡ 3❡,✐❛ ❡①♣♦♥❡♥❝✐❛❧ ♥❛ 0✉❛♥ ✐❞❛❞❡ ❞❡ ✈❡?❝✉❧♦3✱

♣❛,❛ ✉♠ ♥>♠❡,♦ 0✉❡ 5 ♣3❡✉❞♦✲♣♦❧✐♥♦♠✐❛❧ ♥♦  ❛♠❛♥❤♦ ❞❛ ❜❛❧3❛✳

❊♥ ,❡ ❛♥ ♦✱ 5 ♣♦33?✈❡❧ ❞❡✜♥✐, ✉♠❛ 3♦❧✉-.♦ ♣❛,❛ ♦ ♣,♦❜❧❡♠❛ ❈❛,❣❛ ❞❛ ❇❛❧3❛

♣♦, ♣,♦❣,❛♠❛-.♦ ❞✐♥K♠✐❝❛✱ 0✉❡ ✉ ✐❧✐③❛ ♠❡♥♦3 ❡3♣❛-♦✳ ▲♦❣♦✱ ♦ ❛❧❣♦,✐ ♠♦ ♣,♦♣♦3 ♦

3❡,✈❡ ♣❛,❛ ✐❧✉3 ,❛, ❝♦♠♦ 3❡,✐❛ ❛ 3♦❧✉-.♦ ❞♦ ♣,♦❜❧❡♠❛ ✉ ✐❧✐③❛♥❞♦ ❜❛❝❦$%❛❝❦✐♥❣✳

✸✳✺✳✷ ◗✉❡❜(❛✲❝❛❜❡,❛ ❞♦ ✶✺

❉❡3❡♥✈♦❧✈✐❞♦ ♥❛ ❞5❝❛❞❛ ❞❡ 1870 ♣♦, ❙❛♠ ▲♦②❞✱ ♦ ◗✉❡❜,❛✲❝❛❜❡-❛ ❞♦ ✶✺ 5 ✉♠

❥♦❣♦ ♣♦♣✉❧❛, ❝♦♠♣♦3 ♦ ♣♦, ✉♠❛ ❣,❛❞❡ 4×4 ❝♦♠ 0✉❛❞,❛❞♦3 ♥✉♠❡,❛❞♦3 ❞❡ 1 ❛ 15 ❡ ✉♠

❡3♣❛-♦ ✈❛③✐♦✳ ❖ ♦❜❥❡ ✐✈♦ ❞♦ ❥♦❣♦ 5 ❛ ♣❛, ✐, ❞❡ ✉♠❛ ♦,❞❡♠ ❛❧❡❛ G,✐❛ ❞♦3 0✉❛❞,❛❞♦3✱

♦❜ ❡, 3✉❛ ♦,❞❡♥❛-.♦ ❝,❡3❝❡♥ ❡✱ ❞❡ ♠♦❞♦ 0✉❡ ♦ ❡3♣❛-♦ ✈❛③✐♦ ♦❝✉♣❡ ❛ >❧ ✐♠❛ ♣♦3✐-.♦

❛❜❛✐①♦ ❡ ❛ ❞✐,❡✐ ❛ ❞❛ ❣,❛❞❡ ✭❙❑■❊◆❆❀ ❘❊❱■▲▲❆✱ ✷✵✵✸❀ ❇❆▲▲✱ ✶✾✷✻✮✳
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❆❧❣♦$✐&♠♦ ✽✿ :✉❡❜ ❛❝❛❜❡/❛✶✺❴❜❛❝❦" ❛❝❦✐♥❣✭❈♦♥✜❣✉ ❛/0♦✮

❊♥&$❛❞❛✿ ❈♦♥✜❣✉ ❛/0♦

.❡ ❈♦♥✜❣✉&❛()♦ ❂ ❈♦♥✜❣✉&❛()♦ ❆❧✈♦ ❡♥&0♦

 ❡"♦ ♥❡ ❙❯❈❊❙❙❖❀

✜♠

T := ❈♦♥✜❣✉ ❛/0♦❀

❡♥2✉❛♥&♦ ❋✐❧❤♦1❬❈♦♥✜❣✉&❛()♦❪ ❁❃ ✵ ❢❛5❛

Filho := ProximoFilho❀

.❡ ❋✐❧❤♦ ∈ ❚ ❡♥&0♦

:✉❡❜ ❛❝❛❜❡/❛✶✺❴❜❛❝❦" ❛❝❦✐♥❣✭❋✐❧❤♦✮❀

✜♠

✜♠

 ❡"♦ ♥❡ ❋❆▲❍❆❀

◆♦ ❛❧❣♦ ✐"♠♦ ✽✱ T O ✉♠❛ "❛❜❡❧❛ ❞❡ ❞✐'♣❡ '0♦ ✐♠♣❧❡♠❡♥"❛❞❛ ❞❡ ❛❝♦ ❞♦ ❝♦♠ ♦'

♣ ❡❝❡✐"♦' ❞✐'❝✉"✐❞♦' ♥♦ ❈❛♣P"✉❧♦ 2✱ :✉❡ ❛ ♠❛③❡♥❛ ❛' ❝♦♥✜❣✉ ❛/R❡' ✈✐'✐"❛❞❛' ❞✉ ❛♥"❡

❛ ❜✉'❝❛✳ ❖ ✉'♦ ❞❛ "❛❜❡❧❛ ❞❡ ❞✐'♣❡ '0♦ ♣❡ ♠✐"❡ :✉❡ ♦ ❡'♣❛/♦ ❛❧♦❝❛❞♦ ♣❛ ❛ ❛ ♠❛③❡✲

♥❛ ❛' ❝♦♥✜❣✉ ❛/R❡' ✈✐'✐"❛❞❛' '❡❥❛ ❧✐♥❡❛ ✱ ♣ ♦♣♦ ❝✐♦♥❛❧ ❛♦ ♥T♠❡ ♦ ❞❡ ❝♦♥✜❣✉ ❛/R❡'

✈✐'✐"❛❞❛'✳ ❆❧O♠ ❞✐''♦✱ ❞❡♣♦✐' ❞❡ ❣❡ ❛❞♦' ♦' ✜❧❤♦'✱ ❞❡ ❛❝♦ ❞♦ ❝♦♠ ♦' ♠♦✈✐♠❡♥"♦'

♣♦''P✈❡✐' ❞♦ :✉❡❜ ❛✲❝❛❜❡/❛✱ ❛ ✈❡ ✐✜❝❛/0♦ '❡ ♦ ✜❧❤♦ ❥2 ❤❛✈✐❛ '✐❞♦ ✈✐'✐"❛❞♦✱ ♣♦❞❡ '❡ 

 ❡❛❧✐③❛❞❛ ❡♠ "❡♠♣♦ ♠O❞✐♦ O(1)✳ ❚❛❧ ✈❡ ✐✜❝❛/0♦ O  ❡❛❧✐③❛❞❛ ❝♦♥'"❛♥"❡♠❡♥"❡ ♣❡❧♦

♣ ♦❝❡❞✐♠❡♥"♦✱ ♣♦✐' ❛♣8' ❛ ❣❡ ❛/0♦ ❞♦' ✜❧❤♦' ❞❛ ❝♦♥✜❣✉ ❛/0♦✱ ❞❡ ❛❝♦ ❞♦ ❝♦♠ ♦'

♠♦✈✐♠❡♥"♦' ♣♦''P✈❡✐'✱ O ❢❡✐"❛ ❡'"❛ ✈❡ ✐✜❝❛/0♦✱  ❡"♦ ♥❛♥❞♦ ❢❛❧❤❛✱ ❡♠ ❝❛'♦ ♣♦'✐"✐✈♦✱ ❡

❢❛③❡♥❞♦ ♦  ❡" ♦❝❡''♦ ♣❛ ❛ ♦ ♥8 ❛♥"❡ ✐♦ ♥♦ ❝❛♠✐♥❤♦ ❞♦ ❣ ❛❢♦✱ ❛ ✜♠ ❞❡ ✐❞❡♥"✐✜❝❛ '❡

❤2 ✐ ♠0♦' ❛ '❡ ❡♠ ✈✐'✐"❛❞♦'✳

◗✉❛♥"♦ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ "❡♠♣♦✱ ❝♦♥'✐❞❡ ❡ B ❝♦♠♦ '❡♥❞♦ ♦ ♥T♠❡ ♦ ♠O❞✐♦

❞❡ ✜❧❤♦' ❣❡ ❛❞♦' ♣♦ ❝❛❞❛ ❝♦♥✜❣✉ ❛/0♦ ❡ m✱ ❛ ♣ ♦❢✉♥❞✐❞❛❞❡ ♠2①✐♠❛ ❞♦ ❣ ❛❢♦ ❞❡

❡'♣❛/♦ ❞❡ ❡'"❛❞♦'✳ ◆♦ ♣✐♦ ❝❛'♦✱ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ❛❧❣♦ ✐"♠♦ ✽ '❡ 2 O(Bm)✳
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✹ ❊❳#❊❘■▼❊◆❚❖❙

◆❛ ❝♦♠♣✉'❛()♦✱ ❡①✐.'❡♠ ❞✐❢❡1❡♥'❡. ♠3'♦❞♦. ♣❛1❛ ✐❞❡♥'✐✜❝❛1 .❡ ✉♠ ❛❧❣♦1✐'♠♦

❡.'7 .❡ ❝♦♠♣♦1'❛♥❞♦ ❞❡ ❢♦1♠❛ ❡✜❝✐❡♥'❡✳ ❯♠ ♠3'♦❞♦ ❢❛❝✐❧♠❡♥'❡ ❡①❡❝✉'7✈❡❧✱ ♥♦ ;✉❛❧

♣♦❞❡♠♦. ♥♦'❛1 ♦ ❞❡.❡♠♣❡♥❤♦ ❞♦ ❛❧❣♦1✐'♠♦ ❡♠ ❞✐✈❡1.❛. .✐'✉❛(=❡.✱ ❝♦♥.✐.'❡ ♥❛ ♠❡❞✐✲

()♦ ❞♦ '❡♠♣♦ ❞❡ ❡①❡❝✉()♦ ❝♦♠♣✉'❛❝✐♦♥❛❧✱ ;✉❡ ♣♦❞❡ .❡1 ❡♠ .❡❣✉♥❞♦. ♦✉ ♠✐❧✐..❡❣✉♥✲

❞♦.✳ ❊.'❡ ❝❛♣@'✉❧♦ ❛♣1❡.❡♥'❛ ♦. 1❡.✉❧'❛❞♦. ❞❡ ❞❡.❡♠♣❡♥❤♦ ❞♦. ❛❧❣♦1✐'♠♦. ♣1♦♣♦.'♦.

♣❛1❛ ♦. ♣1♦❜❧❡♠❛. ❞❛. .❡(=❡. ❬✶❪❬✷❪ ❡ ❬✸❪ ❞♦ ❈❛♣@'✉❧♦ ✸ ❡♠ ❢✉♥()♦ ❞♦ '❡♠♣♦ ❞❡

❡①❡❝✉()♦✳

❚♦❞♦. ♦. ❛❧❣♦1✐'♠♦. ❢♦1❛♠ ✐♠♣❧❡♠❡♥'❛❞♦. ♥❛ ❧✐♥❣✉❛❣❡♠ ❈✰✰✱ ✉.❛♥❞♦ ♦ ❝♦♠✲

♣✐❧❛❞♦1 ❇❧♦♦❞.❤❡❞ ❉❡✈ ❈✰✰ ✈❡1.)♦ ✹✳✾✳✾✳✷✳ ❖. '❡.'❡. ❢♦1❛♠ 1❡❛❧✐③❛❞♦. ❡♠ ✉♠

♥♦"❡❜♦♦❦ ❝♦♠ ♣1♦❝❡..❛❞♦1 P❡♥'✐✉♠ ❉✉❛❧✲❈♦1❡ ✷✳✸ ●❍③ ❝♦♠ ✹✳✵ ●❇ ❞❡ ❘❆▼✱ ❝♦♠

.✐.'❡♠❛ ♦♣❡1❛❝✐♦♥❛❧ ❲✐♥❞♦✇. ✼ ❍♦♠❡ ❇❛.✐❝ ✻✹ ❜✐'.✳

❆ ❛♥7❧✐.❡ ❞❡ ❞❡.❡♠♣❡♥❤♦ ❞❡ ❛❧❣♦1✐'♠♦. ❡♠ ❢✉♥()♦ ❞♦ '❡♠♣♦ ❞❡ ❡①❡❝✉()♦ 3 ❧✐✲

♠✐'❛❞❛ ♣❛1❝✐❛❧♠❡♥'❡✱ ❞❡✈✐❞♦ ❛ ❢♦1'❡ ✐♥✢✉\♥❝✐❛ ❞❡ ✈❛1✐7✈❡✐. ❝♦♠♦ '❡♠♣♦ ❡ ❡.'❛❜✐❧✐❞❛❞❡

❞♦ ♣1♦❝❡..❛♠❡♥'♦✱ ❡✜❝✐\♥❝✐❛ ❞♦ ❝♦♠♣✐❧❛❞♦1✱ ❡♥'1❡ ♦✉'1♦.✳ P❛1❛ '❡♥'❛1 ♠✐♥✐♠✐③❛1 ♦.

❡❢❡✐'♦. ;✉❡ ❡..❡. ❧✐♠✐'❛♥'❡. ❝❛✉.❛♠ ♥♦. 1❡.✉❧'❛❞♦.✱ ❢♦1❛♠ ❝♦❧❡'❛❞❛. ❝✐♥❝♦ ✐♥❢♦1♠❛✲

(=❡. ❞❡ '❡♠♣♦ ❞❡ ❝❛❞❛ ✉♠ ❞♦. ❛❧❣♦1✐'♠♦. ❡ ❡①'1❛@❞❛ ❛ ♠3❞✐❛ ❛1✐'♠3'✐❝❛✳ ❊ ❛♣❡.❛1

❞❡ ♥❛ '❡♦1✐❛ ♥)♦ 1❡✢❡'✐1 ❝♦♠ ♣1❡❝✐.)♦ ♦ ❝♦♠♣♦1'❛♠❡♥'♦ ❞♦. ❛❧❣♦1✐'♠♦.✱ ❞❡✈✐❞♦ ❛♦.

❝✉✐❞❛❞♦. '♦♠❛❞♦.✱ 3 ♣♦..@✈❡❧ ♥♦'❛1 ;✉❡ ♦. '❡♠♣♦. ❛❢❡1✐❞♦. ❡.')♦ ❝♦❡1❡♥'❡. ❝♦♠ ❛.
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❝♦♠♣❧❡①✐❞❛❞❡* ❛♣+❡*❡♥-❛❞❛* ♣❛+❛ ❝❛❞❛ ♣+♦❜❧❡♠❛ ♥♦ ❈❛♣0-✉❧♦ ✸✳

❆* ❡♥-+❛❞❛* ✉-✐❧✐③❛❞❛* ❢♦+❛♠ ❣❡+❛❞❛* ♣♦+ ✉♠ ♣+♦❝❡❞✐♠❡♥-♦ ❞❡ ❣❡+❛89♦ ❞❡

♥:♠❡+♦* ❛❧❡❛-;+✐♦* ❞✐*♣♦♥0✈❡❧ ♥♦ ❆♣=♥❞✐❝❡ ❆✳ ❚♦❞♦* ♦* -❡*-❡* ❢♦+❛♠ +❡❛❧✐③❛❞♦* ❝♦♠

✉♠ ❢❛-♦+ ❞❡ ❝❛+❣❛ ✐❣✉❛❧ ❛ ✺✵✪✳

❖ ♣+♦❜❧❡♠❛ ❞♦* ♣❛+❡* k✲❝♦♠♣❧❡♠❡♥-❛+❡*✱ ❢♦✐ ♦ ♣+✐♠❡✐+♦ ❛♥❛❧✐*❛❞♦✳ ➱ ✐♠♣♦+✲

-❛♥-❡ ♦❜*❡+✈❛+ F✉❡ -❛♥-♦ ❛ *♦❧✉89♦ ❝♦♠ ❢♦+8❛ ❜+✉-❛✱ F✉❛♥-♦ ♦ ❛❧❣♦+✐-♠♦ ❜✉"❝❛❴❝♦♠♣❧❡✲

♠❡♥-❛.❡"✭✮ F✉❡ ✉-✐❧✐③❛ ❤❛"❤✐♥❣✱ ♣♦**✉❡♠ ❝♦♠♣❧❡①✐❞❛❞❡ ✐❣✉❛❧ ❛ O(n2)✳ ❊♥-+❡-❛♥-♦✱

❝♦♠♦ ❡*♣❡+❛❞♦ ❞❡✈✐❞♦ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ♥♦ ❝❛*♦ ♠H❞✐♦✱ ♦ ❛❧❣♦+✐-♠♦ ❜✉"❝❛❴ ❝♦♠✲

♣❧❡♠❡♥-❛.❡"✭✮ ❛♣+❡*❡♥-♦✉ ♠❡❧❤♦+ ❞❡*❡♠♣❡♥❤♦ ❝♦♥❢♦+♠❡ ♣♦❞❡ *❡+ ✈❡+✐✜❝❛❞♦ ♥❛ -❛✲

❜❡❧❛ ✹✳✶✱ F✉❡ ♠♦*-+❛ ❛ ♠H❞✐❛ ❛+✐-♠H-✐❝❛ ❞♦* -❡♠♣♦* ❞❡ ❡①❡❝✉89♦ ❛❢❡+✐❞♦* ❡♠ ♠✐❧✐*✲

*❡❣✉♥❞♦* ❞❡ ❛♠❜♦* ♦* ❛❧❣♦+✐-♠♦*✳

❚❛♠❛♥❤♦ ❞❛ ❡♥()❛❞❛ ✶✵✵ ✺✵✵ ✶✵✵✵ ✺✵✵✵ ✶✵✵✵✵ ✺✵✵✵✵ ✶✵✵✵✵✵

❋♦+8❛ ❇+✉-❛ ✵ ✵ ✶✻ ✶✹✵ ✻✹✵ ✶✼✽✻✷ ✹✹✷✼✸

❜✉"❝❛❴ ❝♦♠♣❧❡♠❡♥-❛.❡"✭✮ ✵ ✵ ✶✺ ✹✼ ✷✹✸ ✺✻✾✼ ✶✶✷✹✺

❚❛❜❡❧❛ ✹✳✶✿ ❚❡♠♣♦ ❞❡ ❡①❡❝✉89♦ ❞♦ ♣+♦❜❧❡♠❛ k✲❝♦♠♣❧❡♠❡♥-❛+❡* ❡♠ ♠✐❧✐**❡❣✉♥❞♦*

❆ -❛❜❡❧❛ ✹✳✷ ♠♦*-+❛ ❛ ♠H❞✐❛ ❛+✐-♠H-✐❝❛ ❞♦* -❡♠♣♦* ❞❡ ❡①❡❝✉89♦ ❛❢❡+✐❞♦* ❞❛*

*♦❧✉8V❡* ♣+♦♣♦*-❛* ♣❛+❛ ♦ ♣+♦❜❧❡♠❛ ❞❛ ✐♥-❡+*❡89♦ ❞❡ ❝♦♥❥✉♥-♦* ❡♠ ♠✐❧✐**❡❣✉♥❞♦✳

❋♦+❛♠ ❝♦♥*✐❞❡+❛❞♦* ♦* ❛❧❣♦+✐-♠♦* ✐♥-❡."❡45♦❴♦.❞❡♥❛❞❛✭✮ ❡ ✐♥-❡."❡45♦❴❤❛"❤✐♥❣✭✮✳

❚❛♠❛♥❤♦ ❞❛ ❊♥()❛❞❛ ✶✵✵ ✺✵✵ ✶✵✵✵ ✺✵✵✵ ✶✵✵✵✵ ✺✵✵✵✵ ✶✵✵✵✵✵

✐♥-❡."❡45♦❴ ♦.❞❡♥❛❞❛✭✮ ✵ ✵ ✶✻ ✶✸✼ ✸✾✸ ✸✼✼✺ ✶✵✼✼✾
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♦! "❡!"❡! ❝✉❥♦! "❡♠♣♦! ❞❡ ❡①❡❝✉67♦ ❡!"7♦ ❛♣+❡!❡♥"❛❞♦! ♥♦ ❈❛♣9"✉❧♦ ✹✳

<+♦❣+❛♠❛ ✉!❛❞♦ ♣❛+❛ ❣❡+❛+ ♦! ♥=♠❡+♦! ❛❧❡❛"-+✐♦! ❞❛! ❡♥"+❛❞❛! ✉!❛❞❛! ♥♦!

"❡!"❡!✿

★✐♥❝❧✉❞❡ ❁✐♦*+,❡❛♠❃

★✐♥❝❧✉❞❡ ❁❢*+,❡❛♠❃

★✐♥❝❧✉❞❡ ❁*+,✐♥❣❃

✉*✐♥❣ ♥❛♠❡*♣❛❝❡ *+❞❀

✐♥+ ♠❛✐♥✭✮④

✐♥+ ❛♥*✱✐❀

♣,✐♥+❢ ✭✧❭♥◗✉❛♥+♦* ♥✉♠❡,♦* ❞❡✈❡♠ *❡, ❣❡,❛❞♦*✿ ✧✮❀

*❝❛♥❢ ✭✧✪❞✧✱ ✫❛♥*✮❀

♦❢*+,❡❛♠ ❡*❝,❡✈❡❀

❡*❝,❡✈❡✳♦♣❡♥✭✧♥✉♠❡,♦*✳+①+✧✮❀

✴✯ ✐♥✐❝✐❛❧✐③❛, ♦ ❣❡,❛❞♦, ❞❡ ♥D♠❡,♦* ❛❧❡❛+E,✐♦* ❝♦♠ +✐♠❡✭◆❯▲▲✮ ✯✴

*,❛♥❞✭+✐♠❡✭◆❯▲▲✮✮❀



✾✷

❢♦" ✭✐❂✵❀ ✐❁❛♥+❀ ✐✰✰✮

④

✴✯ ❣❡"❛ ♥3♠❡"♦+ ❛❧❡❛67"✐♦+ ❞❡ ✵ ❛ ✶✵✵✵ ✯✴

❡+❝"❡✈❡❁❁"❛♥❞✭✮ ✪ ✶✵✵✵❁❁✧✱✧❀

⑥

❡+❝"❡✈❡✳❝❧♦+❡✭✮❀

+②+6❡♠✭✧B❆❯❙❊✧✮❀

"❡6✉"♥ ✵❀

⑥

 !♦❣!❛♠❛ ♣❛!❛ ❡♥❝♦♥*!❛! ♦+ ♣❛!❡+ k✲❝♦♠♣❧❡♠❡♥*❛!❡+✿

★✐♥❝❧✉❞❡ ❁+6"✐♥❣✳❤❃

★✐♥❝❧✉❞❡ ❁+6❞✐♦✳❤❃

★✐♥❝❧✉❞❡ ❁+6❞❧✐❜✳❤❃

★✐♥❝❧✉❞❡ ❁❝6✐♠❡❃

★✐♥❝❧✉❞❡ ❁+6"✐♥❣❃

★✐♥❝❧✉❞❡ ❁✈❡❝6♦"❃

✴✯❈"✐❛ ❛ ❡+6"✉6✉"❛ ✯✴

6②♣❡❞❡❢ +6"✉❝6 ❴❡❧❡♠❡♥6♦④

✐♥6 ❝❤❛✈❡❀

+6"✉❝6 ❴❡❧❡♠❡♥6♦ ✯♣"♦①❀

⑥ ❡❧❡♠❡♥6♦❀

✴✯❈"✐❛ ❛ 6❛❜❡❧❛ ❤❛+❤ ✯✴

★❞❡❢✐♥❡ ❍❆❙❍❙■❩❊ ✶✵

+6❛6✐❝ ❡❧❡♠❡♥6♦✯ ❤❛+❤6❛❜❧❡❬❍❆❙❍❙■❩❊❪❀

✈♦✐❞ ✐♥✐6❤❛+❤6❛❜❧❡✭✮④



✾✸

✐♥" ✐❀

❢♦&✭✐❂✵❀✐❁❍❆❙❍❙■❩❊❀✐✰✰✮

❤❛5❤"❛❜❧❡❬✐❪❂◆❯▲▲❀

⑥

✴✯❈❛❧❝✉❧❛ ♦ ❡♥❞❡&❡E♦✲❜❛5❡✯✴

✉♥5✐❣♥❡❞ ✐♥" ❤❛5❤✭✐♥" 5✮④

✉♥5✐❣♥❡❞ ✐♥" ❤❂✵❀

✐♥" ✐❀

❤❂5✰❤✯✶✾❀

&❡"✉&♥ ❤✪❍❆❙❍❙■❩❊❀

⑥

✴✯▲♦❝❛❧✐③❛ ❝❤❛✈❡ ✯✴

❡❧❡♠❡♥"♦✯ ❧♦♦❦✉♣✭✐♥" ♥✮④

✉♥5✐❣♥❡❞ ✐♥" ❤✐❂❤❛5❤✭♥✮❀

❡❧❡♠❡♥"♦✯ ♥♣❂❤❛5❤"❛❜❧❡❬❤✐❪❀

❢♦&✭❀♥♣✦❂◆❯▲▲❀♥♣❂♥♣✲❃♣&♦①✮④

✐❢✭♥♣✲❃❝❤❛✈❡ ❂❂ ♥✮

&❡"✉&♥ ♥♣❀

⑥ &❡"✉&♥ ◆❯▲▲❀

⑥

✴✯❈❤❛♠❛ ▲♦❝❛❧✐③❛ ❝❤❛✈❡ ✯✴

❜♦♦❧ ❣❡"✭✐♥" ❝❤❛✈❡✮④

❡❧❡♠❡♥"♦✯ ♥❂❧♦♦❦✉♣✭❝❤❛✈❡✮❀

&❡"✉&♥ ♥✦❂◆❯▲▲❀

⑥



✾✹

✴✯■♥$❡&❡ ❝❤❛✈❡ ♥❛ ❚❛❜❡❧❛ ❍❛$❤ ✯✴

✐♥0 ♣✉0✭✐♥0 ❝❤❛✈❡✮④

✉♥$✐❣♥❡❞ ✐♥0 ❤✐❀

❡❧❡♠❡♥0♦✯ ♥♣❀

✐❢✭✦❣❡0✭❝❤❛✈❡✮✮④

❤✐❂❤❛$❤✭❝❤❛✈❡✮❀

♥♣❂✭❡❧❡♠❡♥0♦✯✮♠❛❧❧♦❝✭$✐③❡♦❢✭❡❧❡♠❡♥0♦✮✮❀

✐❢✭♥♣❂❂◆❯▲▲✮

&❡0✉&♥ ✵❀

♥♣✲❃❝❤❛✈❡❂❝❤❛✈❡❀

✐❢✭♥♣✲❃❝❤❛✈❡❂❂◆❯▲▲✮ &❡0✉&♥ ✵❀

♥♣✲❃♣&♦①❂❤❛$❤0❛❜❧❡❬❤✐❪❀

❤❛$❤0❛❜❧❡❬❤✐❪❂♥♣❀

⑥ &❡0✉&♥ ✶❀

⑥

✴✯■♠♣&✐♠❡ ❚❛❜❡❧❛ ❍❛$❤✯✴

✈♦✐❞ ♠♦$0&❛0❛❜❡❧❛✭✮④

✐♥0 ✐❀

❡❧❡♠❡♥0♦ ✯0❀

❢♦&✭✐❂✵❀✐❁❍❆❙❍❙■❩❊❀✐✰✰✮④

♣&✐♥0❢✭✧✪✸❞ ✲✲❃ ✧✱✐✮❀

✐❢✭❤❛$❤0❛❜❧❡❬✐❪❂❂◆❯▲▲✮

♣&✐♥0❢✭✧✭✮✧✮❀

❡❧$❡④

0❂❤❛$❤0❛❜❧❡❬✐❪❀

❢♦&✭❀0✦❂◆❯▲▲❀0❂0✲❃♣&♦①✮ ♣&✐♥0❢✭✧✭✪❞✮✧✱0✲❃❝❤❛✈❡✮❀

⑥ ♣&✐♥0❢✭✧❭♥✧✮❀

⑥



✾✺

⑥

✴✯■♠♣&✐♠❡ ❦✲❝♦♠♣❧❡♠❡♥/❛&❡1 ✉1❛♥❞♦ ❍❛1❤✐♥❣✯✴

✈♦✐❞ ❦❝♦♠♣❧❡♠❡♥/❍❛1❤✭✐♥/ ❝❤❛✈❡1❬✺❪✱ ✐♥/ ❦✮④

✐♥/ ✐✱①✱②❀

✐♥/ ❥❂✵❀

❡❧❡♠❡♥/♦ ✯/❀

❢♦&✭✐❂✵❀✐❁✺❀✐✰✰✮④

①❂❝❤❛✈❡1❬✐❪❀

②❂❦✲①❀

✐❢✭❣❡/✭②✮✮④

♣&✐♥/❢✭✧✭✪❞✱✧✱ ①✮❀

♣&✐♥/❢✭✧✪❞✮✱✧✱ ②✮❀

⑥

⑥

⑥

✴✯ ■♠♣&✐♠❡ ❦✲❝♦♠♣❧❡♠❡♥/❛&❡1 ❞❡ ❝♦♥❥❬❪ ❡ ♠ J ♦ ♥K♠❡&♦ ❞❡ ❡❧❡♠❡♥/♦1 ❞❡ ❝♦♥❥❬❪ ✯✴

✐♥/ ❦❝♦♠♣❧❡♠❡♥/❱❡/✭✐♥/ ❝♦♥❥❬❪✱ ✐♥/ ♠✱ ✐♥/ ❦✮

④

✐♥/ ❝❂✵❀ ✐♥/ ✐❀ ✐♥/ ❥❀

❢♦&✭✐❂✵❀✐❁♠❀✐✰✰✮

④

❝❂❦✲❝♦♥❥❬✐❪❀

❢♦&✭❥❂✵❀❥❁♠❀❥✰✰✮

④

✐❢✭❝❂❂❝♦♥❥❬❥❪✮

④

♣&✐♥/❢✭✧✭✪❞✱✧✱ ❝♦♥❥❬✐❪✮❀



✾✻

♣!✐♥$❢✭✧✪❞✮✱✧✱ ❝♦♥❥❬❥❪✮❀

⑥

⑥

⑥

⑥

♠❛✐♥✭✮④

✐♥$ ✐❀ ✐♥$ ❝♦♥❥❬❪❂④⑥❀ ✐♥$ ❦❂✵❀

✐♥$ ♠ ❂ 9✐③❡♦❢✭❝♦♥❥✮✴9✐③❡♦❢✭❝♦♥❥❬✵❪✮❀

✐♥$ ❝❤❛✈❡9❬❪❂④⑥❀ ✐♥$ ❛♥9❀

♣!✐♥$❢ ✭✧❭♥❉✐❣✐$❡ ✶ ♣❛!❛ ✉9❛! ❱❡$♦! ❡ ✷ ♣❛!❛ ✉9❛! ❍❛9❤✐♥❣✿ ✧✮❀

9❝❛♥❢ ✭✧✪❞✧✱ ✫❛♥9✮❀

✐❢✭❛♥9❂❂✶✮④

❝❧♦❝❦❴$ 9$❛!$❚✐♠❡ ❂ ❝❧♦❝❦✭✮❀

❦❝♦♠♣❧❡♠❡♥$❱❡$✭❝♦♥❥✱ ♠✱ ❦✮❀

❝❧♦❝❦❴$ ❡♥❞❚✐♠❡ ❂ ❝❧♦❝❦✭✮❀

❝❧♦❝❦❴$ ❝❧♦❝❦❚✐❝❦9❚❛❦❡♥ ❂ ❡♥❞❚✐♠❡ ✲ 9$❛!$❚✐♠❡❀

❝❧♦❝❦❴$ $✐♠❡■♥▼❙❡❝♦♥❞9 ❂ ✶✵✵✵✯❝❧♦❝❦❚✐❝❦9❚❛❦❡♥ ✴ ✭❝❧♦❝❦❴$✮ ❈▲❖❈❑❙❴U❊❘❴❙❊❈❀

♣!✐♥$❢✭✧❚❡♠♣♦ ❂ ✪❧❞❭♥✧✱ $✐♠❡■♥▼❙❡❝♦♥❞9✮❀

⑥

✐❢✭❛♥9❂❂✷✮④

✐♥✐$❤❛9❤$❛❜❧❡✭✮❀

❢♦!✭✐❂✵❀✐❁♠❀✐✰✰✮

④ ♣✉$✭❝❤❛✈❡9❬✐❪✮❀ ⑥

❝❧♦❝❦❴$ 9$❛!$❚✐♠❡ ❂ ❝❧♦❝❦✭✮❀

❦❝♦♠♣❧❡♠❡♥$❍❛9❤✭❝❤❛✈❡9✱ ❦✮❀

❝❧♦❝❦❴$ ❡♥❞❚✐♠❡ ❂ ❝❧♦❝❦✭✮❀

❝❧♦❝❦❴$ ❝❧♦❝❦❚✐❝❦9❚❛❦❡♥ ❂ ❡♥❞❚✐♠❡ ✲ 9$❛!$❚✐♠❡❀

❝❧♦❝❦❴$ $✐♠❡■♥▼❙❡❝♦♥❞9 ❂ ✶✵✵✵✯❝❧♦❝❦❚✐❝❦9❚❛❦❡♥ ✴ ✭❝❧♦❝❦❴$✮ ❈▲❖❈❑❙❴U❊❘❴❙❊❈❀



✾✼

♣!✐♥$❢✭✧❚❡♠♣♦ ❂ ✪❧❞❭♥✧✱ $✐♠❡■♥▼❙❡❝♦♥❞6✮❀

⑥

⑥

❋✉♥#$❡& '✉❡ ❝♦♠♣❧❡♠❡♥-❛♠ ♦ ❝/❞✐❣♦ ❢♦♥-❡ ❛❝✐♠❛ ♣❛4❛ ❡♥❝♦♥-4❛4 ❛ ✐♥-❡4&❡#5♦

❞❡ ❝♦♥❥✉♥-♦&✿

✴✯ ▼❡!❣❡6♦!$ ✯✴

✈♦✐❞ ♠❡!❣❡✭✐♥$ ✈❡❝❬❪✱ ✐♥$ ✈❡❝❙✐③❡✮ ④

✐♥$ ♠✐❞❀ ✐♥$ ✐✱ ❥✱ ❦❀ ✐♥$✯ $♠♣❀

$♠♣ ❂ ✭✐♥$✯✮ ♠❛❧❧♦❝✭✈❡❝❙✐③❡ ✯ 6✐③❡♦❢✭✐♥$✮✮❀

✐❢ ✭$♠♣ ❂❂ ◆❯▲▲✮ ④ ❡①✐$✭✶✮❀ ⑥

♠✐❞ ❂ ✈❡❝❙✐③❡ ✴ ✷❀ ✐ ❂ ✵❀ ❥ ❂ ♠✐❞❀ ❦ ❂ ✵❀

✇❤✐❧❡ ✭✐ ❁ ♠✐❞ ✫✫ ❥ ❁ ✈❡❝❙✐③❡✮ ④
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⑥

❡❧6❡ ④
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⑥ ✰✰❦❀

⑥
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⑥

⑥
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⑥

⑥
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✈❡❝❬✐❪ ❂ 4♠♣❬✐❪❀

⑥ ❢#❡❡✭4♠♣✮❀

⑥

✈♦✐❞ ♠❡#❣❡❙♦#4✭✐♥4 ✈❡❝❬❪✱ ✐♥4 ✈❡❝❙✐③❡✮ ④

✐♥4 ♠✐❞❀

✐❢ ✭✈❡❝❙✐③❡ ❃ ✶✮ ④

♠✐❞ ❂ ✈❡❝❙✐③❡ ✴ ✷❀

♠❡#❣❡❙♦#4✭✈❡❝✱ ♠✐❞✮❀

♠❡#❣❡❙♦#4✭✈❡❝ ✰ ♠✐❞✱ ✈❡❝❙✐③❡ ✲ ♠✐❞✮❀
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⑥

⑥
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✐♥4 ✐✱①✱②❀ ✐♥4 ❥❂✵❀

❡❧❡♠❡♥4♦ ✯4❀

❢♦#✭✐❂✵❀✐❁✶✵❀✐✰✰✮④

①❂❆❬✐❪❀

✐❢✭❣❡4✭①✮✮④

♣#✐♥4❢✭✧✪❞ ✧✱ ①✮❀

⑥

⑥

⑥
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✇❤✐❧❡✭✐ ❁ ♠ ✫✫ ❥ ❁ ♥✮

④
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✐✰✰❀

❡❧*❡ ✐❢✭❝♦♥❥✷❬❥❪ ❁ ❝♦♥❥✶❬✐❪✮

❥✰✰❀

❡❧*❡ ✴✯ ❙❡ ❝♦♥❥✶❬✐❪ ❂ ❝♦♥❥✷❬❥❪ ✯✴

④
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⑥

⑥

⑥
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❤❛'❤(❛❜❧❡❬✐❪❂◆❯▲▲❀

⑥

⑥
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✉♥'✐❣♥❡❞ ✐♥( ❤❛'❤✭✐♥( '✮④

✉♥'✐❣♥❡❞ ✐♥( ❤❂✵❀

✐♥( ✐❀

❤❂'✰❤✯✶✾❀

#❡(✉#♥ ❤✪❍❆❙❍❙■❩❊❀

⑥

✴✯■♥'❡#❡ ❝❤❛✈❡ ♥❛ ❚❛❜❡❧❛ ❍❛'❤ ✯✴
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✉♥'✐❣♥❡❞ ✐♥( ❤✐❀ ❡❧❡♠❡♥(♦✯ ♥♣❀ ❤✐❂❤❛'❤✭❝❤❛✈❡✮❀

♥♣❂✭❡❧❡♠❡♥(♦✯✮♠❛❧❧♦❝✭'✐③❡♦❢✭❡❧❡♠❡♥(♦✮✮❀
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#❡(✉#♥ ✵❀
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♥♣✲❃✈❛❧✶❂✈❛❧✶❀ ♥♣✲❃✈❛❧✷❂✈❛❧✷❀

✐❢✭♥♣✲❃❝❤❛✈❡❂❂◆❯▲▲✮ 1❡0✉1♥ ✵❀

♥♣✲❃♣1♦①❂❤❛/❤0❛❜❧❡❬❤✐❪❀

❤❛/❤0❛❜❧❡❬❤✐❪❂♥♣❀

1❡0✉1♥ ✶❀

⑥

✴✯■♠♣1✐♠❡ ❚❛❜❡❧❛ ❍❛/❤✯✴

✈♦✐❞ ♠♦/01❛0❛❜❡❧❛✭✮④

✐♥0 ✐❀ ❡❧❡♠❡♥0♦ ✯0❀

❢♦1✭✐❂✵❀✐❁❍❆❙❍❙■❩❊❀✐✰✰✮④

♣1✐♥0❢✭✧✪✸❞ ✲✲❃ ✧✱✐✮❀

✐❢✭❤❛/❤0❛❜❧❡❬✐❪❂❂◆❯▲▲✮

♣1✐♥0❢✭✧✭✮✧✮❀

❡❧/❡④
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⑥
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⑥

⑥
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⑥

⑥
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⑥
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⑥
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2♦♠❛❢✉♥❝❛♦❱❡/✭❡♥/$❛❞❛2✱✐♠❛❣❡♥2✱♠✮❀

❝❧♦❝❦❴/ ❡♥❞❚✐♠❡ ❂ ❝❧♦❝❦✭✮❀

❝❧♦❝❦❴/ ❝❧♦❝❦❚✐❝❦2❚❛❦❡♥ ❂ ❡♥❞❚✐♠❡ ✲ 2/❛$/❚✐♠❡❀

❝❧♦❝❦❴/ /✐♠❡■♥▼❙❡❝♦♥❞2 ❂ ✶✵✵✵✯❝❧♦❝❦❚✐❝❦2❚❛❦❡♥ ✴ ✭❝❧♦❝❦❴/✮ ❈▲❖❈❑❙❴#❊❘❴❙❊❈❀

♣$✐♥/❢✭✧❚❡♠♣♦ ❂ ✪❧❞❭♥✧✱ /✐♠❡■♥▼❙❡❝♦♥❞2✮❀

⑥

✐❢✭❛♥2❂❂✷✮④

❝❧♦❝❦❴/ 2/❛$/❚✐♠❡ ❂ ❝❧♦❝❦✭✮❀

✐♥✐/❤❛2❤/❛❜❧❡✭✮❀

❢♦$✭✐❂✵❀✐❁♠❀✐✰✰✮④



✶✵✹

❢♦"✭❥❂✵❀❥❁♠❀❥✰✰✮④

-♦♠❛❂ ✐♠❛❣❡♥-❬✐❪✰✐♠❛❣❡♥-❬❥❪❀

♣✉7✭-♦♠❛✱❡♥7"❛❞❛-❬✐❪✱❡♥7"❛❞❛-❬❥❪✮❀

⑥

⑥

-♦♠❛❢✉♥❝❛♦❍❛-❤✭✮❀

❝❧♦❝❦❴7 ❡♥❞❚✐♠❡ ❂ ❝❧♦❝❦✭✮❀

❝❧♦❝❦❴7 ❝❧♦❝❦❚✐❝❦-❚❛❦❡♥ ❂ ❡♥❞❚✐♠❡ ✲ -7❛"7❚✐♠❡❀

❝❧♦❝❦❴7 7✐♠❡■♥▼❙❡❝♦♥❞- ❂ ✶✵✵✵✯❝❧♦❝❦❚✐❝❦-❚❛❦❡♥ ✴ ✭❝❧♦❝❦❴7✮ ❈▲❖❈❑❙❴M❊❘❴❙❊❈❀

♣"✐♥7❢✭✧❚❡♠♣♦ ❂ ✪❧❞❭♥✧✱ 7✐♠❡■♥▼❙❡❝♦♥❞-✮❀

⑥

-②-7❡♠✭✧M❆❯❙❊✧✮❀

"❡7✉"♥ ✵❀

⑥


