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RESUMO

Xavier, Juliana Castanon. Numerical analysis of Boussinesq systems. 2016.
139 f. Thesis (Doctor in Computer Science) - PPGI, Instituto de Matemética, Insti-
tuto Tércio Pacitti de Aplicagdes e Pesquisas Computacionais, Universidade Federal
do Rio de Janeiro, Rio de Janeiro, 2016.

Neste trabalho estudamos numericamente os sistemas de Boussinesq. Inicial-
mente, apresentamos a analise de estabilidade da familia linear de sistemas de Bous-
sinesq com o objetivo de determinar a influéncia de seus parametros na eficiéncia e
precisao do método espectral de colocacao de Fourier aplicado na varidvel espacial,
juntamente com o método de Runge Kutta de quarta ordem aplicado na varidvel
temporal. Sao identificadas quais regioes de parametros sao as mais adequadas para
a obtencao de uma solucao numérica consistente. Na sequéncia, apresentamos a
andlise de convergéncia da familia nao linear de sistemas de Boussinesq nos casos
em que a condicao de estabilidade linear é dada por At < C'Az. Essa anélise nos
fornece estimativas de erro no espaco e no tempo para o célculo da solucao aproxi-
mada. FExperimentos numéricos sao fornecidos com o objetivo de validar o codigo
implementado para a determinacao da solucao aproximada, verificar a estabilidade
das solucoes do problema linear nas regioes de parametros que apresentam resolucao
numeérica com baixo custo computacional, bem como comprovar a ordem de con-
vergéncia esperada da solugao numeérica para o problema nao linear. Também sao
mostrados diversos experimentos referentes ao estudo numeérico de ondas solitérias
para esses sistemas.

Palavras-chave: Sistemas de Boussinesq, Anélise de Estabilidade, Anélise de Con-
vergéncia, Método de Colocacao de Fourier, Método de Runge Kutta, Simulagoes
Numéricas.
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ABSTRACT

Xavier, Juliana Castanon. Numerical analysis of Boussinesq systems. 2016.
139 f. Thesis (Doctor in Computer Science) - PPGI, Instituto de Matematica, Ins-
tituto Tércio Pacitti, Universidade Federal do Rio de Janeiro, Rio de Janeiro, 2016.

In this thesis we perform the numerical analysis of the family of Boussinesq sys-
tems. Initially, the stability analysis of the linear family of these systems leads us
to determine the influence of its parameters on the efficiency and accuracy of the
numerical scheme. As a consequence of this analysis, we identify which regions of
parameter space are most appropriate for obtaining a consistent numerical solution.
In sequence, we apply the convergence analysis to the nonlinear family of Boussinesq
system with stability condition of the type At < C' Az in order to prove H®—error
bounds of spectral accuracy in space and of fourth-order accuracy in time. The sys-
tems are discretized in space by the standard Fourier collocation spectral method
and in time by the explicit fourth order Runge-Kutta (RK4) scheme. Numerical ex-
periments are shown in order to validate the accuracy of our numerical method, and
verify the stability of the linear solution in each region of parameters as well as the
order of convergence of the numerical method applied in these systems. Moreover,
we also do some comments about what happens with the stability of the solution for
the nonlinear problem and study numerically the solitary waves for these systems.

Keywords: Boussinesq Systems, Stability Analysis, Convergence Analysis, Fourier
Collocation Method, Runge Kutta Method, Numerical Simulations.
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1 INTRODUCTION

The general aim of this thesis is to perform the numerical analysis of surface
waves propagation in a fluid with a well-defined volume. For an ideal fluid, which
means an inviscid, incompressible and irrotational fluid, the 2D Euler equations in
a continuous approximation, describes the motion of a free surface over a horizontal

bottom at height y = —hg by

1
U + utly + vuy + —py =0, (1.1)
p
1
v + uvy + vu, + ;py =—g, (1.2)
Uy + vy =0, (1.3)
Uy = Vg, (1.4)

which holds for all t > 0 and (z,y) € O = {(z,y) | r € R, —hy <y <n(z,t)},
ho > 0. The function n(z,t) indicates the deviation of the free surface of the
fluid above its level of rest, g is the acceleration of gravity, u = wu(z,y,t) and
v = v(z,y,t) denote, respectively, the horizontal and vertical velocity components,

p is the constant density and p = p(z,y,t) is the pressure.
The system (1.1)-(1.4) is supplemented by the free surface kinematic and
dynamic boundary conditions

N+ un, =v at y:n(x7t)7 (15)
p=0 at y=n(zt). (1.6)

At the bottom, we assume that

v=0 at y= —hy. (1.7)
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—ho

Figure 1.1: 2D Euler equations variables. Source: KAMPANIS; DOUGALIS; EKA-
TERINARIS (2008)

We also assume that initial conditions for n and u have been specified, and

let
n(xz,0) = &(x) for z € R, (1.8)
uw(z,y,0) =¥(x,y) for (z,y) € Qo, (1.9)

where ®(x) and U(x) are given functions.

It happens that for some engineering applications, the full system (1.1)-(1.9)
has been more difficult than it should be in some situations. For that reason, it has
been derived several asymptotic models from the Euler equations with some physical

restrictions.

A regime that arises in practical situations, is the one of waves in a channel
of approximately constant depth hy that are uniform across the channel, which are
of small amplitude and long wavelength, and such that the associated nonlinear
and dispersive effects are balanced. If A denotes a typical wave amplitude and X a

typical wavelength, the conditions just mentioned can be expressed as

A h2 AN?
— <1, O« =
hO

» o ~ 1. (1.10)
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In 1870, Boussinesq derived the first models for evolution equations. These
models were applicable, in principle, to describe motions that are two-dimensional
and which have the form of a perturbation of the one-dimensional wave equation (see
BOUSSINESQ (1872)). Moreover, these equations were derived directly from the
Eulerian formulation of the water wave problem using the assumption, among others,
that the waves travel only in one direction. As a consequence of this assumption,
these equations are formally comparable to the one derived by Korteweg and de-
Vries in KORTEWEG; VRIES (1895), the well-known Korteweg-de Vries equation,

or in other words, the KdV equation.

It is worth noting that Boussinesq in BOUSSINESQ (1871), also derived from

the Euler equations a system of two coupled equations,

T + u; + (un)x = 07
Up + Ny + Wy + FUggy = 0,

(1.11)
which are free of the assumption of unidirectionality, the main characteristic for
equations that models surface-wave propagation, similar to the first equations ob-

tained by him and the KdV equation.

One therefore expects that Boussinesq systems (1.11) will have more inte-
rest than the unidirectional models, because of their wider range of potential of

applicability.

As with unidirectional models, there are many different but formally equiva-
lent Boussinesq systems, as explained in BONA; CHEN; SAUT (2002). However,
despite their formal equivalence as models for small-amplitude long waves, these

systems may have rather different mathematical properties.

Our principal aim in this work is to examine some of the theoretical and
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numerical properties of Boussinesq systems of the form

Tt + Uy + (un)x + QUgze — bnth = 07

U + Ny + Uy + My — AUy = 0, (1.12)

which are first-order approximations of the Euler equations (1.1)-(1.9), with respect

to small parameters o and § introduced in (1.10), such that

a=2(02 -1\ b=L(02-1)1-N),
I A L
c=3 1—9)@, d:5<1—9 (1—p),
with
1
a+btetd=g, (1.14)

ApeRand 0 <60 < 1.

It is worth to observe that different choices of A, i and 6 give rise to different

parameters a, b, ¢, d. Therefore, the equations (1.12) denote a family of systems.

The independent variables x and ¢ indicate the position of a particle of the
fluid along the channel and time, respectively. The dependent variables n = n(x,t)
and u = u(z,t) evaluated in each point (z,t) indicate, respectively, the deviation
of the free surface of the fluid above its level of rest and the horizontal velocity

component in some point above the bottom of the channel.

In BONA; CHEN; SAUT (2002) and BONA; CHEN; SAUT (2004), Bona et
al. introduced and analyzed several types of Boussinesq systems arising from (1.12).
Moreover, the authors raised important issues about the numerical resolution of
such systems, mainly because in general, the initial-boundary-value problems(IVPs)

associated with these systems do not present a analitic solution determined.

After these papers, many works appeared in this field. The numerical analysis

of some of those systems have been carried out in ANTONOPOULOS; DOUGA-
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LIS (2010), ANTONOPOULOS; DOUGALIS (2012a), ANTONOPOULOS; DOU-
GALIS (2012b), ANTONOPOULOS; DOUGALIS; MITSOTAKIS (2010a), BONA;
DOUGALIS; MITSOTAKIS (2007) and DOUGALIS; MITSOTAKIS; SAUT (2010).
These papers addressed a very important question raised in BONA; CHEN; SAUT
(2002) concerning the construction of accurate, efficient numerical schemes for ap-
proximating solutions of interesting IVPs related to those systems. Nonetheless, it
would be useful to explore in a more consistent way the properties of those Boussi-

nesq type systems as a family in the construction of efficient numerical schemes.

Our purpose in this thesis is to identify the influence of the parameters (1.13)
of the Boussinesq systems (1.12) on the efficiency and accuracy of a numerical
scheme. With this aim in mind, we propose the development of numerical sche-
mes based on the spectral Fourier collocation method for the spatial discretization

along with an explicit fourth-order Runge Kutta time discretization.

The convergence analysis related to the spatial semi discretization will indi-
cate how accurate in space we can obtain approximate solutions. This is expected
to be strongly related to the regularity of the solutions of (1.12). On the other hand,
the analysis of the time discretization should indicate how we can do an efficient and
accurate time approximation. This information is not directly related to the space
regularity of the solutions, but to the dispersive and stability properties of the time

discretized equations.

Therefore, after carrying out the full numerical analysis, we shall identify
which particular systems, or in other words, which parameter regions, are best suited
for an accurate and efficient numerical solution. As an important application of this
analysis we shall carry out the numerical simulations of solitary wave propagation

and interaction.
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This text have 6 chapters, which are organized as follows: in chapter 2 we
give some notations, definitions and important results that are used in the following
chapters; in chapter 3 we give an overview of the state of art of the analysis of
Boussinesq systems, starting with their deduction from Euler equations, giving some
examples and the most import results about well-posedness that are found in the
literature. In chapter 4, we perform the numerical analysis of these systems, starting
with the stability analysis of the linear family of Boussinesq systems, followed by
the convergence analysis of the nonlinear family of Boussinesq systems. In chapter
5 we give some numerical simulations in order to validate our numerical method and
to testify the results obtained during the numerical analysis. We finish in chapter 6

giving the conclusions.



19

2 BACKGROUND

In this chapter we give the main results contained in the literature with
respect to the spectral methods and methods for solving numerically systems of
ordinary differential equations (ODEs). We also cover some results about Sobolev
spaces and give some important inequalities, both necessary during the convergence

analysis in the chapter 4,

2.1 Spectral Methods

The spectral methods are one of the three major methods for solving nume-
rically differential equation, along with the finite element method (FEM) and finite
difference method (FDM). As a consequence, these three methods have large ap-
plications in areas such as fluid mechanics, quantum mechanics, wave phenomena,

complex analysis, and so on.

Spectral methods are named in this way because they are based on the spec-
trum of a function, i.e., the values of its Fourier transform. They are a class of spatial
discretizations for differential equations. The key components for their formulation
are the trial functions, also called the expansion or approximating functions, and
the test functions, also known as weight functions. The test functions are used to
ensure that the differential equation and perhaps some boundary conditions are sa-
tisfied as closely as possible by the truncated series expansion. This is achieved by
minimizing, with respect to a suitable norm, the residual produced by using the

truncated expansion instead of the exact solution.
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The choice of the trial functions is one of the features that distinguishes the
early versions of spectral methods from finite-element and finite difference methods.
The trial basis functions, for what can now be called classical spectral methods, are
global, infinitely differentiable and nearly orthogonal, i.e., the matrix consisting of

their inner products has very small bandwidth; in many cases this matrix is diagonal.

In contrast, for the h version of FEM, the domain is divided into small ele-
ments, and low-order trial functions are specified in each element. The trial basis
functions for FEM are thus local in character and still nearly orthogonal, but not
infinitely differentiable. They are thus well suited for handling complex geometries.
The FE methods are typically viewed from a pointwise approximation perspective
rather than from a trial function /test function perspective. However, when appropri-
ately translated into a trial function/test function formulation, the finite-difference

trial basis functions are likewise local.

Therefore, for solving differential equations with smooth initial data in a sim-
ple domain with high accuracy, in general the spectral methods show better results
than the FEM or FDM. The spectral methods can reach a 10 digits precision in some
cases, against 2 or 3 digits from the FEM or FDM. Moreover, for lower accuracy,
spectral methods require less computational cost than the other two methods (see

CANUTO et al. (2006) for details).

Another advantage of the spectral methods is the possibility of choosing
the trial functions. The most frequent are the trigonometric polynomial functions,
Chebyshev polynomials and Legendre polynomials. The choice of test functions
distinguishes between the three earliest types of spectral schemes, namely, the Ga-
lerkin, collocation, and tau versions. In this text, we only detail the collocation
method and give an example of its application in section 2.3. More details about

other spectral methods can be consulted in CANUTO et al. (2006).
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As we mentioned that the spectral methods are essentially based on the
concepts of the Fourier transform. Therefore, before we define the spectral Fourier
collocation method, we give in the following section some of the most important

results about this theory.

2.2 Fourier Analysis

The expansion of a function u in terms of an infinite sequence of orthogonal
functions ¢y, e.g., u = Y o WP or u = Y~ Uy, underlies many numerical
methods of approximation. The accuracy of the approximations and the efficiency
of their implementation influence decisively the domain of applicability of these

methods in scientific computations.

The expansion in terms of an orthogonal system introduces a linear transfor-
mation between u and the sequence of its expansion coefficients uy. This is usually
called the transform of u between physical space (space for variable x) and Fou-
rier space (space for the wave number k). If the system is complete in a suitable
Hilbert space, this transform can be inverted. Hence, functions can be described
both through their values in physical space and through their coefficients in Fourier

space.

The expansion coefficients depend on (almost) all the values of u in physical
space, and they can rarely be computed exactly. A finite number of approximate
expansion coefficients can be easily computed using the values of v at a finite num-
ber of selected points, usually the nodes of high-precision quadrature formulas. This
procedure defines a discrete transform between the set of values of u at the qua-
drature points and the set of approximate, or discrete, coefficients. With a proper

choice of the quadrature formulas, the finite series defined by the discrete transform
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is actually the interpolant of u at the quadrature nodes.

In the following sections, we give an overview of the main results about the

continuous and discrete Fourier expansions.

2.2.1 Continuous Fourier Expansion

The continuous Fourier expansion, or the Fourier transform of a function
u(z), x € R is the function (k) defined by
Uy, :/ u(r)e " *dr, keR. (2.1)

[e.9]

The number 4(k) can be interpreted as the amplitude density of u at wave-

number k. Conversely, we can reconstruct v from 4 by the inverse Fourier transform

u(z) ! /OO a(k)e**dk, xeR. (2.2)

From now on, the variable z is called the physical variable and k is called the
Fourier variable or wavenumber. The integrals in (2.1) and (2.2) are defined in the

sense of Lebesgue.

The well-known results about the continuous Fourier expansion as its proper-
ties, convergence theorems and convolution forms can be found in CANUTO et al.
(2006), TREFETHEN (2000), IORIO; IORIO (2001) and KREYSZIG (1978). Since
the aim of this thesis is concentrated in the numerical analysis area, and we have
to use computers to simulate experiments, we are limited to perform all the calcu-
lations considering discrete data in a finite quantity. Because of that, we introduce
in the following sections the most appropriate versions of the Fourier transform to

complete this goal.
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2.2.2 Discrete Fourier Expansion

In this section, we start considering x ranging over
hZ ={x; =jheR,jeZ},

rather than R.

Precise analogues of the Fourier transform and its inverse exist for this case.
The crucial point is that because the spatial domain is discrete, the wavenumber k&
will no longer range over all of R. Instead, the appropriate wavenumber domain is a
bounded interval of length 27 /h, and one suitable choice is [—7/h, 7 /h]. Tt is worth

noticing that £ is bounded because x is discrete; in fact,

Physical space : discrete, unbounded : x € hZ

! !

Fourier space : bounded, continuous : k € [—7/h,x/h]

The reason for these connections is the phenomenon known as altasing, which
means that for any complex exponential e?**, there are infinitely many other complex
exponentials that match it on the grid hZ. Consequently it suffices to measure
wavenumbers for the grid in an interval of length 27 /h, and for reasons of symmetry,

we choose the [—m/h,w/h]. This fact is illustrated in the next figure.

For a function v defined on hZ with value v; at x; , the semidiscrete Fourier
transform is defined by

infty
o(k)=h Y e *y, ke [-n/hm/h], (2.3)

j=—o0
and the wnverse semidiscrete Fourier transform by

1 n/h
v = 5o e*ip(k)dk, j€Z. (2.4)
—7/h
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Figure 2.1: An example of aliasing. On the grid 1/47Z, the functions sin(wz) and
sin(97x) are identical. Source: TREFETHEN (2000)

The equation (2.3) approximates (2.1) by a trapezoidal rule, and (2.4) appro-
ximates (2.2) by truncating R to [—7/h,7/h]. As h — 0, the two pair of formulas
converge (see TREFETHEN (2000)).

In fact, the expression "semidiscrete Fourier transform" is unfamiliar, and it
is being used here to emphasize that our concern is in the case where the variable z is
discrete and the Fourier variable k& is a bounded interval. This is the inverse problem
compared to the Fourier series, which represents a function on a bounded interval as
a sum of complex exponentials at discrete wavenumbers. However, mathematically,

there is no difference from the theory of Fourier series.

Here, the semidiscrete Fourier transform is used to obtain an unique in-
terpolant that is band-limited to wavenumbers in the interval [—m/h,w/h]. This
interpolant is used to derive the spectral differentiation theory, which has as main
result that if u is a differentiable function with Fourier transform u, then the Fourier
transform of «' is given by

' (k) = ika(k). (2.5)

Observe that using the equation (2.5), one can recover the function u' ap-
plying the inverse Fourier transform. More details about the derivation of (2.5) can

be found in TREFETHEN (2000).
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We pass now to the concept of the discrete Fourier transform (DEFT). The
biggest gain of this formulation is that it can be computed by the Fast Fourier
Transform (FET), which will be detailed in the following.

We consider fully discretized periodic functions evaluated in finite quantity
of points, with period 27. At first sight, the requirement of periodicity may suggest
that this method has limited relevance for practical problems. Yet periodic grids
are surprisingly useful in practice. Often in scientific computing a phenomenon is
of interest that is unrelated to boundaries, such as the interaction of solitons in
the KdV equation (see KORTEWEG; VRIES (1895)). For such problems, periodic
boundary conditions often prove the best choice for computation. In addition, some
geometries are physically periodic, such as crystal lattices or rows of turbine blades.
Finally, even if the physics is not periodic, the coordinate space may be, as is the
case for a 6 or ¢ variable in a computation involving polar or spherical coordinates

(see chapter 11 of TREFETHEN (2000)).

We consider a periodic grid as a subset of the interval [0,27]. Note that,
when we say periodic grid, we mean that any data values on the grid come from
evaluating a periodic function. We may regard the periodic grid as one cycle of
length N, extracted from an infinite grid with data satisfying v;,,,y = v; for all
7,m € Z. We consider that N is always an even number.

The space step h is calculated as h = 27/N, which implies that % = g
Therefore, here the Fourier domain is discrete as well as bounded. This is because
waves in physical space must be periodic over the interval [0, 27], and only waves

e** with integer wavenumbers have the required period 27. Then, we find

Physical space : discrete, bounded : x € {h,2h,...,2m — h,27}

! !

Fourier space : bounded, discrete : k€ {—% +1, —% +2,..., %}
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The formula for the DFT is

N
. N N
~ —ikx;
Uk:hZe i, k:z—;—l—l,...,?, (2.6)
7j=1
and the wnverse discrete Fourier transform is given by
L e
_ ikx; ~ .
Vi = o Z e i, j=1,...,N. (2.7)
k=—N/2+1

The spectral differentiation in this formulation follows the same idea for the
semidiscrete Fourier transform mentioned before. However, in this case we have a
complication to address: evaluating the inverse transform (2.7) as it stands would
give a term e"V®/2 with derivative (iN/2)e'N*/2. Since e’N®/2 represents a real, sawto-
oth wave on the grid, its derivative should be zero at the grid points, not a complex
exponential. The problem is that (2.7) treats the highest wavenumber asymmetri-

cally. We can fix this by defining 0_y/2 = On/2 and replacing (2.7)

) N/2
/ .
Uj = % Z elkmj@k, j - ]_,...,N, (28)
k=—N/2+1

where the prime indicates that the terms K = +N/2 are multiplied by %

The spectral differentiation can be summed as: given a function v, we com-
pute its DF'T 9; then, we define @, = ik?y, taking special care of the wy/ term. In
sequence, compute w from w. The problematic term associated with the wavenum-
ber k = N/2 generates a loss of symmetry for odd derivatives, and we have to set

wpn/2 = 0 in order to compute higher derivatives.

In fact, to approximate the vth derivative, we do:

e Given v, compute v;
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o Define wy, = (ik)" 0y, setting wy/, = 0 if v is odd;

e Compute w from w.

The computation of the discrete Fourier transform can be accomplished by
the Fast Fourier Transform (FFT), discovered in 1965 by Cooley and Tukey. If N
is highly composite, that is, a product of small prime factors, then the Fast Fourier
Transform enables us to compute the discrete Fourier transform, and hence spectral

derivatives, in O(N log N) floating point operations.

It is worth noticing that spectral derivatives obtained by differentiation ma-
trix, which means that the formulas (2.6) and (2.7) were used directly, are calculated
in O(N?) floating points operations. This comparison proves the real numerical gain

in using the FF'T (see CANUTO et al. (2006) and TREFETHEN (2000) for details).

2.3 Fourier Collocation Method - Formulation and Applica-
tion

In the collocation approach the test functions are translated Dirac delta-
functions centered at special, so-called collocation points. This approach requires
the differential equation to be satisfied exactly at the collocation points. In the
following we illustrate the basic principles of the collocation method and the basic

properties of the set of polynomials chosen as trial functions.

We consider the nonlinear Burguers equation, derived in 1948 as a simplified

model of the Navier-Stokes equation, given by

ou ou 0%u
T U —
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for all t > 0, considering 2 = [0,27] and v is a positive constant. We supplement

this equation with the initial condition u(x,0) = ug(z) in €.

We seek for a function uy, which is considered an approximate solution in {2

of the equation (2.9), obtained through the collocation Fourier method.

We consider the trial space Sy = span {e*i’“ =N <Ek< N}, the set of all
trigonometric polynomials of degree < N/2. The set of functions Sy is an orthogonal
system over the interval (0,27), such that

27 .
ik 0 if k#I
ikr __jlz o _ )
/0 ©c° dx_%‘s’“_{% it k=1

(The overline on e~ denotes its complex conjugate.)
The approximate solution uy is represented by its values at the grid points
z; =2mj/N, j=0,...,N — 1. In turn, the grid point values of uy are related to

its discrete Fourier coefficients (defined in section 2.2.2) by

N
~ 1 —tkx;
uk—ﬁjzlu(xj)e ki k= -N/2+1,...,N/2, (2.10)
and
N/2
u(w;) = > age®, j=1,... N (2.11)
k=—N/2+1

For the collocation method we require that the respective system be satisfied

at these grid points, that is,

ouy oun PPulN .
- —0,j=0,1,....N—1 2.12
ot TN TV o  J=0 L= (2.12)

with initial condition at each collocation point given by uy(x;,0) = uo(z;).
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Taking u(t) = (un(zo, 1), un(x1,t), ..., un(zn_1,t))T, we can write (2.12) in

a vector form as
du

o tu®@Dyu— vD3u = 0, (2.13)
or
du 1
d—ltl + §DN(u ®u) — vD3u =0, (2.14)

where u ® v indicates each component of the product between u and v, and Dy is

a differentiate matrix (see section 2.1 of CANUTO et al. (2006) for details).

As we commented, equations (2.13) and (2.14) are usually solved in a O(N?)
floating points operations. However, using the FF'T, this calculation can be perfor-

med in O(N log N) floating point operations, as we mentioned in section 2.2.2.

2.4 Some Results about Functional Analysis

In this section, we present some definitions and important results about func-
tional analysis that are used in the following chapters. The proofs of these results

are omitted but properly referenced.

Definition 1. Let (X, A, p) a measure space, Y = R or C and p € [1,00). The
space LP(X) = LP(X, A, 1, Y) is defined as

,CP(X):{f:X—>Y]f is measurable and/\f]pdu<oo}.
b

Definition 2. Let Y = R or C. A function f : X — Y is essentially bounded if

there exists some r € R such that |f(x)| < r almost everywhere in X.

Definition 3. Let (X, A, u) a measure space andY =R or C. The space L®(X) =
LX(X, A 1Y) is defined as

LX) =Af: X = Y|f is measurable and essentially bounded} .
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The £P and L£> spaces defined are real (or complex) vector spaces, where

p /p p
170, = ([ AfPdi) s f e,
b
is a semi norm in £P, and
| f|loo = inf {r > 0,|f|] < r almost everywhere in X}, f & L™,
is a semi norm in L£>.

Definition 4. Let (X, A, u) a measure space, Y = R or C and p € [1,00). The
space LP(X) = LP(X, A, 1, Y) is defined as the quotient space with respect to the

equivalence relation f ~ g < f = g almost everywhere in X. That s,

LX) =Alf]. f e L7},

where [f] = {g € LP(X),g = [ almost everywhere in X}.

The LP(X) space is a Banach space with respect to the norm ||[f]|l, = || fll,,
p € [1,00].

The continuous Fourier transform defined in section 2.2.1 of a function f €
L'(R) is well defined for all & € R, being a uniformly continuous and bounded
function, such that || f|ls < ||f]]:-

Lemma 1 (Riemann-Lebesgue). Let f : R — C be an absolutely integrable function,
such that f is piecewise continuous in each interval [a,b] C R. Then, f(/{:) — 0 as

|k| approaches infinity.

Proof. See KREYSZIG (1978). 0
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Definition 5 (Schwartz space). The Schwartz space or space of rapidly decreasing
functions, denoted by S(R), is the set of the functions f : R — C such that f €
C>(R) and

|I|1Lri1m "D f(x) = 0,

for all k,a € N, where D% denotes the ath derivative.

The inverse countinuous Fourier transform (2.2) is well defined for functions
feSMR).
Definition 6 (Sequence spaces). Let p € [1,00). The space (P = (P(Z) is defined as

(7)) = {u = (uy)jez, > |l < oo} :

k=—o00

00 1/
with the norm |||/, = ( Z \uk\p> " Similarly, the space (> = (>*(7) is defined

k=—00
as

>°(Z2) = {u = (uj) ez, sup |ug| < oo} ,
keZ

with norm ||ul|cc = SUpyey |ukl-

The (P and (> are also Banach spaces. The formulation of the DFT and the
inverse DFT given in section 2.2.2 are well defined when we consider the function
v € (%, which is the set of functions defined at each mesh point {z;}, N-periodic

with respect to j (or 2m-periodic with respect to z), with the norm

N 1/2
ol = (a2 o)
j=1

where Az is the spacial step size used to discretize the the 27- periodic interval.

Definition 7 (Sobolev spaces). Let s € R. The Sobolev space HE,. = HS, ([—m, 7))

per per

is the set of all functions f € P, which is the set of periodic distributions, such that

A2 =2m Y L+ kPP IF(R)P < co.

k=—o00
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In other words, a periodic distribution f is in Hp, if and only if
(+EP3HIR)) e t@).
keZ

We denote by (2 = (%(Z) the space of sequences a = ay, k € Z, such that

o0

]|z = <27T Z (1+ |k’|2)5|ak|2>1/2~

k=—o00

Therefore, f € H;,, if and only if (f(k;)) € (2. In this case, || f|s = ||f]e-
keZ s
It also can be shown that for s € R, H?_  is a Hilbert space with respect to the inner

per

product

(fr9), =21 Y (14 [k[*)*F(k)§(k).

k=—o00

Observe that when s = 0, we have a Hilbert space that is isometrically

isomorphic to L*([—,7]). The following results are all valid.

Proposition 1. Let s > r € R. Then, H,. — H', continuously, and | f], <

per per
Clflls for all f € HS,.. In particular, if s >0, then H}, C L*([—m,x]). Moreover,
the topological dual space, (H;er)', of H;,

per
s € R, and it holds that

er*

o 15 1sometrically isomorphic to H,; for all

< f9 2 Hpex Hsop ™ 2 Z f(k)g(k>

k=—0c0
Proposition 2. Let m € N. Then, f € H2. if and only if & f = fW) € L2, j =
0,1,...,m, where the derivatives are taking in the distribution sense (differentiation

in P'). Moreover, || f|m and
, 1/2
171 = (Xm0 20,)
=0

are equivalent, which means that there exist positive constants C,, and C’,’n such that

Call FIl7 < 111 W < CollF I, f € Hyle
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Lemma 2 (Sobolev Lemma). Let s > 1. Then, H5,. = Cper and || f|loc < 1 Flle <
Clflls for all f € H;,

er”

The proofs of the last two propositions and the Sobolev lemma can be found

in KREYSZIG (1978).

2.5 Numerical Methods for Solving ODEs

Runge-Kutta (RK) methods along the linear multistep methods are the two
most popular families of methods for solving numerically ordinary differential equa-
tions (ODEs). In this section, we give the basic and general concepts of local trun-
cation error, consistency and order of accuracy of such methods, emphasizing what

is valid for the RK methods.

In order to perform this presentation, we consider a nonlinear ODE system

given by
dy ’
subject to initial conditions y(0) = yp.

In general, y and f have m components each, m > 1. Here, to simplyfy the
analysis, we consider m = 1, but the RK method described in the following can be

readily generalized to ODE systems.

2.5.1 Runge-Kutta Methods

Runge-Kutta are one-step methods in which f in (2.15) is repeatedly eva-

luated within one mesh interval to obtain a higher order method. In general, an
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s-stage Runge-Kutta method for the ODE (2.15) can be written in the form

Yi=yn+ ALY ayf(ta + GALY;), 1<i<s, (216)
j=1
Ynt1 = Yn + Al Z bif(tn + ;AL Y), (2.17)
i=1
where each Y;, i = 1,..., s is an intermediate approximation to the solution at time

t, + ¢;At, which may be correct to a lower order of accuracy than the order for the

solution y, .1 at the end of the step.

We shall always require that

s s
1= E bj, C; = E Qi , Zzl,...,S.
j=1 7j=1

The coefficients of the RK methods are chosen in part to make error terms
cancel in such a way that 1,1 is more accurate. As for multistep methods, the
local truncation error d, is defined as the amount by which the exact solution fails
to satisfy the numerical formula per step (2.17), divided by At. The order of the
method is then p if d, = O(At?). A method whose order is at least 1 is said to be
consistent (see ASCHER (2008) for details).

The RK method is explicit if a;; = 0, for all i < j; we can cite as examples, the
forward Euler method and the classical fourth order Runge-Kutta method (RK4).
In general, the order p of an explicit RK method satisfies p < s, with p = s for both
forward Euler and the RK4 methods. There are no such methods with p = s > 4.

If the RK method is not explicit, then it is implicit. The backward Euler
method can be cited as an example of an implicit RK method. More details about
the order of convergence for this type of RK method can be found in ASCHER
(2008).
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Remark 1. When s = 4 in (2.16)-(2.17), we have the fourth order Runge Kutta
method, or RK/J as already mentioned. A simpler version of these equations in this

case is given by
yo = y(0) (initial data),
ki = Atf(ti,yi),
ko = Atf (ti+ 5L vi + 3k1)
ks = Atf (ti+ 5y + 3k2)
ky = Atf(tiv,yi + k3),
Yisr = Yi + 5 (k1 + 2ky + 2ks + ky) .

for each i =0,1,...,M — 1, where M > 0 denotes the number of steps in the time
interval. The intermediate steps are represented here by ki, ko, k3, ks to eliminate

the need for successive nesting in the second variable of f(t,y). More details about

this can be found in BURDEN; FAIRES (2010).

2.5.2 Convergence and Stability

The initial approach for solving an ODE system is to ask what is required for
the ODE problem to be well-posed and then to require that the numerical method
behave similarly. In this case, behave similarly means to choose a stable numerical
method; the stability of a numerical method behaves, in a similarly way, as the well

posedness of the initial value problem (IVP).

In fact, for ODEs, the requirement for well-posedness can be easily stated in
a more general way, requiring only Lipschitz continuity of f in terms of y. Here is

the fundamental theorem for initial value ODEs.

Theorem 1. Let f(t,y) be continuous for all (t,y) in a region D = {0 <t < b, |y| < oo}.
Moreover, assume Lipschitz continuity of f in y: there exists a constant L such that

for all (t,y) and (t,y) in D, |f(t,y) — f(t,9)| < Lly — g|. Then,
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e For any initial value vector yy € R™ there exists a unique solution y(t) for the

IVP throughout the interval [0,0]. This solution is differentiable.

o The solution y depends continuously on the initial data: if § also satisfies the

ODE (but not the same initial values), then
ly(t) — 5(6)] < e"y(0) — §(0)],
o If y satisfies, more generally, a perturbed ODE

gl = f(t?)) + ’I“(t, ?j),

where 1 is bounded on D, |r| < M, then

(1) — 5(0)] < eM1y(0) — 5(0)] + = (e — 1),

Proof. See ASCHER (2008). O

Thus we have solution existence, uniqueness, and continuous dependence on
the data, or in other words, a well-posed problem, provided that the conditions of

the theorem hold.

Considering next the numerical method approximating the ODE problem
(2.15), let y, be a mesh function which takes on the value y, at each t,, i.e., y(t,) =
Yn, n = 0,1,..., N. The function y,(t) can be seen as a function defined for all ¢,

but all that matters is what it does at the mesh points.

Then, the numerical method is given by N;y,(t,) = 0, where N; may be
taken as a finite difference operator. Under the conditions of the Theorem 1, we
define the numerical method to be 0-stable if there are positive constants ko and K

such that for any mesh functions z, and z, with At < kg

|zr — 2| <K {|x0 — 20| + 1@%%|Nﬂx7r(tj) —Nﬁzﬂ(tj)\} , 1<j< M. (2.18)
<<
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What this bound says in effect is that the difference operator N; is invertible
and that its inverse is bounded by IC. The definition (2.18) lead to proof the following

result.

Theorem 2.

Consistency + 0-Stability = Convergence

Indeed, if the method is consistent of order p and 0-stable, then it is convergent of
order p, and

[Yn = y(ta)| = len] < K maz|d;| = O(K?).
Proof. See ASCHER (2008). O

It is important to distinguish between the stability concepts arising in PDEs
and those arising in ODEs. They are related but are not quite the same. More

details about this can be found in ASCHER (2008).

2.5.3 Absolute Stability

In the following, we talk about the absolute stability of numerical methods
for solving ODEs. To perform this, we consider the test equation y' = Ay, ¢t > 0,
where ) is a constant, complex scaler standing. The solution of this test equation

is y(t) = eMy(0), and satisfies that |y(t)| < |y(0)| & Re X > 0.

Correspondingly, for a numerical method we define the region of absolute
stability as that region of the complex z-plane containing the origin where |y, 1| <
lyn|, n = 0,1,..., when applying the method for the test equation, with z = kA
from within this region. Note that O-stability for the test equation corresponds to

having the origin z = 0 belong to the absolute stability region.
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For a RK method in the general form (2.16)-(2.17) applied to the test equa-

tion, we have

B s
Y;:yn+22aijyj, yn—i-l:yn—’_zzbjy}'

j=1 j=1
Eliminating the internal stages Y7, ..., Y, and substituting in the expression

for y,.1, we obtain
Yni1 = R(2)yn, R(2)=1+zb"(I —2zA)7'1, (2.19)

where the term b’ (I — zA)~'1 is defined similarly to the equation (2.13) in chapter
2 of ASCHER (2008).

The stability regions for explicit Runge-Kutta methods of the first few orders

are showed in Figure 2.2 .

3

Figure 2.2: Stability regions for p-stage explicit RK methods of order p = 1,2, 3, 4.
Source: ASCHER (2008).

In Figure 2.2, the blue region represents the stability region for 1-stage RK
method; the green region for the 2-stage RK method; the pink and the red regions
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represent the stability regions for 3,4-stage RK method, respectively. It is important
to note that whereas the regions for the Runge-Kutta methods of order 1 and 2
have no intersection with the imaginary axis, those for the higher order methods do.
The observation in Figure 2.2 for the classical RK4 regarding the intersection of its

absolute stability region with the imaginary axis is a major reason for the popularity

of this method in time discretizations of hyperbolic PDEs (see ASCHER (2008)).

2.6 Important inequalities and notations

Cauchy-Schwartz inequality in L?(2)

Let f:QQ — R and g: {2 — R be two square integrable functions. Then,

(ol =] [ fargras| < | [ \f(x)\zdxr | \fg<ac>\%wc]é = sl

Hoélder inequality

Let p; > 1,7=1,2,...,m, such that
1
SFRS!
im Pi

If f; € LP(Q) for i = 1,2, .., m, then it holds that [ [ £ € L'(Q) and

i=1
1
Pq

Pi d:c) .

L] e < TT( [ 156
/Q paiey 1 \Ja

Young inequality

1 1
Let a,b > 0 and p,q > 0 constants such that — + — = 1. Then, it holds that
p q
Xl
ab < 4=
p q
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Continuous Gronwall inequality

Let f, g and h be positive functions satisfying

F(8) + h(t) < g(t) +c/tf(s)ds, vt € [0, 7).

Then, it holds that
() +h(t) < e Dg(t).

Discrete Gronwall inequality

Let k, be a sequence of non negative real numbers. Consider a sequence ¢, > 0
such that ¢y < go,
n—1 n—1
¢n S gO+Zps+st¢87 n 2 ]-7

s=0 s=0
with go > 0 and ks > 0. Then, for all n > 1, it holds that

Notation

The standard norm in LP(R) will be written |-|, for 1 <p <oo. If f € H* = H*(R),
where s > 0, the Sobolev class of L?-functions whose first s derivatives are also
belong in L? then its norm is written ||f||s. If s is not an integer, the notation
is extended via the Fourier transform in the usual way; see BONA; CHEN; SAUT
(2002) for details.
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3 BOUSSINESQ SYSTEMS

In this chapter, we give an overview of the principal aspects of the Boussinesq
systems (1.12), specifically its deduction from the Euler equations and well posedness

results.

3.1 Deduction from Euler Equations

We consider the 2D Euler equations gave in chapter 1 by equations (1.1)-(1.9),

where U satisfies the compatibility condition
ov Vo2
a_y(mvy) - - e W
which follows by assuming that (1.3), (1.4) and (1.7) hold at ¢ = 0.

(z,y)dy in Qo

The first step to obtain (1.12) from the Euler equations is to remove, parcial
or totally, the dimensionalization of (1.1)-(1.9), scaling these equations in an appro-
priate way. Since to scale a problem is related with the nature of the problem, and
we are interested in the regime of long surface waves of small amplitude, we consider

the variables € and ¢ such that,
A ho
€= — K1, =— <1, 3.1
i o= (3.1)
where A and A represent, respectively, a typical amplitude and wavelength of the

waves.

Following PEREGRINE (1972), we make the change of variables

= L * — 99 = 1
T _hox’ Yy _h0y7 t —cOtv n —Eh0777

* 1 * 1 v 1

= — = == = L
u = scou’ v eocy’ p pc(%p’
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where ¢y = /ghy.

With respect to this new variables, we obtain that

Uy = EOGU-,

_ * a
u = ecou* = Ug = ECOUg -, (3.2)
_ x 1
Uy = €Couy* o’

Pz = PUQP;M

2, %
D = p&p = X 3.3
° Py = PPy o (3:3)
_ 2.C0 %
vy = 0?20k,
v=cocut = ho '@ (3.4)

_ * 1
Vy = ETCOUppn 7o

Then, using (3.2), (3.3) and (3.4), we can rewrite the system (1.1)-(1.9) as

2 k% 2 %

EUpx + E7U Uy + 70 Uy + P = 0, (3.5)
eo?v). + 20U vl 4+ 20V 0. + Pl = —1, (3.6)
Uy + vy = 0, (3.7)
uy. —o’vk. =0, (3.8)
with boundary and initial conditions given by
Ny +euni. = 0" if Yyt =ent(a*, %), (3.9

pr=0if y*=en (2", t7),
vt =0, if y*=-1,

n* (2", 0) = ®*(z7),
w(z%,y", 0) = U (2", "),

where the initial conditions are defined, in terms of ® and ¥, by

x (% 1 [B*hg w( %% 1 hO * *
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We can solve the system (3.7)-(3.8)-(3.11), and considering, for example,
U* = U*(x*,t*) := u*(x*,0,1*), we can represent its solution by
k(K ok gk * 2 * 1 *) 2 * 4
w (g ) = U = 0y + 5 () ) Uy +0(0%),  (3.15)
2
* * * * * * o * * k

On the other hand, using (3.6) along with (3.15), (3.16) and (3.10), we obtain

1
P,y 1) = =yt + en +eoiy” (1 + 5y*> Uk +O(ec?, e%0?). (3.17)

Using (3.15), (3.16) and (3.17) in (3.5), we get

Ul 4+ 0t 4 eUrUL = O(o*, e0?). (3.18)

Another equation coupling U* and n* is obtained by evaluating (3.15) and
(3.16) at y* = en* and substituting in em (3.9). This gives us

2

M+ US + (UL + %U = O(c0?, %), (3.19)
If we assume that the dispersive and nonlinear terms U). ... and U*U}.,

respectively, in the systems (3.18) and (3.19) are of equal importance, that is, the

2

Stokes number S = % = O(1), and put for definiteness ¢ = o, we obtain the
o

Boussinesq type system
** + U;* + 19 *U* x* + EU;*{L'*:L'* — 07
Ui +npe +eU UL = 0.

Following BONA; CHEN; SAUT (2002), we choose as velocity variable the
horizontal velocity of the fluid uj(z*, t*) at the height y* = —1460(1+en*), for some
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0 € [0,1]. That is equivalent to set uj(z*,t*) = u*(z*, —1 + 6(1 + en*), t*). Taylor

expansions and the use of (3.15) with o = ¢, let us to obtain

Ll - UL, + O,

which we may invert, using e.g., the Fourier transform, to obtain

1
U* =up — 55(1 — 0)uj ey + O(7). (3.21)

Substituting this expression into the system (3.20), we obtain the Boussinesq

system
U o + Mo + EUGUH o — 5(1 = 0%)Uj oy = 0,
valid for * € R, t* > 0, with initial conditions given by
n*(z*,0) = n5(z") == ¢*(x"), (3.23)
and
ug(a®, 0) = ugo(a”) == (2", =1 4+ 0(1 + eny(a"))), (3.24)

with ®* and U* given in (3.14).

Observing that, since uj and n* are determined by (3.22)-(3.23)-(3.24), we

*

can compute the functions U*, u

(3.16), (3.17) e (3.21).

, v* and p* from the relations given by (3.15),

Following BONA; CHEN; SAUT (2002) and BENJAMIN; BONA; MAHONY
(1972), we observe that (3.22) gives us that

Mie + U g = O(e),
Up e+ M5 = O(e),

which allows us to conclude that the third order derivatives of uj in (3.22) may be

expressed in terms of the third order derivatives of n* with an error of O(g), namely
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U wrzrar = —Nhepepe + O(€). More generally, using a real parameter v, we can write

UY g ax = VUG gra*ar — (1 - I/)n;*x*t* + O(S)

Using similar arguments, we can write ug ,«,+~ depending on another real
parameter, namely p, and using such expressions in (3.22), we obtain a family of

Boussinesq systems in nondimensional, scaled variables given by

Nie + Ug oo + e ug)er + e(augerprar — UMy

0,
u9,t* + T)p* + 5U9U97x* + 5(Cnx*x*m* — du@,x*x*t*) =0,

where the constants a,b, ¢, d are given in (1.13), with 6 € [0,1] and v,u € R. The

system (3.25) is supplemented with the initial conditions (3.23) e (3.24).

The next step is to eliminate the dependence of the scale variable ¢ of the
family (3.25), whenever this scale variable plays no essencial rule in the analytical

or numerical analysis. Considering the change of variables given by

we obtain the system

N; + 17@ + nu 7 + aajjj — b~:%:i~ = 0,
i 4 + () + b st (3.26)
Ui + Nz + Uz + CNzzz — duﬁg =0,

for # € R and ¢ > 0, with initial conditions

obtained by (3.23) and (3.24) using the last mentioned change of variables.

Since (3.26) is intended to model waves of small amplitude and large wave-
length, we have that 7y = O(¢), as well as @y. This means that the system (3.26)

should be integrated with small initial data. It is also worth noticing that, during
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the approximation process which leads us to the system (3.26), one-way propagation
assumptions were nowhere made. Therefore, these systems can be used to study the

two-way propagation of long surface waves of small amplitude.

Finally, if we omit the tilde in (3.26) in order to simplify the notation, we get

the Boussinesq system represented by

T + Uy + (7«”7>:0 + QUgyr — bnxxt = 07
Up + Nz + uug, + Cllzzr — duwwt = 07

with the constants a, b, ¢, d given in (1.13).

3.2 Examples of Boussinesq Systems

We have several possibilities for the parameters a, b, ¢, d in (1.13), which give
rise to different but equivalent systems, in the sense that all of them model surface
waves propagation. Some particular choices of these parameters a, b, ¢, d, have often
appeared in the literature. These particular systems have interesting characteris-
tics (see KAMPANIS; DOUGALIS; EKATERINARIS (2008) for more information),
such that

(i) Have favorable mathematical properties. Some of theses systems are linearly
ill-posed and should be excluded from further study as useful model equati-
ons. Among the linearly well-posed ones, we should consider systems whose
Cauchy problem is at least locally (nonlinearly) well-posed with long enough
temporal interval of existence solutions. Moreover, existence of solutions to
initial-boundary-value problem (IBVP) is an important requirement. It is also
worth noticing that these systems in their scaled form should be rigorously

justified to be good approximations of the Euler equations as ¢ — 0.
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(ii) Have solitary waves solutions. Since Boussinesq systems are approximations
to Euler equation, it is expected that they have solitary wave solutions. The-
refore, attention must be paid to systems that have solitary waves, whose

uniqueness, stability and other properties should be also studied.

(iii) Can be easily solved numerically with high accuracy. The scarcity of closed
form analytical solutions and the need to study, for example, the stability and
the interactions of the solitary waves of some of theses systems, as well as the
characteristics of the long-time evolution of their solutions make it imperative

that the systems should be solved numerically by fully discrete methods.

A forth, and perhaps the most important, criterion for selecting a ‘good’
system is, of course, the favorable comparison of its solutions with experimental

data of propagation of surface waves. This issue of modeling is studied in detail in

BONA; CHEN; SAUT (2002) and BONA; CHEN (1998).

In sequel, we list some examples of particular Boussinesq systems of the form
(1.12), whose the initial-value problem (IVP) for all these systems have be shown to
be at least nonlinearly well-posed locally in time (see BONA; CHEN; SAUT (2002)).

(i) ‘Classical’ Boussinesq system (0% = %, A arbitrary, u = 0)

e+ uy + (un), =0,

1 _
Uy + Nz + Uy — §uzzt - 07

which the corresponding IVP is globally well-posed as can be seen in AMICK
(1984) and SCHONBEK (1981).

(ii) BBM-BBM system (v =p=0,60?=2ie,a=c=0,b=d=3})

D=

U + My + Uy, — %ua:xt =0,
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which the corresponding IVP is locally well-posed as can be seen in BONA;
CHEN; SAUT (2004) and BONA; CHEN (1998).

__rp2 . 2_ _ap2
460" 16 4 =0.b=d=3=L = 22302

(iii) Bona-Smith system (v =0, u = S e , s S

with 2 < 6% < 1)

For these parameters, the IVP is globally well-posed as can be seen in BONA;
SMITH (1976). The 1imiting form of this system as § — 1, corresponding to
a=0,b=d= % and ¢ = —z, which it was studied by Bona and Smith in
BONA; SMITH (1976), is given by

M+ g + (un)y — 25,0, = 0,

2362 362 —1
Uy + 77:(: + Uy + 3 77:(::1:38 6 — Ugzt = 0

(iv) KdV-KdV system (v =p=1,02=2 iec,a=c=:eb=d=0)

3’

e+ uy + (un), — umx =0,
U + Nz + Uy + 677x:px - 07

which the corresponding IVP is locally well-posed as can be seen in BONA;
CHEN; SAUT (2002) and BONA; DOUGALIS; MITSOTAKIS (2007).

3.3 Results about Well-Posedness of Boussinesq Systems

In this section we briefly present the most relevant results concerning the
existence and uniqueness of solutions of the Boussinesq system that were presented
in BONA; CHEN; SAUT (2002) AND BONA; CHEN; SAUT (2004). We divide
the section in two sub sections, containing the results for the linear and nonlinear

families.
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3.3.1 Linear Models

The initial-value problem for the linear model obtained from the original
system in section 3.1 by ignoring the nonlinear terms (u7), and wu, was analyzed
in BONA; CHEN; SAUT (2002). The linear family of Boussinesq systems is given

by
N + Uy + QUgge — bncmst = 07
Up + Ny + CNaga — dux:pt = 07

where a, b, ¢, d are defined in (1.13).

(3.27)

The system (3.27) is straightforwardly understood using Fourier analysis, in
the sense that this analysis gives us information about the well-posedness of the

initial value problem.

Consider 7(0,x) = no(x) and u(0,z) = up(z) for € R the initial conditions
for system (3.27). Taking the Fourier transform with respect to z, the system (3.27)

may be written in the form

()= (38), o

where
_ 0 wi(k)
Alk) = ( wy(k) 0 ) ’
and ) ,
1—ak 1—ck
wy (k) = T o2 wo(k) = T a2 (3.29)

Using standard results from Fourier theory, in BONA; CHEN; SAUT (2002)
it is shown that the well-posedeness of system (3.27) is guaranteed by the following

result:

ik A(k)t

Proposition 3. For a,b,c,d satisfying (1.13), the matriz e~ 15 bounded on

finite intervals of wavenumbers k if and only if one of the following sets of conditions
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hold:

(C1) b>0,d>0, a<0, ¢c<O0;
(C2)b>0,d>0, a=c>0;

(C3) b=d <0, a=c>0.

After straightforward computations we conclude that in all three cases (C1),
(C2) and (C3), wy(k)we(k) > 0 is true and then

—ikA(R)E _ cos(ka(k)t) —isin(ko(k)t)“t)
o _<—z‘sin<ka<k>t>w2<k> cos(ka (k)) ) (3.30)

(e

where (k) = y/w;(k)ws (k).

A consequence of (3.28) and (3.30) is that for any value of the index s, a
solution of (3.27) satisfies

InllS + IHull = llnollZ + [[Huoll5,

where H represents the Fourier multiplier operator defined by

(k) = (jj’,jg)égw).

Let the order of the operator H be the integer ¢ such that
) 2
(wl( )) ~ C|k’|£,
wa(k)

as k approaches infinity. Then H is a bijective bounded linear operator from H*® to

H*=* for any index s.

As a consequence the following result about well-posedness for the initial-

value problem for (3.27) follows (BONA; CHEN; SAUT, 2002, Theorem 3.2).
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Theorem 3. Let a,b,c,d satisfy one of the conditions (C1)-(C3) in Proposition 3.

Let my = max(0, —/), mg = max(0,¢). Then, the corresponding linear initial-value

problem (8.27) is well posed in H*T™ x H5t™2 for any s > 0.

Taking s = 0, the Theorem 3 implies that,

Order of H | Well-Posed in
2 HY x H?
1 H® x H!
0 H® x HY
-1 H' x HY
-2 H? x H

Remark 2. The systems with H having order —2 are not admissible as models of
the underlying physical situation. In this case, a =d =0 and b # 0, ¢ # 0, which s

incompatible with (1.18) and any conditions in the Proposition 3.

3.3.2 Nonlinear Models

The analysis of the nonlinear Boussinesq system was carried out in BONA;
CHEN; SAUT (2004). There were studied the local and global well-posedness for

the most relevant classes of problems arising from

Tt + Uy + (nu)x + QUgze — bnth = 07

U + Ny + Uy + Ny — AUy = 0, (3.31)

with the parameters a, b, ¢, d as in (1.13). More specifically, the authors studied the
cases where conditions (C1) or (C2) are satisfied. The well-posedenss for this type
of systems also was largely studied in FAWCETT (1992). Next, we present some
of the results from BONA; CHEN; SAUT (2004) that are most important for this

work.
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Theorem 4. (BONA; CHEN; SAUT, 2004, Theorems 3.12, 4.2 and 4.3) The sys-
tems in (3.31) with a, b, ¢, d satisfying (1.13) and (C1) or (C2) are all locally well
posed in the corresponding Sobolev classes HST™ x H*™™2  for suitable values of
s > 0, where my, mo are taken as in Theorem 3. Moreover, if b =d > 0, a < 0,

c <0 and s > 1 then for initial conditions satisfying

igﬂg{l +no(z)} >0, (3.32)

‘/(cng,m + aug,x - 773 - ug - U%no)dx < 2’0‘1/27 (333)

the corresponding solutions are global (i.e. the local solutions can be extended for

any t>0).

In the following, we give the specific results known about well-posedness for

various range of parameters of the system (3.31).

(i) Purely BBM-type Boussinesq system: a =c=0,b,d > 0.
Theorem 5. Let s > 0 be given. For any (no,uo) € H*(R)?, thereisaT >0 and a
unique solution (n,u) of (3.31) that satisfies (n,u) € C(0,T; H*(R)?). Additionally,
when s > L, then (Ofn,0fu) € C(0,T; H**Y(R)?) for k = 1,2,.... Moreover, the

correspondence (ng, ug) — (n,u) is locally Lipschitz.
(1i) Weakly dispersive systems: b > 0,d > 0.

e Case I: H has order 0, i.e., a < 0,b > 0,c < 0,d > 0 (the "generic"case) or
a=c>0,b>0,d>0.

Theorem 6. Let s > 0 and (19, ug) € H*(R)?, there is a T > 0 and a unique
solution (n,u) of (3.81) that satisfies (n,u) € C(0,T; H*(R)?). Additionally,
(ne,ug) € C(0,T; H1(R)?). Moreover, the correspondence (ny,ug) — (1, u)

18 locally Lipschitz continuous.
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e Case II: H has order —1, i.e., a =0,0>0,c<0,d > 0.

Theorem 7. Let s > 0 and (no,ug) € H*™ x H®, there is a T > 0 and
a unique solution (n,u) of (3.31) that satisfies (n,u) € C(0,T; H(R)) x
C(0,T; H*(R)). Additionally, (n;,u;) € C(0,T; H*T1(R)) x C(0,T; H*(R)).

Moreover, the correspondence (1o, ug) — (n,u) is locally Lipschitz.

e Case III: H has order 1, i.e., a < 0,b>0,c=0,d > 0.

Theorem 8. Let s > 0 and (no,up) € H* x H*™', there is a T > 0 and
a unique solution (n,u) of (3.31) that satisfies (n,u) € C(0,T; H*(R)) x
C(0,T; HY(R)). Additionally, (n;,u;) € C(0,T; H*(R))xC(0,T; H**1(R)).

Moreover, the correspondence (1o, ug) — (n,u) is locally Lipschitz.

(i1it) Purely KdV-type Boussinesq systems: b=d = 0,a # 0,c # 0.

The only admissible case is when @ = ¢ > 0, which means #*> = %, and

—c=1
a=c=g.

Theorem 9. Let s > 3. For any (no,uo) € H*(R)?, there is a T > 0 and a
unique solution (n,u) of (3.31) that satisfies (n,u) € C(0,T; H*(R)?). Additionally,
(ne,ug) € C(0,T; HS3(R)?). Moreover, the correspondence (n,uo) — (n,u) is

analytic.

(tv) The Boussinesq system when H has order 2: a < 0,b = 0,c =
0,d > 0.

Theorem 10. Let s > 1. For any (no,uy) € H*(R) x H***(R), there is a T >
0 and a unique solution (n,u) of (3.31) that satisfies (n,u) € C(0,T; H*(R) x
H*™(R)). Additionally, (n;,u;) € C(0,T; HY(R) x H**(R)). The solution
depends continuously upon perturbations of the initial data in the relevant function

classes.
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(v) The Boussinesq system when H has order 1: a =c¢>0,b=0,d >
0 and a <0,b=0,c<0,d>0.

Theorem 11. Let s > 1. For any (no,ug) € H*(R)x H**Y(R), thereis aT > 0 and
a unique solution (n,u) of (3.31) that satisfies (n,u) € C(0,T; H*(R) x H*T(R)).
Additionally, (n;,u;) € C(0,T; H2(R) x H*Y(R)). The mapping of initial data

to its associated solution is continuous.

Theorem 12. Let s > 1. For any (no,uo) € H(R) x H*™(R) such that
infrer {1+ no(x)} >0, there is a T > 0 and a unique solution (n,u) of (3.31) that sa-
tisfies (n,u) € C(0,T; H*(R)x H**1(R)). Additionally, (n;,us) € C(0,T; H*2(R)x
H*"Y(R)). Moreover, given r > 0 the solution depends continuously upon the inilial

data in the class
He = {(no,uwo) € H*R) x H*"'(R): 1+ m(z) >rV z}

Remark 3. The second theorem of this topic is related with the Classical Boussinesq

system. The parameters in this case are a =c=0=0 and d = %

(vi) The Boussinesq system when H has order 0: a < 0,b > 0,c =
d=0and a=b=0,c<0,d>0.

Theorem 13. Let s > 2. For any (no,uo) € H*(R)?, there is a T > 0 and a
unique solution (n,u) of (3.31) that satisfies (n,u) € C(0,T; H*(R)?). Additionally,
(e, ug) € C(0,T; HYR)?). The mapping of initial data to its associated solution
is continuous from the space H*(R) x H*(R) to C(0,T; H*(R)?).

(vii) The Boussinesq system when H has order -1: a = c¢ > 0,b >
0,d = 0.

Theorem 14. Let s > 1. For any (no,uy) € H*™(R)x H*(R), there is aT > 0 and
a unique solution (n,u) of (3.31) that satisfies (n,u) € C(0,T; H"™(R) x H*(R)).
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Additionally, (n;,u;) € C(0,T; HSY(R) x H**(R)). The mapping of initial data

to its associated solution is continuous.

Remark 4. It is worth noticing that all the resulls presented in this section are
equally valid in the case of periodic boundary conditions by considering the corres-

ponding periodic Sobolev spaces.
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4 NUMERICAL ANALYSIS

In this chapter, we perform the stability and convergence analysis of the
numerical methods used to find the numerical solution of the Boussinesq systems
families given by (3.27) and (3.31), the linear and nonlinear case, respectively. The
discrete equations are obtained by applying a Fourier collocation method in space
and the explicit RK4 method in time. This analysis shall be used as a guidance
on the choice of the time step size for the numerical simulations. To simplify the

notations, we consider the case when the solution is 27-periodic in space.

4.1 Fully discretized Boussinesq system

The Fourier collocation method can be formulated using the discrete Fourier
transform (DFT) as we introduced in chapter 2. We start by presenting the notation

and relevant definitions.

Let N > 0 be a fixed even integer and define the grid points z; = 2mj/N,
j=0,...,N — 1. Given a 2w-periodic real function g, the vector of sampled values

at the grid points is given by

g = [g07 s 7gN71]t € RN?

with ¢g; = g(z;) and its discrete Fourier transform is defined as

g=19 x, 9y

Jrech,
2

where

N 1 —ikx;
gkzﬁzgje ki for k= —N/2,...,N/2 — 1. (4.1)
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One can recover the sampled vector using the inverse discrete Fourier transform

(IDFT)

N/2—1

gi= Y g™, forj=0,...,N-1 (4.2)
k=—N/2

Based on this equation, we can define a trigonometric polynomial gy (z) = (Pyg)(2)

that interpolates g(x) at the grid points z;, 7 =0,...,N — 1.

The Fourier collocation method is obtained by requiring the differential equa-
tions to be satisfied at the grid points when the involved functions are substituted
by their interpolators (see CANUTO et al. (2006) and TREFETHEN (2000) for de-
tails). The discretized equations corresponding to the nonlinear Boussinesq system

(3.31) are given by

) o (4.3)
2

Applying the DFT, we get the following system of ordinary differential equations
(ODEs)

ﬁt = f( A? ﬁ)a
4.4
ﬁt = g(ﬁ7 A)7 ( )
where n(t) ~ [n(t, 7o), ..., 0t xn-1)]', u(t) = [u(t, o), ..., u(t,zn-1)]",

. 0, if k=%,
(f(na u))k = . N ik o . 2
—ikw (k)i — 4= (M o), otherwise,

(g0 0) =1 k=
7u = . A~ y — .
Sk —ikwsy (k)N — 2(%2%2)(“ ou),, otherwise.

We use the symbol "o"to represent the Hadamard product of two vectors
(entry-wise multiplication). The especial treatment of the Fourier mode correspon-
ding to k = —N/2 is the result of the asymmetry in equation (4.2) regarding this

wavenumber, as we discussed in section 2.2.2.
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In order to develop the fully discrete scheme to obtain approximate solutions
of the system of 2N ODEs (4.4) in a time interval [0, 7], we use the RK4 method
introduced in chapter 2. From the corresponding initial conditions we obtain the
approximations " ~ 7(t,), @" ~ 1(t,) where t,, n = 0,..., M represents a dis-
cretization of the time interval [0, T]. Furthermore, applying the IDFT we arrive at

the approximations

n

nj ~n(tn, v;), 0f = u(ty,v;), n=1...,M,j=0,...,N—1.

It is worth noticing that Py denote the L?—orthogonal projection onto Sy.

This projection has the following approximation properties, whose proofs is standard
(see CANUTO et al. (1987) and MERCIER (1983)).

Proposition 4. Given integers 0 < s < r, there exists a constant C independent of

N such that, for any f € H",
If = Pxflls < CN*"|| f]],- (4.5)
Moreover, as a consequence of Sobolev lemma given in chapter 2 and the last
wequality, it holds that for any f € H", r > 1
1,
1f = Pnflloe < ON2T"||f]],- (4.6)
There also are the inverse inequalities on Sy: given 0 < s < r, there is a
constant Cy independent of N, such that for all ¥ in Sy,

[0l < CoN"*[¢llss [¥lloo < CoN2 (0] (4.7)
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4.2 Stability Analysis of the Linear Family Systems

In this section, we carry out the von Neumann analysis of the fully discretized
scheme associated with the linear system (3.27), which gives rise to a similar system

to (4.4), in the absence of the terms containing Hadamard products.

The semi discretized equations corresponding to Boussinesq system (3.27) are
similar to equations in (4.3), in the absence of the terms ((un)y), and 3 ((¢®)n),.
Then, following ALFARO VIGO et al. (2014), we can represent the time discretiza-

tion by RK4 method in Taylor expansion form as

A At2 At
TZ/ZH = {1 - k2w1(/€)w2(/€)T + k:%vf(k)w%(k)j} Mk
AP (4.8)
+ {—ikwl(k)At + ik‘3w%(/€)u&(k‘)?} ay,
~n+1 2 AtQ 4.2 2 At4 ~n
" (4.9)
+ {—z’kw2(k)At + ikgwl(k)wg(k)?} M

where the superscripts indicate the functions 7, (t) and 4 (t) evaluated at the res-

pective point of the time mesh.

The equations (4.8)-(4.9) can be represented in matrix form by [77" a7 +!] g

Gy [ 031", where

A(k) B(k) } | (4.10)

= [ (k) A(k)

is the amplification matrix corresponding to the mode with Fourier number k£ and

A(k) = 1 — k2w (k)wa (k)58 + E*w?(k)w3 (k)AL
B(k) = —ikw, (k) At + ik3w?(k)ws (k)
C(k) = —ikwy(k)At + k3w, (k)w2(k)

At3
3!

A3
3!
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We start the von Neumann analysis searching for solutions of the form [} a7]" =
gt [ay, by]", with [ay, by]" # 0. Therefore, we obtain
n+1 Qg - n 3
9 {bk}_G’“‘q’“[bk]’ (4.11)

which implies that, dividing both sides of the (4.11) by g}, det (Gy — Igx) = 0, since
lar, bi])T # 0 by hypothesis.

Using the definition of Gy given by (4.10) and the fact that G, — Igx is a

singular matrix, we obtain that
(A(k) — gr)? = k), (4.12)

for each k = {—N/2+1,...,N/2}, where
4

k kS
ak) = —k2wy (k)wy (k) At* + 3uﬁ(k)wg(/{)mﬂ — %wf’(l@)w;’(ls)Atﬁ.

The equation (4.12) implies that the amplification factors are given by

g5 = A(k) £ Va(k). (4.13)

The stability of the solution for the fully discrete equation (4.9), according
to von Neumann analysis, is sufficiently guaranteed if |gx| < 1 for all k. Then, using

(4.13), it has to be satisfied that

|A(k) £ a(k)| <1, forall k.

Observe that,

a(k) = — Kwi (k)wy (k) At? + gwf(k)wg(k)At‘l - g—gwf(k)wg(k)Atﬁ
__ 3_16k2m2w1(k)w2(k;) (K2wr (k) A2 6>2,
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which implies that

alk) = z“k‘%‘k‘le(k‘)wg(k‘)AtZ - 6’\/w1(k)w2(k).

Then,
+ (2 |k|At 2 2 2
9512 = [AGK) £ = 2w (k) (k) A2 = 6]3/wr (R (8)|
k2 At
= A2(k) + —g— (Kun (k)wa (k)AL ~ 6)° wy (k)ws (k)
k’ﬁ 3 3 6 kS 4 4 8

72 576

If we take y = k%w; (k)wy(k)At?, we get

g |* — 1= p(y),

where p(y) = % (y — 8). To ensure stability, as it was mentioned, we seek for a
relation between At and N such that |gi| < 1, or equivalently, determine y such
that p(y) < 0. Then,

3
Y
— (y—8) <0 & 0<y<8.

Note that if & = 0 there is no restriction for At. Therefore, for k = {—N/2+
1,...,N/2}, with k # 0, it has to be satisfied that

0 < Bwy (h)wa (k)AL <8 < 0< At < VB(lw(k)) ™, (4.14)

with w(k) = ko (k) = k/ws (k) wa (k).

To relate At with N, we have to analyze the function |w(k)|. It is worth to
observe that since |w(k)| is an even function, we will only analyze this function for

k> 1.
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Thus, for & > 1, we are considering w(k) as a function which depends on the

parameters a, b, ¢, d given by (1.13), such that

B (1 —ak?)(1—ck?)
w“ﬂ_k¢ﬂ+WWX1+ﬂﬂ’ (4.15)

and we will be interested in analyzing the behavior of this function as k approaches

infinity.

As mentioned in the section 3.3, the linear Boussinesq system (3.27) is well
posed if its parameters lay in the in three different regions that were defined in

Proposition 3. We have the following possibilities:

C1: Inthiscase b >0, d > 0, a <0, ¢ <0, which implies the following asymptotic

behaviors for w(k)

w(k) at oo w(k) at oo
c<0,d>0 cik! c<0,d>0 cok?
a<0|c=0,d>0 cok? a<0|c=0,d>0 crok!
b>0]c<0,d=0 63]{32 b= c<0,d=0 011]{33
c=0,d=0 cak! c=0,d=0 c1ok?
c<0,d>0 csk? c<0,d>0 cigk?
a = c=0,d>0 ceh ™t a=0|c=0,d>0 c14k°
b>0]c<0,d=0 C7I€1 b=0]c<0,d=0 6151{32
c=0,d=0 csk® c=0,d=0 crkt

C?2: In this case b > 0, d > 0, a = ¢ > 0, which implies the following asymptotic

behaviors for w(k)

w(k) at oo
b>0,d>0 0171{31
b= 0, d>0 018]{32
b>0,d=0| croh?
b= O, d=0 Cgok?)

a=c>0
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C3: In this case b = d < 0, a = ¢ > 0, which implies the following asymptotic
behavior for w(k)

w(k) at oo
a:c>0\b:d<0 cork?

Then, we conclude that for each of the 21 cases described above, there exist

a positive constant ¢;, i = 1,...,21, and p; € {—1,0,1,2,3} such that

w(k) ~ ¢kP' as k — oo. (4.16)

Using (4.16), we can guarantee that for each of these cases, given £ > 0 there

exists Ko = Ky(g,a,b,c,d) such that

lw(k)| < c(14¢e)kPt forall k> K. (4.17)

On the other hand, if we consider ¢; = max{lig?‘ 1<k< KO}, taking
C =max {¢, (1+ ¢)c;} we have by (4.17) that
lw(k)| < CkP for all k> 1, (4.18)

where p; = {—1,0,1,2,3} varies according to the choices of a,b, ¢, d.

However, since the cases when p; = —1 turns the right side of (4.18) decrea-

sing with k, we set £ = max {0, p;} and therefore, it holds that
lw(k)| < CE* forall k>1, (4.19)

with ¢ € {0, 1,2, 3} depending on the choice of a,b, ¢, d.
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Using (4.19), we finally obtain that

max (|w(k:)|> < max Ck! < CN*. (4.20)

kel1, 3] kell, 3]

Hence, the equation (4.20) implies that

V8 V8

w®) ™ max (|w(k:)|)
]

N
kE[L?

oo

>CN™* (4.21)

Since we want to satisfy the equation (4.14), from (4.21) we conclude that
it is sufficient to satisfy the stability condition that At < CN~¢ for some positive
constant C and ¢ € {0,1,2,3} depending on the parameters a, b, ¢, d that have been

considered. The corresponding values of ¢ can be observed in Table 4.1.

(=0

(=1

a<0,b>0,c=0,d>0
a=0,0>0,c<0,d>0
a=0,0>0,c=0,d=0
a=0,b>0,c=0,d>0
a=0,b=0,c=0,d>0

a<0,b>0,c<0,d>0
a<0,b>0,c=0,d=0
a=0,b>0,c<0,d=0
a<0,6=0,c=0,d>0
a=0,b=0,c<0,d>0
a=0,b=0,c=0,d=0
a=c>0,b>0,d>0
a=c>0,b=d<0

(=2

(=3

a<0,b>0,c<0,d=0
a<0,b=0,c<0,d>0
a<0,b=0,c=0,d=0
a=0,0=0,c<0,d=0
a=c>0,b=0,d>0
a=c>0,b>0,d=0

a<0,b=0,c<0,d=0
a=c>0,b=0,d=0

Table 4.1: Values of ¢ corresponding to the parameters a, b, ¢, d.

Observe that the cases where { = 0 or ¢ = 1 are the most interesting cases
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since the stability requirements are not too restrictive. By not too restrictive we
mean that the dependence between the spacial and time steps sizes does not generate
stiff problems. Therefore, the corresponding fully-discrete schemes can achieve a

high accuracy at a low cost in regard to the computational time.

4.3 Convergence Analysis of the Nonlinear Family Systems

In this section, we perform the convergence analysis for the nonlinear family
of Boussinesq systems (3.31). We start considering ag and ap two elliptic projection

onto Sy defined through Py by

ap(Pyv,§) = ap(v,§), ap(Pyw,§) = ap(w,§), (4.22)
for all £ € Sy, where ag,ap : H' x H' — R are two bilinear forms defined by
(4.23)

Proposition 5. Forb,d > 0, ag and ap are coercives in their domains of definition.

Proof. For b > 0, using the definition of ap we have

a5 (v,0) :/U2 d5+/vg dszmin{l,b}/(vzwg) as,
Q Q Q

which implies that ag(v,v) > C||v||2. The proof is analogous for ap with d > 0. [J

The convergence analysis is divided in cases which the results about well

posedness for the nonlinear problem are known, as we established in section 3.3.2.
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4.3.1 Semidiscrete Problem

In this section, considering the time variable continuous, we prove optimal
order L2, H', H? error bounds of spectral accuracy in € = [—L, L] for the nonlinear

family of Boussinesq systems (3.31).

4.3.1.1 Purely BBM-type Boussinesq System

For this case, we assume that b,d > 0 and a = ¢ = 0. Then, the Boussinesq

system becomes:
M+ Uy + (M) — Oy = 0,

for x € Q and t > 0, supplemented with initial conditions 7(z,0) = n(x) and

u(z,0) = up(x).

In order to obtain error bounds for the semi discrete problem obtained from
(4.24) using the Fourier collocation method, we consider weight functions, namely

v, 1, as functions from Sy as well, and require that the following system is satisfied

(NN @) + (un,, ) + ((MvUN )z, @) = (N, @) = 0, (4.25)
(ZLN“ ¢) + (77Ngm w) + (UNUNI: ¢) - d(uszH ¢) = 07 '

in Q and for ¢ > 0. The system (4.25) is supplemented with the initial conditions
nn(z,0) = Pyno(x) and un(z,0) = Pyug(x), for z € .

Moreover, as it was seen on the Section 3.3.2, the inital condition and the so-
lution in this case satisfy that (no, ug) € H*(Q) x H*(Q2) and (n,u) € C(0,T; H*(2) x
H*(Q)), for s >0 and T > 0.

We initiate this analysis giving an estimate between the exact solution (1, u)

of (4.24) and (V,.S), solution of a linearized version of (4.24) that it is defined in the
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following. After that, we are able to estimate the error between (n,u) and (ny, uy),

solution of (4.25).

For the first part, we linearize (4.25) as follows: given (n,u) € C(0,T; H*(Q) x
H*(2)) solution of (4.24) corresponding to initial data (ng,ug) € H*(Q2) x H*(Q),
we seek for functions V, S € Sy, which for all ¢, € Sy and for all ¢ > 0, satisfy

(Vi @) + (Sa, 0) + (Ve +1S2), 0) = b(Vaar, ) = 0,

(S, 1) + (Vi, ) 4 (uSy, 1h) — d(Sar, ) = 0, (4.26)

with initial conditions given by V' (z,0) = Pyno(z) and S(x,0) = Pyug(x) for x € Q.

We have the following result:

Lemma 3. Let (n,u) € C(0,T; H*(2) x H*(Q)) be the solution of (4.24) correspon-
ding to initial condition (ng,ug) € H*(2) x H*(Q), s > 2. Then, there is a unique
solution (V,S) € Sx of (4.26) for all finite time T > 0. Moreover, given 0 <t < T,
there is a constant C = C(T,b,d) > 0 independent of N, such that

max {[|n(t) = V(O)lli + [u(t) = S|l } < ON'™. (4.27)

0<t<T

Proof. Let p = Pyn—V and 8 = Pyu — S. Then, it holds that

n—V=n—Pyn+Pyn—V =n—Pxn+p,

u—S=u—Pyu+ Pyu—5=u—Pyu+0. (4.28)

To obtain (4.27) using (4.28), we only have to estimate the terms p and 6,

since the estimates for the terms n — Pyn and u — Pyu can be obtained by (4.5).

Then, to obtain these estimates, we consider the following formulation for

this case
(e, 0) + (tz, @) + (M), 0) = b(Naat, ) = 0,
(U, V) + (M ) + (Ui, V) — d(Ugar, P) = 0,



68

such that, subtracting it from (4.26), implies

((T] - V)t7 Qp) + ((u - S)aﬁv @) + ((nu)x - uvﬂc - TISm @) - b((ﬁ - V)m:t, SO) - 07
((u - S)t7 w) + ((77 - V)xa ¢) + (qu - usamqv/}) - d((u - S);mta 1/}) :(229)

If we note that,
(nu)w —uV, — nSm = MU+ NUy — uVy — nSm

= u(n— Pyn)e + upe +n(u — Pyu), + 1o,

and
uty —uS; = u(uy —Sy)

= u(u— Pyu), + ub,, (4.31)

we can use the property of the L?-orthogonal projection Py and the definitions of

ap,ap in (4.23), to rewrite (4.29) as

ap(pe, @) + (02, 0) + (w(n — Pnn)e + upy +n(u — Pyu)e + 1z, @) = 0,

ap(0y,1) + (pe, ) + (u(u — Pyu)y + by, ¥0) = 0, (4.32)

supplemented with initial conditions p(0) = 6(0) = 0.

Taking ¢ = p and ¢ = 6 in (4.32), we have from the first equation that

ag(pt, p) = =0z, p) — (W —Pnn)e, p) — (Ups, p) — (N(u— Pyntu)e, p) — (10z, p), (4.33)

and from the second equation that,

ap(0s,0) = —(ps,0) — (u(u — Pyu),, 0) — (ub,, 0), (4.34)

Observing that ag(pr, p) = 2 Lap(p, p) (also valid for ap evaluated at (6;,6)),
we can add (4.33) and (4.34) and use the coercivity of ap and ap along with the

Cauchy Schwarz and Young inequalities presented in chapter 2, to obtain that

d
77 UlpllT + 11011E) < ke + ks (llplls + 116117) (4.35)
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where ki = [[ull%[[(n = Pxm)al® + [In]2 ) (v — Pyvu)el® + [lull ) (w — Pyu)o|* and
ko = max {4 + ||tz lcos 1,2 + [|uz]loos 1+ [|7]|%}-

On the other hand, since (n,u) € C(0,T; H*(2) x H*(2)) for s > 0, from the
Sobolev lemma, it holds that

Il < Csllnlly < Cllnlls < C,
[u(t)[|o < Cillully < Cllulls < C,

I ()llo < Csllnalls < Clinll2 < Clinlls < €,
lua()lloe < Cslluzlly < Cllullz < Cllulls < C,

(4.36)

if we consider s > 2. The constant C§ represents the Sobolev constant, and the

other embedding constants are all represented by C' to simplify the notation.

The estimates given in (4.36) and (4.5), lead us to conclude that k; <
CN?1=%) and that ks, is bounded. Then, integrating (4.35) over [0,¢] and applying

the Gronwall’s lemma, we get

()]l + 110l < C(T, b, d)N*~*. (4.37)

The estimate (4.37) along with the decomposition given by (4.28) finish the
proof. ]

Remark 5. Observe that to obtain (4.27), we supposed that (4.26) had a unique
solution for all t € [0,T]. The existence and uniqueness of a local solution can be
proved through the theory of ODE systems. Indeed, if we take p = ¢ = e™** for k =
—N,...,N in (4.26), and observe that, since (V,S) € Sy, each component can be
represented by a combination of its Fourier coefficients V and 5', we obtain a linear

ODE system given by

~

Vi(k,t) = ik, (5‘+uf/+nﬁ ,

o (4.38)
Sk t) = =i <V—i—uS ,

1+dk?
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with V (k,0) = 1jo(k) and S(k,0) = tg(k).

The right hand side of (4.38) is locally Lipschitz continuous, with respect to (*
norm (Euclidean norm). Therefore, the ezistence of a mazimal time t,, 0 < t, <T
such that, for all t < t, there exists a unique pair of solutions (V,S) of (4.26) is a
classical result of the theory of ODEs systems.

Thus, to finish this proof, we just need to show that this solution does not blow
up if we extend it over [0, T]. With this aim in mind, we resort to a stability result
in L?>-norm. Taking ¢ =V and ¢ = S in (4.26) we have from the first equation
that

G/B<Vtv V) = _2<Sm7 V) + (ux7 V2> - 2(775w7 V)u (439)

and, from the second equation, that

ap(Si, S) = —2(V,, S) + (ug, S?). (4.40)

Adding (4.39) and (4.40) and proceeding as before, we get that
LSUAVIF+ISI) < KAVIE+ 11813, (4.41)

where K = maz {2+ ||tz]loo; 1, 1 4 ||tz]|oos [|7]]2, + 1} is bounded, as a consequence

of (4.36).

Then, applying the Gronwall’s lemma in (4.41) we conclude that

max ||V (¢)[[1 + [[S(®)[[1) < C(T,b,d, [Vollv, [|So]l1)- (4.42)

0<t<T

This fact ensures that the solution cannot blow-up, so we can extend the local

solution to a solution on every bounded interval [0,T].
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Finally, we are ready to prove the following theorem, corresponding to the

second part of this analysis.

Theorem 15. Let (n,u) € C(0,T; H*(2) x H*(Q2)) be the solution of (4.24) corres-
ponding to initial data (no,up) € H*(Q) x H*(), s > 2. Then, there exists a unique
solution (ny,un) € Sy X Sy of (4.25) for all finite time T > 0. Moreover, given
0 <t <T, there exists a constant C = C(T,b,d) > 0 independent of N such that,

max ([|n(t) — v ()l + u(t) — ux(t)]) < CN'. (4.43)

0<t<T

Proof. The existence and uniqueness can be proved through the theory of ODE

systems, similarly to what was done in remark 5.

Let es =V —ny and e; = S — uy. Then, we can write

[ ) S (140

As a consequence of (4.27), to obtain (4.43), we only have to estimate e; and

eo. With this aim in mind, we subtract (4.26) and (4.25) and we get

(61“ 90) + (6230, (,0) + ((u‘/ﬂc + T]SLU - (nNuN>z)7 90) - b(elmw @) = O» (4 45)
(62” /l/)) + (elwa ¢) + (USQT — UNUN,, ¢) - d(62wwt’ @Z)) = 0. .

If we note that
uVy + 1Sy — (Mvun)e = Ve(u—8) + Se(n—V) + (Ser). + (Vea), — (e1€2), (4.46)

and
USz —UNUN, = (u — S)Sx + (Seg)x — €269, (447)

we can use the definition of e; and ey, and proceeding similarly to the demonstration
of Lemma 3, taking ¢ = e; and 1) = eq in (4.45), we obtain the following system
ap(er,,er) + (€2, + Va(u = 5) + Su(n = V) + (Se1)s + (Ver)s — (e1€2)s,€1) = 0,

CLD(egt, 62) + (elm, 62) + ((U — S)Sx + (Sez)x — €2€9,_, 62) = 0,
(4.48)
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with e1(0) = e2(0) = 0.
Let ¢, € (0,7] be the maximal temporal instance for which (4.48) has a

unique solution such that

i)l <1, for 0<t <t (4.49)

Proceeding as before, using (4.49), the proposition 5, the Cauchy-Schwarz
and Young inequalities in (4.48), and adding both resulting equations, we obtain

that for 0 <t < ¢, it holds

d

T (llealld + lle2ll) < e+ e (lealls + llezl3) (4.50)
where ¢; = ||V, |2 [|[u — S|I? 4 [|S:]1Zln = VII> + [|S2|%||u — S||* and ¢, = max {5+

3[1Salles 1,3 + 3lISalloo + IVal1Z, 3 + IVIIZ}-

Note that, using Sobolev’s lemma, (4.5), (4.6), the inverse estimates for ele-

ments of Sy given by (4.7), and (4.37), we have

Vallo < 1allos + 10 = Pnm)allos + 1 (Pnn = V)ellso
2 3_ (451)
< C+CN"54+(CNz277,
152l < [[talloo + || (v = Pytt)alloo + ||(Pvtt — S)aoo
92— 3_ (452)
< C4+CN**+CN27%,
Ve < . - P oo Pyn— Vs
IV 7Moo + [[7 = Pynlloo + [[Pyn — V|| (4.53)

< C+CN1_S+CN1_S,

which are all bounded by a constant C', since s > 2.

The estimates given by (4.51), (4.52) and (4.53) along Lemma 3, lead us to
conclude that ¢; < CN2(17%) and that ¢, is bounded. Then, integrating (4.50) over

[0,t] and using the Gronwall’s lemma, we conclude that

lex()ll + lle2(t)[l < C(T, b, )N, (4.54)
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that holds for all ¢ € [0,¢,]. To extend this result to [0,7], observe that by the

Sobolev lemma we have
ler(t)]loe < Cller(t)]ly < CN',

for 0 <t <t,, if we consider the limitation given by (4.54).

However, since s > 2, N'=% goes to zero when N approaches to infinity for
all t. Therefore, ||e1(t)||oc < 1 for all t. Therefore, we can take ¢, = T in (4.49).
The estimate (4.43) follows by (4.54) and Lemma 3. O

4.8.1.2  Weakly Dispersive Systems Case I - H has order 0

For this case, we assume that b,d > 0 and a = ¢ > 0 or a,c < 0. Then, the

Boussinesq system becomes:

M+ Uz + (M) + AUy — 0Ny = 0,

with initial conditions n(z,0) = no(z) and u(z,0) = ug(z), for z € Q and t > 0.

In order to obtain error bounds for the semi discrete problem obtained from
(4.55) using the Fourier collocation method, we consider weight functions as functi-

ons from Sy as well, and require that the following system is satisfied

(N> ) + (un,, @) + (INUN) 2y @) + a(un,,,, ©) = (N, ©) =0,
(uNta 1/)> + (ana 77Z)> + (uNuNxa 1/)> + C(anm? w) - d(uwa lb) = O,

in Q and for t > 0, where ,1 € Sy are the weight functions. The system (4.56)

(4.56)

is supplemented with the initial conditions ny(z,0) = Pyno(z) and uy(z,0) =

Pnug(z), for x € Q.

Moreover, as it was seen on the Section 3.3.2, the inital condition and the so-

lution in this case satisfy that (o, ug) € H*(2) x H*(2) and (n,u) € C(0,T; H*(2) x
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H*(Q)), for s > 0 and T > 0.

We proceed similarly to what was done in Section 4.3.1.1. For the first part,
we seek for functions V, S € Sy such that, given (n,u) € C(0,T; H*(Q2)?) solution
of (4.55) corresponding to initial data (ng, ug) € (H*(Q))?, satisfy for all p,1 € Sy,
the following system:

(Vi) 4 (Szy ) + ((uVa +1S%), 0) + a(Saaw, ) — 0(Vaar, ¢) = 0, (4.57)
(St ) + (Vi ¥0) + (wSe, ¥0) + (Vigas ¥) — d(Saat, ) = 0, '

with initial conditions given by V' (z,0) = Pyno(z) and S(x,0) = Pyug(x) for x € Q.

We have the following result:

Lemma 4. Let s > 2 and (n,u) € C(0,T; H*(Q) x H*(Q)) the solution of (4.55)
corresponding to initial data (ny,up) € H*(2) x H*(QY), s > 2. Then, there is a
unique solution (V,S) € Sy x Sy of (4.57) for all finite time T > 0. Moreover,
given 0 <t < T, there is a constant C = C(T,a,b,c,d) > 0 independent of N, such
that

max {||n(t) = VIl + [Ju(t) - S|} < CN'™. (4.58)

0<t<T

Proof. We consider p = Pyn —V and 6 = Pyu — S, so that (4.28) and (4.5) hold.

As it was done in Lemma 3, we use (4.28), (4.30) and (4.31) on the difference

between

(7775, 30) + (ua?a @) + ((nu)l‘? 90) + a(u:c:cxa 90) - b(noc:cta 90) = O?
(utv iﬂ) _'_ (7723’ w) + (uuxa 7/}) _|' C(nxzmza w) - d(u:m:t> w) = 07

and (4.57), to obtain the following ODE system

ap(pe, ©) + (0x +u(n — Pyn)z + ups + n(u — Pyu)y + 10y, 0) + a(0pza, 9) = 0,
aD(eta ¢) + (pmﬂ/}) + (u<u - PNU)x _'_ uemw) + C(pxmwi - 07
(4.59)
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with initial conditions p(0) = 6(0) = 0.

If we take ¢ = p and ¢ = 6 in (4.59), then

ag(pt, p) = = (0z, p) — (u(n — Pnn)z, p) — (Upe, p) — (N(u — Pntt)s, p)

(4.60)
— (00, p) + a(Ozes o),

and

ap(0:,0) = —(ps,0) — (u(u — Pyu)y, 0) — (uby, 0) — c(pa, Oz (4.61)

Multiplying (4.60) by |c| and (4.61) by |a|, adding both equation and using
the Cauchy-Schwarz and Young inequalities and the characteristics of ap, ap, we get

that
d
pr ([lollF +11613) < cs+ca (lpllF + 11017) » (4.62)

where

cs =(min {[el, la[}) " le| (IlullZll(n = Pymall* + Il (w — Pyu)a]?) +

Jafllull %[l (w = Pyu)e|?,

and ¢; = (min {|c|, |a[}) " max {4|c| + |e[l|ua]|o, al, 2lal + |al[[tolloo, [e] + [ellIn]lZ.}-

Remark 6. To obtain (4.62) we just observe that, when a and ¢ are equal or have the

same signal, i.e., both are positives or negative, we have |c|a(0zz, pr) = |a|c(pz, Oz )-

The Sobolev lemma along the result about the exact solution and Proposition

4, lead us to conclude that c¢; < CN?17%) and ¢, is bounded for s > 2.

Thus, integrating (4.62) over [0, ¢] and applying the Gronwall’s lemma we get

lp@)1l+ 10@)[1: < C(T,a,b,c,d) N (4.63)
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The estimates (4.63) and (4.5) imply (4.58).

As in Lemma 3, to finish this proof, we have to demonstrate that (4.57) has
a unique solution for all £ > 0. The existence and uniqueness of a local solution
can be proved through the theory of ODE systems, like was done in remark 5. Its
extension for all [0, 7] is possible because if we take ¢ =V and ¢ = S in (4.57), it

is possible to prove that

maz ([[V(#) L +[[S(®)]h) < C(T, a,b, ¢, d, Vol [[Soll), (4.64)
which ensures that the solution cannot blow up. ]

The next step is to prove a estimative between the solution (7, u) of (4.55)

and (ny,uy) of (4.56). This result can be found in the following Theorem.

Theorem 16. Let (n,u) € C(0,7;H*(Q) x H*(Q)) be solution of (4.55) corres-
ponding to the initial data (no,up) € H*(Q) x H*(Q), for s > 2. Then, there exists
a time T > 0 and a constant C = C(T,a,b,c,d) > 0, independent of N, such that,

max (|ln(t) — nv s + u(t) —unly) < CNT (4.65)

0<t<T

Proof. The existence and uniqueness of solution of (4.56) is guaranteed for the theory

of ODE systems, like in Theorem 15.

Let e, =V —ny and e = S —uy, as in Theorem 15. Once again, to conclude
(4.65), we only need to estimate e; and e;. With this aim in mind, we subtract (4.57)
and (4.56), use the decomposition given in (4.44), (4.46) and (4.47) and take ¢ = ¢,

and 1 = ey, to obtain the following system
ag(ey,,e1) + (e, + Va(u—5) + S.(n—=V) + (Ser). + (Vea), — (e1€2)z,€1)
+a(ey,,,,e1) =0, (4.66)
ap(es,,e) + (e1,,e2) + ((u— S)S; + (Sea)r — €262, €2) + ¢(e1,,,,€2) =0,
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with e1(0) = e2(0) = 0.

Let ¢, € (0,7] be the maximal temporal instance for which (4.66) has a
unique solution such that (4.49) holds.

Similarly to the demonstration of the Lemma 4, considering the Remark 6,

using the Cauchy-Schwarz and Young inequalities, we get that

© (leal} + lleall) < ex s (leall? + lleal?) (4.6
where
er = (min {Je], [a}) ™" (lelIValZ [l = S + [elllSa 12 In = V2 + [al | Su ]2 Jlu — S)
and

cs =(min {|c|, [a[})~" max {5]c| + 3|c[|| Sz ]| al, |e] + 2|a| + 3Jal[|Sa ]l + [el [V 1%,
Blel + lelIVIIS} -

The estimates (4.51), (4.52), (4.53) and Lemma 4 lead us to conclude that
cg is bounded and that ¢; < C(a, b, c,d)N*=%). Then, integrating (4.67) over [0, ]

and using the Gronwall’s lemma, we conclude that
lex(®)|lL + |le2(®)|1 < C(T,a,b,c,d) N* %, (4.68)
that holds for all ¢ € [0, t].

To extend this result to [0, 7], we proceed as in Theorem 15. Therefore, the
Theorem follows by (4.68) and the result obtained in Lemma 4. O
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4.3.1.3 Weakly Dispersive Systems Case Il - H has order —1

For this case, we assume that b,d > 0, a = 0 and ¢ < 0. Then, the Boussinesq

system becomes:
N+ Uy + (M) — et = 0,

Up + Ny + WUy + CNpgg — AUz = 0, (4.69)

with initial conditions n(z,0) = ng(x) and u(z,0) = ug(z), for z € Q and ¢t > 0.

In order to obtain error bounds for the semi discrete problem obtained from
(4.69) using the Fourier collocation method, we consider weight functions ¢, as
functions from Sy as well, and require that the following system is satisfied
(v ) + (s ) + (i) 9) = blinestn ) =0, 2
in 2 and for ¢ > 0. The system (4.70) is supplemented with the initial conditions
nn(z,0) = Pyno(z) and un(x,0) = Pyug(x), for z € Q.

Moreover, as it was seen on the Section 3.3.2, the inital condition and the solu-
tion in this case satisfy that (ny, ug) € H*(Q)x H*(2) and (n,u) € C(0,T; H*T1(Q) x
H*(Q)) for s > 0 and T > 0.

The analysis is done in two parts, like in the previous sections. For the first
part, given (n,u) € C(0,T; H**1(Q) x H*(Q)) solution of (4.69) corresponding to
initial data (ng, ug) € H*TH(Q) x H*(Q), we seek for functions V, S € Sy satisfying
the following linearized system for all v, € Sy

(Vi) 4+ (Szs ) + ((uVe +1S), 0) = b(Vaar, ¢) = 0, (4.71)
(St ) + (Va, ¥0) + (uSe, ¥) + c(Vaa, V) — d(Szar, ) = 0, '

with initial conditions given by V' (z,0) = Pyno(x) and S(x,0) = Pyug(x) for x € Q.

We have the following result:
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Lemma 5. Let (n,u) € C(0,T; H**1(Q) x H*(Q)) be the solution of (4.69) cor-
responding to initial data (ng,uo) € H*TH(Q) x H*(Q) for s > 2. Then, there is a
unique solution (V,S) € Sy of (4.71) for all finite time T > 0. Moreover, given
0<t<T, there is a constant C = C(T,b,c,d) > 0 independent of N, such that
max {[In(t) — V|2 + [lu(t) — S|l } < CN*". (4.72)

0<t<T

Proof. First of all, we observe that the L2-orthogonal projection onto Sy represented

by Py is stable in H2, (Q). Indeed,

per

1Pxvllmz, = 1Pvv = v+ vl < [[Pvv = vll2 + [Ju]l < ON?72[Jullz + [[o]l2,

per

for all v € H°(2) and s > 2. Then, it holds that

[Prollz < Cllvlla. (4.73)

Second of all, we have that
£ = / (T — bTw)2 dr = / Yide + 2b/ (Y,)%dx + b2/ (Yo )?da
-7 -7 -7 -7 (474)
> min {1,2b, 0%} || T|)3.

Let p = Pyn —V and 0 = Pyu — S, so that (4.28) and (4.5) hold. As in
the previous sections, if we use the decomposition given in (4.28) on the difference

between

(125 ) + (tzy ) + (M), 0) — b(Naar, ) = 0,
(ut: ¢) + (77907 ?/1) + (uuma ¢) + C(nxmm iﬂ) - d(umcta w) = 07

and (4.71), we get

(e, 0) + (Oz, 0) + (u(n — Pnn)e + upe +n(u — Pyt)e 4+ 102, 9) — b(prat, ) = 0,
(9t7 w) + (px’ 1/)) + <u(u B PNU)?U + ub,, 1/)) + C(ﬂxmz,¢) - d(emmta w> (: P )
4.75
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The first equation of (4.75) can be written as (p,—bpy,,, ) = (9(z), p), where
9(x) = —(0z + u(n — Pxn)s + ups + n(u — Pyu), +nb,). If we consider p, = Pn¢,
where ¢ is solution of the problem & — b¢,, = g(z) in Q with periodic boundary
conditions, using (4.73) and (4.74), we can show that

leellz = 1PN 15 < ClIENS < Cllgll*.

Therefore, the fact that H*(2) C H'(Q2) and the estimate given by Lemma

4, lead us to conclude that
pell3 < Ksllpall® + kall6o]|? + ONZE=), (4.76)

where k3 = 1+ 2|2 +2||nu||%, and ky = 2+ 2||u||% + 3|72 + ||7ul|%, are bounded

as a consequence of (4.36).

On the other hand, if we choose ¢ = 6 in the second equation of (4.75) and

use again Proposition 4, we get that

16:]IF < Cllpl* + ClION + Clipus | + Cll8: ]| + CNE2). (4.77)

Adding (4.76) and (4.77), we have
lpell3 + 1617 < CN*C=) - C (llpll3 + [16113) .

and after integrating it over [0,¢], the Gronwall’s lemma lead us to conclude that

@)z + 10)[l, < C(T,b,¢,d)N*>. (4.78)

To finish this proof, we observe that the existence and uniqueness of solution

at least local for the problem (4.71) is guaranteed by the systems of ODE theory.
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Its extension to the entire [0,7] can be seen as follows: the first equation of (4.71)

can be written as:

(% - b‘/;tma 90) = _(Sx +uVy +nSe, 90) (479)

Similarly to before, considering V; = PyY where T is the solution of the
problem T — bY,, = f(x) in Q with periodic boundary conditions and f(z) =
—(Sy + uV, +nS,), using (4.73) and (4.74), we can show that

IVill3 < CIAIP < FallSell® + Kol Vall?, (4.80)

where k; = 1+ 2[|n]loo + |[ul|% + |[7l|A + ||7ul]2, and ky = 2 + ||Jul|%, are bounded as

a consequence of (4.36).

On the other hand, if we take ¢ = S in the second equation of (4.71) we have
that
1917 < —=2(Va, S) + 2(ua, S%) + 2¢(Via, Sa). (4.81)

Using the Cauchy Schwarz and Young inequalities in (4.81) and adding it
with (4.80) we obtain that

VIS + 1SelT < C(b,e.d) (VI + IS]Y) - (4.82)

After integrating (4.82) over [0, t], we apply the Gronwall’s lemma to conclude
that

IV @llz + 1@ < C(T, b, ¢, d, [[Vollz, [[So]l1)-

This fact ensures that the solution of (4.71) cannot blow-up and can be extend

over the entire interval [0, 7). O
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As in the previous sections, we are ready to prove the following result.

Theorem 17. Let (n,u) € C(0,T; H**(Q) x H*(Q)) be the solution of (4.69)
corresponding to the initial data (no,uo) € H¥(Q) x H*(Q) for s > 2. Then, there
exists a finite time T > 0 and a constant C = C(T,a,b,c,d) > 0 independent of N,
such that

max (|[1(t) — nll2 + u(t) —unlly) < CN*7 (4.83)

0<t<T

Proof. The existence and uniqueness of solution of (4.70) is guaranteed for the theory

of ODE systems, like in Theorems 15 and 16 .

Once again, let e; =V —ny and es = S — uy. Using the same arguments of

Theorems 15 and 16, we obtain the following system:

ag(ey,,e1) + (ea, + Va(u—8)+ S.(n—V)+ (Se1), + (Ves), — (e1€2)s,€1) =0,
ap(es,,es) + (e1,,e2) + ((u—5)S, + (Sez), — exea,, €2) + cley,,,,€2) =0,
(4.84)

with e1(0) = e2(0) = 0.
Observe that the first equation of (4.84) imply that

(€1, — bey,,,,e1) = —(ea, + Vi(u—9)+ S:(n—=V) 4+ (Se1). + (Vea)r — (e162) 2, €1).

Taking e;, = Py©, where O is solution of © —00,, = h(z) in Q with periodic
boundary conditions and h(z) = —(eg, + Vip(u—S)+ S.(n—V )+ (Se1). + (Vea), —
(e1€2).), we can use the definition of e, and (4.73) and (4.74) to show that

lew [I5 = 1 PxOIl3 < Cl1©]5 < CI|Alf*.

Let t;, € (0,7] be the maximal temporal instance for which (4.84) has a
unique solution such that (4.49) holds.
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The arguments used to estimate || f]|* and ||g||* in Lemma 5 also provide an

estimate for ||h]|?, and lead us to conclude that

lex,ll2 < C (lexlls + [le2]lr) + CN?>. (4.85)

On the other hand, applying the Cauchy Schwarz and Young inequalities on
the second equation of (4.84), we have that

lez[lr < CllSelloolle = ST + CliSeallclleall + cller,. | + clle, - (4.86)

Adding (4.85) and (4.86), and using the Lemma 5 along with (4.51), (4.52)
and (4.53), we have that

lex |2 + llez, |t < CN?7° + C (|lex|2 + [le2lr) -

Integrating this inequality over [0,¢] and using the Gronwall’s lemma, we
obtain that
lex(®)lz + [le2(t) [l < C(T'b, ¢, d)N*7, (4.87)

which holds for all ¢ € [0, t].

To extend this result to [0,7], we resort to the similar argument used in

Theorem 15. The estimate (4.83) follows by (4.87) and Lemma 5. O

4.8.1.4  Weakly Dispersive Systems Case III - H has order 1

For this case, we assume that b,d > 0, c = 0 and a < 0. Then, the Boussinesq

system becomes:
Tt + Uy + (nu)x + QUgyr — bnxa:t = 07

Uy + 77:(: + Uy — duzxt = 0; (488)
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with initial conditions n(z,0) = no(z) and u(z,0) = ug(x), for x € Q and ¢ > 0.

In order to obtain error bounds for the semi discrete problem obtained from
(4.69) using the Fourier collocation method, we consider weight functions ¢, as
functions from Sy as well, and require that the following system is satisfied

(nsz gp) + (uNxv 90) + ((nNUN)aca 90) + a(uNxa::c’ 90) - b(n]\fmt? @) = 0,
(uNz7 ¢) + (77Nm ¢) + (uNuva ¢) - d(uNwwta ¢> - Oa

in Q and for ¢ > 0. The system (4.89) is supplemented with the initial conditions

(4.89)

nn(z,0) = Pyno(x) and un(z,0) = Pyug(x), for z € .

Moreover, as it was seen on the Section 3.3.2, the inital condition and the solu-
tion in this case satisfy that (ny, ug) € H*(Q)x H*1(Q) and (n,u) € C(0,T; H*(Q) x
H*™(Q)) for s >0 and T > 0.

Following the idea of dividing the analysis in two parts, we have the following

results

Lemma 6. Let (n,u) € C(0,T; H*(2) x H**(Q)) be the solution of (4.88) cor-
responding to initial data (no,ue) € H*(Q) x HTY(Q) for s > 2. Then, there is a
unique solution (V,S) € Sy x Sy of

(Vi) + (Szy ) + ((uVe +1S2), 0) + a(Seaws ) — b(Vaar, ¢) = 0,
(St, ) + (Vi ) + (wSz, ¥) — d(Syat, ¥) =0,

for all time T > 0. Moreover, given 0 <t < T, there is a constant C = C(T,a,b,d) >
0, independent of N such that,

max {[n(t) = Vi + [lu(t) — S|l2} < CN*7. (4.90)

0<I<T

Theorem 18. Let (n,u) € C(0,T; H*(Q) x H*(Q)) be the solution of (4.88)
corresponding to the initial data (ny,ug) € H*(Q) x H**Y(Q) for s > 2. Then, there
exists a time T > 0 and a constant C = C(T,a,b,c,d) > 0 independent of N, such
that

foax ([In(t) — s+ [lu(t) —un]l2) < ON*™. (4.91)
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The idea to prove these results is analogous to the one used on sub section
4.3.1.3, with respect to Case II. The roles of V and S and p and 6 are reversed,
during the demonstration of the Lemma 6, as well as, the roles of e; and es, during

the demonstration of Theorem 18&.

4.3.1.5 Purely KdV-type Boussinesq System

For this case, we assume that b,d =0 and a = ¢ = %. Then, the Boussinesq

system becomes:

with initial conditions n(z,0) = no(x) and u(z,0) = ug(z) for z € Q and ¢t > 0.

In order to obtain error bounds for the semi discrete problem obtained from
(4.92) using the Fourier collocation method, we consider weight functions ¢, as

functions from Sy as well, and require that the following system is satisfied

(s ) + (U, ) + (vun)es @) + LU, ©) =0,
(uNtv 1/J) + (nNza 1/]) + (uNusz 1/J) + %(nszza @b) =0,

in 2 and for ¢ > 0. The system (4.93) is supplemented with the initial conditions

(4.93)

nn(z,0) = Pyno(x) and un(z,0) = Pyug(x), for z € €.

Moreover, as it was seen on the Section 3.3.2, the inital condition and the so-
lution in this case satisfy that (no, ug) € H*(Q2) x H*(Q2) and (n,u) € C(0,T; H*(2) X
H#(Q)) for s > 3 and T > 0.

Following the idea of dividing the analysis in two parts as in the previous

sections, we have the following results

Lemma 7. Let (n,u) € C(0,T;H*(Q2) x H*(QQ)) be the solution of (4.92) corres-
ponding to initial data (ng,up) € H*(Q) x H*(Q) for s > 2. Then, there is a unique
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solution (V,S) € Sy x Sy of

(Vi) 4+ (Se, ) + (1S + uaV), ) 4 §(Sawas ©) = 0,

(St ) + (Vs ¥0) + (a8, ) + (Vi ) = 0,

for all finite time T > 0. Moreover, given 0 < t < T, there is a constant C' =
C(T) > 0 independent of N, such that

(4.94)

max {|[n(t) = VIl + [lu(t) = S|} <CN. (4.95)

0<t<T

Proof. The ODE system theory implies that (4.94) has a unique local solution in
[0,t], tn < T. To extend this solution to [0, 7], we take ¢ =V and ¢» = S in (4.94)

to obtain from the first equation that

1d

1
5%”‘/”2 = _(Sﬂﬁv V) - (7715 + U:EV, V) - _<szx7 V)> (496)

6
and from the second equation that

1d
2dt

1

ISP = =(Va, §) = (a5, 9) — =

(Vawz, S)- (4.97)

Adding (4.96) and (4.97) and observing that the first and the third terms on

the right side of these equations are equal if we integrate by parts, we get that
d
2 (VP 1SIP) < e (IVIP+ 11517 (4.98)

where ¢; = max {1 4 2||ug |0, |72 /1% + 2]Jtz]|o0 } is @ bounded constant, as a conse-

quence of (4.36).

Integrating (4.98) over [0,¢] and using the Gronwall’s lemma, we conclude
that
max [[V]| +[[S]| < (T, [|Voll, [150]),

0<t<T
which implies that the solution of (4.94) cannot blow up and we can extend the

solution over [0, 7).
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Let p = Pyn—V and 8 = Pyu — S. Proceeding as in the other sections, we
obtain the following system
(eaczxa 30) =0,

(Peaes ) = 0.
(4.99)

Taking ¢ = p and ¢ = 6 in (4.99) and using the Schwarz and Young’s inequalities,

(P, ) + (02, 0) + (Ne(u — Pyu) + 1.0 + ue(n — Pyn) + ugp, ©) +

1
6
1
6

we obtain

d
— (lell* +1161%) < ez (lloll* + 1617) + cs, (4.100)

where ¢ = max {3 + 2||ug||oo, [11:[1% + 2l|talloc} and 5 = [Ina |12 llu— Pyul | +|luz 1%
ln — Pynl|* + |luel|%|lu — Pyul|* are constants such that, co < CN2* and c3 is

bounded, as consequences of Proposition 4 and (4.36).

Then, integrating (4.100) over [0,¢] and using the Gronwall’s lemma, we

obtain that

< s, .
ma (ol + 6]} < C()N (4101)
The Lemma follows by Proposition 4 and (4.101). O

Theorem 19. Let (n,u) € C(0,T;H*(Q) x H*(QY)) be the solution of (4.92)
corresponding to the initial data (no,uy) € H*(Q2) x H*(Y) for s > 2. Then, there
exists a finite time T > 0 and a constant C = C(T) > 0 independent of N, such
that

max (|[n(t) — nvll + [lu(t) —un|]) < CN". (4.102)

0<t<T

Proof. As in the previous sections, we define e; =V —ny and e = S — uy. Using

these definitions and taking into account that

NeS + UV — (MNun)e = = Ne(u — S) + (u)e — ug(n = V) — (Vo — e1,)(S — e2)
—(Sz —e2,)(V —e1),
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and

U S —unun, = —uy(u—8) + uu, — (S, — e2,)(S — e2),
we can write the following system

(e1,,0) + (e2,,0) + (=nma(u — S) + (Nu)y — ue(n = V) = (Vo — e1,)(S — €2), )
—((Sz — €2, )(V —e1),0) + g(e2,,..90) = 0,
(e2,, %) + (e1,, %) + (—ux(u — S) + uu, — (S, — €2,)(S — €2),9) + 5(e1,,.,¥) =0,
(4.103)

supplemented with the initial conditions e;(0) = e5(0) = 0.

Let t, € (0,7] be the maximal temporal instance for which (4.103) has a

unique solution such that

llea, (B)]|oo < 1, for 0 <t <t (4.104)

Then, if we take ¢ = e; and ¢ = e in (4.103) and use the Schwarz and

Young’s inequalities, we obtain that

Zlleall” +lleall) < eallen® + lleall®) + s, (4.105)

where ¢, is a bounded constant and c¢; < CN~2%. These limitation are consequences

of Lemma 7, (4.36), (4.51), (4.52) and (4.53).

Once again, integrating (4.105) over [0,¢] and using the Gronwall’s lemma,

we conclude

max ([les(8)[] + [le2(t)]]) < C(T)NT". (4.106)

0<t<T

which is valid for all ¢ € [0, t;,].

To finish this demonstration, we observe that the Sobolev’s lemma, the in-

verse estimates for elements of Sy given by (4.7), along with (4.106) give us that

lea, () loo < Csllea(®) i lea()]l5/> < CNE|lea(t)|| < CN22, (4.107)
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for all t € [0,1,)].

However, since we are considering s > 2, the term N3~ goes to 0 as N
approaches to infinity independently of ¢, which implies that (4.107) holds for all
t. Therefore, we can take ¢, = T in (4.104). The (4.102) follows by Lemma 7 and
(4.106). O

4.3.1.6 H has order 2

For this case, we assume that b = 0, d > 0, a < 0 and ¢ = 0. Then, the
Boussinesq system becomes:

N+ Uz + () + QUgee = 0,

with initial conditions 7(z,0) = no(z) and u(z,0) = ug(z) for x € Q and t > 0.

In order to obtain error bounds for the semi discrete problem obtained from
(4.108) using the Fourier collocation method, we consider weight functions ¢, as

functions from Sy as well, and require that the following system is satisfied

(an SD) + (uva (,0) + ((UNWV)m 90) + CL(uwa (20) = 07 (4 109)
(UN“ ’QZ)) + (nNma ,QZ)) + (uNqu;’ ’QZ)) - d(uNmta ’QD) = 07 .

in Q and for ¢ > 0. The system (4.109) is supplemented with the initial conditions
nn(z,0) = Pyno(x) and un(z,0) = Pyug(x), for € Omega.

Moreover, as it was seen on the Section 3.3.2, the inital condition and the solu-
tion in this case satisfy that (ny, ug) € H*(Q)x H*72(Q) and (n,u) € C(0,T; H*(Q) x
H*%(Q)) for s > 1 and T > 0.

We proceed similarly to the previous sections. For the first part, given (n,u) €

C(0,T; H5(Q) x H*t2(£2)) solution of (4.108) corresponding to initial data (1o, ug) €
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H®(Q) x H*"%(Q)), we seek for functions V, S € Sy satisfying for all p,1 € Sy the
following system

(Vi, @) + (Szy @) + (uV +1S.), ) + a(Siaas ) = 0, (4.110)
(St,?ﬂ) + (V;c; 1/’) + (Usz,l/J) - d(Sm:t7¢) = 07 .

supplemented with initial conditions given by V(z,0) = Pyn(z) and S(z,0) =
PNUO(‘I)-

We have the following result.

Lemma 8. Let (n,u) € C(0,T; H¥(Q2) x H*T(Q)) be the solution of (4.108) cor-
responding to initial data (no,ug) € H*() x H2(Q), for s > 4. Then, there is a
unique solution (V,S) € Sy x Sy of (4.110) for all finite time T > 0. Moreover,
given 0 < t < T, there is a constant C = C(T,a,d) > 0 independent of N, such that

max {[|n(t) — V|| +[lu(t) — S|li} < ON'™. (4.111)

0<t<T

Proof. We consider p = Pyn — V and 0 = Pyu — S, so that (4.28) and (4.5) hold.
As in the others cases, we can use the decomposition given by (4.28), (4.30) and
(4.31), and we can obtain the following system

(pt:0) + (0, 0) + (u(n — Pxm)o + ups + 1t — Pyu)y + 10z, 9) + a(0aza, ) = 0,
(05, 0) + (pa, 1) + (w(u — Pyu)y + uby, ) — d(O e, ¢)(: 0, |
4.112

where p(0) = 6(0) = 0.

Let t, € (0,7] be the maximal temporal instance for which (4.112) has a

unique solution such that

psa(®)]loo < 1, for 0<t <t (4.113)

Proceeding similar to the previous sections, if we take ¢ = p and ¢ = 6 in

(4.112) and use (4.5), (4.36) along with Gronwall’s inequality, we can conclude that

lp@)Il + 1)1l < C(T,a,d)N'~, (4.114)



91
for all t € [0,1,)].

Observe that, by the Sobolev’s lemma and the inverse estimates, we get
1/2 1/2 5 7_s
22l < Cllp®*0() 15 < ON[Ip(0)]] < CN2, (4.115)

for all ¢ € [0,1,], as a consequence of (4.114).

However, since we are considering s > 4, the term Ni—s goes to 0 when N
approaches to infinity independently of ¢. Therefore, we can take ¢, = T in (4.113),
and (4.114) is valid for all t € [0, T7.

The estimate given in (4.114) along with (4.5) implies (4.111).

To conclude this proof, we only have to show that the solution of (4.110) can
not blow up, since the existence of an unique local solution is guaranteed by the
ODE systems theory. With this aim in mind, we proceed as before taking o =V
and ¢ = S in (4.110), and observing that since (4.115) holds for all ¢ € [0,T], we
can show that ||V,.|l. < C, for s > 4. This fact ensures that

max (V)] +[15@)]) < C(T a,d [[Voll, 150]l1), (4.116)
and therefore, the solution of (4.110) can be extend over [0, 7. O

For the second part, we prove the following Theorem.

Theorem 20. Let (n,u) € C(0,T;H*(Q) x H*(Q)) be the solution of (4.55)
corresponding to the initial data (ny,ug) € H*(Q) x H%(Q), for s > 4. Then, there
exists a finite time T > 0 and a constant C' = C(T,a,d) > 0 independent of N, such
that

max (||n(t) — nwl + [[u(t) — uyll) < CN'*. (4.117)

0<t<T
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Proof. This proof is similar to the proof of Theorem 15. The only difference is that

we take ¢, € (0,7] be the maximal temporal instance for which the system

(e1,,e1) + (e2,,e1) + (Va(u —S) + So(n = V) + (Ser)e + (Vea) — (e162)s, €1)

+a(es,,., e1) =0,

(e2,,€2) + (e1,, €2) + ((u— 9)S, + (Sea). — eaea,, €2) — d(ea,,,,€2) =0,
(4.118)

with e1(0) = e2(0) = 0, has a unique solution such that,

lex(®lloe <1, len, (Do <1, fler. (D)o <1, (4.119)

for all 0 <t < ¢y,

Using similar ideas to the previous theorems, the estimates given in (4.119)

lead us to conclude that
lex()[| + [le2(t)]ly < C(T,a,d)N'~*, (4.120)

which holds for all ¢ € [0, t].

To extend this result to [0,7], we proceed as before, using the Sobolev and
inverse inequalities. Then, (4.117) follows by (4.120) and the result obtained in
Lemma 8. O

4.8.1.7 H has order 1

For this case, we assume that b=0,d >0, a =c¢ > 0 or a,c < 0. Then, the

Boussinesq system becomes:

Mt + U, + (nu)z + AUgyy = 07

Up + Ny + Uy + CNygy — dUggr = 0, (4.121)

with initial conditions n(z,0) = no(z) and u(z,0) = ue(z) for x € Q and t > 0.
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In order to obtain error bounds for the semi discrete problem obtained from
(4.121) using the Fourier collocation method, we consider weight functions ¢, as
functions from Sy as well, and require that the following system is satisfied

(e, ) + (un,, @) + (INuN )2, @) + alun,,,, @) =0, (4.122)
(U’NHQ/}) + (77Nm7¢) + (UNUNMQ/}) + c(nNmm ¢) - d(uszta %ZJ) = 07 |

in Q and for ¢ > 0. The system (4.122) is supplemented with the initial conditions
nn(z,0) = Pyno(x) and un(z,0) = Pyug(x), for z € €.

Moreover, as it was seen on the Section 3.3.2, the inital condition and the solu-
tion in this case satisfy that (g, ug) € H*(Q)x H**1(Q) and (n,u) € C(0,T; H*(Q) x
H*(Q)) for s > 1 and T > 0.

Once again, following the idea of dividing the analysis in two parts, we have

the following results.

Lemma 9. Let (n,u) € C(0,T; H*(2) x H**(Q)) be the solution of (4.88) cor-
responding to initial data (ng,up) € H*(Q) x H*TY(Q) for s > 2. Then, there is a
unique solution (V,S) € Sy x Sy of

(Vi, @) + (Sz, @) + (uVa +10Ss), ) + a(Sraas ©) = 0,
(St; w) + (V:m w> + (US:pa w>+c(‘/:pma w) - d(Sx:rtu w> = 07

for all finite time T > 0. Moreover, given 0 < t < T, there is a constant C' =
C(T,a,c,d) > 0 independent of N, such that

max  {||n(t) — V| + ||u(t) — S|} < CN'. (4.123)

0<t<T

Theorem 21. Let (n,u) € C(0,T;H*(Q) x H*(Q)) be the solution of (4.121)
corresponding to the initial data (ny,ug) € H*(Q) x H*TY(Q), for s > 2. Then, there
exists a finite time T > 0 and a constant C = C(T,a,c,d) > 0 independent of N,
such that

max (||n(t) —nw| + [[u(t) — uyll) < CN'*. (4.124)

0<t<T
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The proofs of these results are analogous to the ones presented on Sections
4.3.1.1 and 4.3.1.2. In this case, we have to notice that Remark 6 still holds if

a=c>0ora,c<0.

4.3.1.8 H has order 0

For this case, we assume that b > 0,d =0o0r b =0,d >0and a < 0,c=0 or
a = 0,c < 0. Suppose without loss of generality that b > 0,d =0 and a < 0,¢c = 0.

Then, the Boussinesq system in this case becomes

Uz + Uy + (nu>x + QUgyy — bnx:rt = 07

Uy + Mz + uu, = 0, (4.125)

with initial conditions n(z,0) = no(z) and u(x,0) = ue(z) for x € Q and t > 0.

In order to obtain error bounds for the semi discrete problem obtained from
(4.125) using the Fourier collocation method, we consider weight functions ¢, as

functions from Sy as well, and require that the following system is satisfied

(e, ©) + (un,, ) + (INUN )2y @) + a(Un,,,, ©) — b(1N,.., ) = 0, (4.126)
(uNt7 1/1) + (77N17 1/1) + (uNusz 1/1) = Oa .

in  and for ¢ > 0. The system (4.126) is supplemented with the initial conditions
nn(z,0) = Pyno(x) and un(x,0) = Pyug(x), for z € .

Moreover, as it was seen on the Section 3.3.2, the inital condition and the so-
lution in this case satisfy that (1o, ug) € H*(2) x H*(2) and (n,u) € C(0,T; H*(2) x
H*(Q)) for s > 2 and T > 0.

Therefore, we have the following results

Lemma 10. Let (n,u) € C(0,T; H*(Q2) x H*(2)) be the solution of (4.125) corres-
ponding to initial data (ng,up) € H*(Q) x H*(Q) for s > 4. Then, there is a unique
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solution (V,S) € Sy x Sy of the system

(Vi) 4 (Sey ) + ((uVa +15%), 0) + a(Saaw, ©) — 0(Vawr, ©) = 0,
(S, ) + (Vi 1) + (uSs, ¥) = 0,

with initial conditions V(x,0) = Pxno(x) and S(x,0) = Pyug(x), for all finite
time T > 0. Moreover, given 0 < t < T, there is a constant C = C(T,a,b) > 0
independent of N, such that

(4.127)

max {|(t) = V]l + Ju(t) - S|} < ON'. (4.128)

0<t<T
Theorem 22. Let (n,u) € C(0,T;H*(Q2) x H*(Q2)) be the solution of (4.125)
corresponding to the initial data (no,ug) € H*(Q) x H*(QY) for s > 4. Then, there
exists a finite time T > 0 and a constant C = C(T,a,b) > 0 independent of N, such
that

max (In(t) — vl + Ju(t) - uxll) < CN'=*. (4.129)

0<t<T

The proofs of Lemma 10 and Theorem 22 are analogous to the proofs of
Lemma 8 and Theorem 20 on Section 4.3.1.6, respectively. Assumptions were made
about ||0.2 ()]s, |l€2(t) oo, ||€2, (t)||oo and ||ea,, (t)|loo rather than the norms of ||p(t)]|
and [[e1(2)]-

4.8.1.9 H has order —1

For this case, we assume that b > 0, d = 0 and a = ¢ > 0. Then, the
Boussinesq system becomes:

Nt + Uy + (nu>z + QUggr — bnxxt - 07

4.130
U + My + WUy + Cllzza = 07 ( )

with initial conditions n(z,0) = no(x) and u(z,0) = ug(z) for z € Q and ¢ > 0.

In order to obtain error bounds for the semi discrete problem obtained from

(4.130) using the Fourier collocation method, we consider weight functions ¢, as
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functions from Sy as well, and require that the following system is satisfied

(N> ) + (un,, @) + (INUN )2y ) + A(UN, s ©) = DTN, ) = 0, (4.131)
(uNt7 w) + (nNzy ¢> + (UNUNZ, w) + C(nsz:m 2/}) = 07 .

in  and for ¢ > 0. The system (4.131) is supplemented with the initial conditions
nn(z,0) = Pyno(x) and un(z,0) = Pyug(x), for z € Q.

Moreover, as it was seen on the Section 3.3.2, the inital condition and the solu-
tion in this case satisfy that (1, ug) € H*T(Q)x H*(Q) and (n,u) € C(0,T; H*(Q) x
H*(Q)) for s > 1 and T > 0.

Following the idea of dividing the analysis in two parts, we have the following

results.

Lemma 11. Let (n,u) € C(0,T; H**1(Q) x H*(Q)) be the solution of (4.130) cor-
responding to initial data (ng,uo) € H*TH(Q) x H*(Q) for s > 2. Then, there is a
unique solution (V,S) € Sy x Sy of
(Vi ) + (Sa: 0) + (Vi +052), ) + a(Saaas ) = b(Vaar, ) = 0,
(S, 1) + (Vo ) + (S, ) T e(Vawas ¥0) = 0,
for all finite time T > 0. Moreover, given 0 < t < T, there is a constant C' =
C(T,a,b,c) >0 independent of N, such that

max {[(t) = V]l + Ju(t) - S|} < ON'. (4.132)

0<t<T
Theorem 23. Let (n,u) € C(0,T; HT(Q) x H*(Q)) be the solution of (4.130)
corresponding to the initial data (o, uo) € H*H(Q) x H*(Q) for s > 2. Then, there
exists a finite time T > 0 and a constant C = C(T,a,b,c) > 0 independent of N,
such that

max ([[n(t) — nwll + [lu(t) —un|)) < ON'. (4.133)

0<t<T

The proofs of these results are analogous to the Section 4.3.1.7. In this case,

once again, we observe that Remark 6 still holds if @ = ¢ > 0. The roles of V' and
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S and p and 0 are reversed, during the demonstration of the Lemma 11, as well as,

the roles of e; and ey, during the demonstration of Theorem 23.

4.3.2 Fully Discrete Problem

In this section, considering the time and space variables discretized, we prove
optimal order L?, H' error bounds of spectral accuracy in Q = [—L, L] and fourth

order accuracy in time for the nonlinear family of Boussinesq systems (3.31).

As it was mentioned in the beginning of this chapter, the nonlinear systems
are discretized in space by the standard Fourier collocation spectral method and in
time by the explicit RK4 method. The algorithm for the RK4 method is detailed in
chapter 2.

In general, the semi discrete problem for the Boussinesq system is represented
by

(e, ) + (un,, @) + (MNUN )2y @) + a(Un,,,, @) — DN, ©) = 0,

(UNM 77b> + (/r]Nmy w) + (UNUNW w) + c(nNmm? ¢) _ d(uNmmt7 w) _ 07 (4134)

valid for all ¢ € [0, T'], where the functions ¢, 1) are the weight function of the Fourier
collocation method and the parameters a,b, c,d are given by (1.13). The form of

(4.134) changes depending on the region of parameters considered.

We start proving the following result, which will be necessary to obtain the

mentioned estimates.

Lemma 12. For N sufficiently large, let (ny,un) be the solution of the semi discrete
problem given by (4.134) for t € [0,T]. Therefore, for j = 0,1,2,3,4, there ezist
constants C; independent of N, such that
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(i) Purely BBM-type: if s > 2 is such that (n,u) € C(0,T; H*(Q))? and (0Fn, 0Fu) €
C(0,T; HT1(Q))? for k > 1, then

Jnax, (HagﬁNHl + HaguNHl) < Cj.

(ii.1) Weakly Dispersive case I: if s > 3 is such that (n,u) € C(0,T; H*(Q))? and
(atnaatu> < C<07T7 HS_I(Q))27 then

max (|| nyl + [|#un]r) < C;.

0<t<T

(1..2) Weakly Dispersive case II: if s > 3 is such that (n,u) € C(0,T; H*T1(Q) x
H:(Q)) and (Oyn, dyu) € C(0,T; HTH(Q) x H(Q)), then

Jnax, (10¢nnl2 + [|0]unlli) < Cj.

(7i.3) Weakly Dispersive case III: if s > 3 is such that (n,u) € C(0,T; H*(2) x
H*™Y(Q)) and (0, dwu) € C(0,T; H*(2) x H*TY(Q)), then

max ([ nxlls + 187un]2) < C;.

0<t<T

(111) Purely KdV-type: if s > 5 is such that (n,u) € C(0,T; H*(2))? and (0yn, Oyu) €
C(0,T; H*3(Q))?, then

max (|0l + [19fux]) < C;

(iv) H of order 2: if s > 4 is such that (n,u) € C(0,T; H*(Q) x H*"2(Q)) and
(0, Oyu) € C(0,T; H=HQ) x HTY(Q)), then

max ([|07nw | + [18/un1) < C;.

0<t<T
(v) H of order 1: if s > 4 is such that (n,u) € C(0,T; H*(Q) x H*™(Q)) and
(Om, Oyu) € C(0,T; H2(Q) x H"Y(Q)), then

[nax (1o/nn |l + [0 un]l1) < C;.
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(vi) H of order 0: if s > 3 is such that (n,u) € C(0,T; H*())? and (9yn, Ou) €
C(0,T; H51(Q))?, then

Imax (||ag77N||1 + HaguNH) <.

0<t<T

(vit) H of order —1: if s > 3 is such that (n,u) € C(0,T; H*(Q) x H*(Q))2 and
(Om, Oyu) € C(0,T; H=HQ) x H2(Q)), then

mas (107nx ] + [0full) < €.

Proof. (i) Observe that, using the definition of p,6,e; e ey given on section 4.3.1,
we can write

nv = Pyn—p—eq, uy = Pyu — 0 — es. (4.135)

Therefore, using the estimates for the semi discrete problem in this case, the

properties of Py and the inverse estimates for elements of Sy, we get

|Pnn—p—er+n—nll < ||Pxn—mnl+ [0l + el + [lerllx
C(N"*|Inlls + lInlls + N'=%),
lunlli = |IPvu—0—ex+u—ully <|[[Pyvu—ully + [[ully + [|0]]1 + [lez]lx
C(N'"*|lulls + Julls + N*=%),

[l s

IA

IA

which are both bounded independently of N, for N sufficiently large, t € [0, 7] and
s> 2.

Then, we can conclude that

Ofggg(H??NHl + llunll) < Co, (4.136)

with Cy independent of N.

Now, taking ¢ = ny and ¥ = uy in (4.25), we have that

ap(Mn,Mn,) = —2(un,,n) — 2((NUN) s TN ),
ap(un,,un,) = —2(nn,,un) — 2(unun,, uy),
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which implies, using the fact that both bilinear forms are coercive, that

I 15 + N 7 < 2l il + 3l loollnnll® + 2llmw [l + 2l un, oo llun |
< max {1, 2 + [lun, [loo, 1+ 3llun I} ([Inn 13 + lunlly) < C1,

valid for all t € [0,7], s > 2 and N sufficiently large. Indeed, using (4.135) and

inverse estimates for elements of Sy, we obtain

[(u = Pyu)zlloo + ltzlloo + [10zlloo + €2, oo
C (llu = Pyulls + [lullz + [|10]]2 + [le2]]2)
C(N**|lulls + lullz + N{|€]]s + Nlleall1)
C(N?=*[ulls + [Jul|2 + N*77),

[, floo

(4.137)

VAN VAN VAN VAN

which is bounded independently of N, since we are considering s > 2. These esti-

mates along with (4.136), lead us to conclude that

max ([l + [luw. (1) < Ch, (4.138)

o<t<T

with ' independent of N.

Taking the first time derivative of (4.25) and ¢ = 1y, and ) = uy, we have

(77Ntt7 nNt) + (uNa:t7 77Nt) + ((UNUN)N’ nNt) - b(nsztﬂ nNt> = 0’ (4.139)
(uNtt7 uNt) + (77Nm7 uNt) + ((uNuNz)t7 uNt) - d(usztH uNt) = U

Proceeding similar to the last estimate, we conclude that
v 17+ e llF < m (w15 + lus [17)

where m = max {3 + 3[|un, [[oo, 1, 1+ [l [loos 1+ 3l[un, [loo + [0}

Using (4.135) and similar arguments used in (4.137), we can show that ||y ||,
|lun]lo and ||nn, || are all bounded independently of N, since s > 2. Then, we
conclude that m is bounded and it holds that

s (s + e, 1) < Co, (4.140)
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with 5 independent of N.

Taking the second time derivative of (4.25) and ¢ = ny,,, ¥ = un,,, we have

(77Nma UNtt) + (uNztt7 nNtt) + ((UNUN)xm 77Ntt) - b(nszttﬂ 77Ntt) = 07 (4141)
(uNtttJ U‘Ntt) + (T]Nzti7 uNtt) + ((uNuNm)tt7 uNtt) - d(uszzzw uNtt) = 0.

Once again, similarly to the last estimate, we obtain that

HT]NtttH% + ||U’Nttt“% < (||77NttH% + ||uNHH%) +c (||77Nt||% + HuNtH%) )

with ¢ = max {5 + 2[|un, |leo + [[unlloo; 1,2 + 3[Jun, lloo + [, lloos 1+ [[nx]loc} and

c2 = max {4 + [Jun,, lloo, 417, lloo + Allun,, o}

Using previous estimates, we conclude that c¢; is a bounded constant inde-

pendently of IV, since s > 2. For ¢, we observe that, using the same idea as before,

(7 — Pnnie)alloo + 1Mz lloo + || ptelloc 4 1l€10 [0
C (Il = Prmellz + [[mell2 + [loell2 + llex]]2)

C (N> [nllssr + llnellz + Nllpelh + Nlley,|l1)
C (N |mells1 + el + N?72),

1732l

VANRVANR VAR VAN

which is bounded by a constant independent of N since s > 2 and (n,u;) €
C(0,T; H*T1(Q))2. We can use a similar argument to bound ||ux,,||s, and con-

clude that ¢, is, in fact, bounded independently of N.

Using (4.138) and (4.140) along the limitations of ¢; and ¢, we conclude that

OIQ%XT <H77NmH1 + HuNtttHl) < 037 (4142)

with C'5 independent of N.

To finish the proof in this case, we have to estimate the fourth time derivative

of (ny,un). We take the third time derivative of (4.25) and take ¢ = 7y, and
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Y = up,,. Then, we obtain

aB(nNtttH nNttt) + (uNmttt? T}Nttt) + ((nNuN>33ttta nNm) + a(uNxac:cttH nNttt) = 07
a’D(uNtttt’ U’Nttt) + (anttﬁ uNttt) + ((UNUNl.)ttt, U’Nttt) + C(T/mettt? uNtzt) = ? )
4.143

Through the Sobolev’s lemma and the limitations of first three time deriva-
tives, we can show that ||ny,||co and ||uy, || are both bounded independently of N

for s > 2. Then, we conclude that

org%}gr (“nNttttHl + ||uNtttt||1) < 047 (4144)

with ) independent of N.

Therefore, from (4.136), (4.138), (4.140), (4.142) and (4.144) we can conclude
that for s > 2 and 7 = 0,1, 2, 3,4, it holds

max ([[0/nyll + [0/ ux) < C;.

0<t<T

(ii.1) Since the case (i) is a particular case of this one with a = ¢ = 0, and
if we multiply the first equation by |c| and the second by |a| we can use Remark 6
to cancel these extra terms, all the estimates for the first three times derivatives of
(nn,un) given in the previous proof hold in this case. It is also worth to observe
that in this case,

(0 = Pnnt)zlloo + [0z lloo + [0tz lloo + €1, lloo
C(llne — Pynella + lmelle + llpell2 + lle, l2)

C (N> lllsmr + lnella + Nllpelh + Nller,]l1)
C (N*=[Inells—1 + [Imella + N?72 + N?7°)

is bounded by a constant independent of N if s > 3, since (1, u;) € C(0,T; H*1(Q2))%

(IS

(4.145)

IA A IA A

This implies that the estimate for the fourth time derivative holds for s > 3.

Therefore, we can conclude that for s > 3 and j = 0,1, 2, 3,4, it holds

0Lior (1o nxll + [10)unlly) < C;
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(1i.2) Using the decomposition given by (4.135) and using the results for the
semi discrete problem for this case, the properties of Py and the inverse estimates

of elements of Sy, we get

Innllz = [I1Pvn—p—er+n—nlla < [[Pxvn—nll2 4+ Inllz + ol + llei]]2
C (N [Inllsxa + lInllssa + N?7%),

[Pvu—0 — ey +u—ully < ||Pyvu—ully + [[ulls +[[0]l + [lezlls
C(N"*|lulls + [Julls + N'=*),

IN

[unh

IN

which are both bounded by a constant independently of N for all ¢ € [0,T],
s > 2 and N sufficiently large. Then,
max ([[nnllz + [unlli) < Co, (4.146)

0<t<T

with Cy independent of N.

Proceeding similar to the proof of Lemma 5, we write the first equation of

(4.70) as
(NN, — DNy, 0) = —(un, + (INUN)es @),

with ny, = PnC, such that ¢ is solution of ¢ — b(" = f(z), with f(z) = —upn, —
(Myun)z; by (4.73) and (4.74) we obtain

v ll2 < C ([lune | + N1 oo llun |+l ool -

On the other hand, taking ¢) = uy in the second equation of (4.70) and using

the coercivity of the bilinear form ap, we obtain that

w13 < e 1 4 w1+ 2l ool 1 + ¢l 1 + lluw, 1%

Adding both inequalities, we conclude that

w2 + [lun, |1 < & (Iowllz + llusl1)



104

where k& = max {CHUN,HOO, 1,6, Cllnn, lloo + 1+ (2/un, o) 2, 1 + C’} is a bounded
constant independently of IV for s > 3, as a consequence of similar arguments used
in (4.137). Therefore,

max (ol + use 1) < C, (1.147)

with '} independent of N.

To estimate the second time derivative, we take the first time derivative of

(4.25) and proceed as before. We get that

v ll2 + unee [l < R (el + [lun )

where b = maax {Cluy, s Cllu o + 1,1, Cl o+ 1+ @, o), 1+
Imn oo + |lun|lso + ||} is also a bounded constant independently of N for s > 3, by

similar arguments used in (4.137). Therefore,

max (HT/NttH? + ||uNzt”1> S 027 (4148)

0<t<T

with 5 independent of N.

To estimate the third and the fourth time derivatives of (1, uy), we have to
use along the estimates for gy, un,ny, and uy, in L®(§2), the estimates for ||nn, ||
and [|un, ||, as it was done previously. In this case, we have similar bounds for

these norms if s > 3 as in (4.145), which imply that

mass (vl + Juse 1) < Co, (1.149)

with C5 independent of N, and
Orgfg% <||77Ntttt||2 + ||uNttttH1) < 047 (4150)

with ) independent of N.

Therefore, we can conclude that for s > 3 and 7 = 0,1, 2, 3,4, it holds

max (||07nwllz + [0unll:) < C;.

0<t<T
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For the rest of the cases, the demonstration follows similarly to these last
ones. It is always necessary to estimate |0y ||oo, |73, [|oos |78 ooy 14N ||0os [|4n, || sos
|lun,,||cc using the appropriate H*-norms for each case, in order to determine a

bound for the first four times time derivatives of 17 and w. This ends the proof. [

Now we are ready to perform the convergence analysis for the fully discre-
tization of the nonlinear Boussinesq systems (3.31). Our analysis is concentrated
in the cases having the stability condition for the solution of the linear problem,
given by At < C'Axz. These cases, along the ones with stability condition of type
At < C, have the corresponding fully discretizations not stiff, which implies that we
can achieve a high accuracy at a low computational cost. These specific cases are

the ones with numerical simulations in the following chapter.

We recall that, to satisfy the linear stability condition At < CAx (or equiva-
lently At < CN '), the paramenters a, b, ¢, d must to belong in one of the following

regions:

(i) Weakly dispersive Boussinesq systems, case I: @ < 0,b > 0,¢ < 0,d > 0
ora=c>0,b>0,d>0;

(ii)) H of order 0: a < 0,0 > 0,c=0,d=0o0ra=0,b=0,c<0,d > 0;
(iii) H of order 1: a =0,b=0,c=0,d > 0;

(iv) H of order 2: a < 0,b=0,c=0,d > 0.

We start analyzing the case (i). Considering the bilinear forms given by (4.23)
and the functions f,§ : L? — Sy given, respectively, by aB(f(v),X) = (v,x) and
ap(g(w),x) = (w,x) for all y in Sy, we obtain from (4.56) that

v, = (v, un), (4.151)
un, = g(nN,UN),
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valid for all ¢ € [0,T], where f : H' x H* — Sy and g : H?> x H' — Sy are
given by f(v,w) = f(w) + f(vw) + af(w") and g(v,w) = §(v) + 33(w?) + cg(v").

The " and ” denote, respectively, the first and the second derivative with respect to

spatial variable in this specif functions.

In the following, we introduce the RK4 method that we use to solve the
system (4.151). The algorithm for this method is given by

1. Set % = Pymo and ul; = Pyug;
2. Forn=0,1,....M — 1 do
2.1 Set ' =n% and uy' = ul;
2.2 For1=2,3,4 do

2.2.1 1y = + Aty f (' ) uy' =t Atagg (g uy'

4 4
23 0" =R+ ALY B0 up)s ut = ul + ALY Big(ny u),
=1 i=1

with o =az =3, au=1, 0 =81=1% and o = B3 = 5.

Then, we have the following result.

Theorem 24. Let (n,u) € C(0,T;H*(Q) x H*(Y)) be solution of (4.55) corres-
ponding to the initial data (no, ug) € H*(Q)x H*(QY), for s > 2 and some 0 < T < c0.
Suppose that there exists a constant M, such that maxepo,r] ([|[0in(t)||1 + [|Oju(t)|l1) <
M fori=0,1,...,5. Let (H™,U™), 0 <n < M, be the solution of the system (4.151)
obtained by the RKJ method. Then, for N sufficiently large and At sufficiently small
such that At < CN™L, there exists a constant also denoted by C, independent of N
and At, such that

max_(|In(t") — H"||y + |[u(t,) — U™]l1) < C (At + N'=%). (4.152)

0<n<M
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Proof. For the first part of this proof, we consider the local temporal errors of the

RK4 method, which are given by

4
Po= gt = — AtZij(m’@"’, uy’),

(4.153)
0y = uiy — AtZ/ng N 7UN
In the following, we demonstrate that under our hypotheses,
max (|07 + 93 ]1) < CA. (4.154)

0<n<M-1

In fact, this can be done by explicitly computing the intermediate stages of
RK4 method (7, u%’) and the values of f(n%’, uy’) and g(ny’, u’) in terms of the
temporal derivatives of ny(t) and uy(t) evaluated at ¢ = ¢,,. Using the definitions

of f and g we obtain that,

my =0y =nn(ts), Uy =ul = un(t,);

1. Fori=1= ol m1
f(n]\; 7“]\; ) :77Nt7 9(77]\/7 y Uy ) :urjift;

n,2 At, n n2 _  n At
Ny =Ny + SN, Uy = Uy + S5Uun;

2. Fori=2= f(n?ul?) =np + 2y + 2207 " = flnxun,);

n,2 n n n .
g(nN 7uN ) U'Nt + _U'Ntt + A_t/B ﬁ = (UNtUNt),

n,3 n 3
N =+ 5 5) 77Nf + _nz\m + A_ta
n,3 n n At2 n A A3 R n,,n
3. Fori =3= f(nN y UN ) = NN, + T77Ntt + _tnNm - Tta + Tt {f ( UN)

+3 f(nNaﬁn +at }+ 16’71’

2 2 3 ~
9(7771@37“7\/3) = uNt + %UN” + A_t Nm At = 6"+ At { (™) +

Cg( zm) + %ﬁf §g<6n } + 32 727
where
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n ¢ n|,n n 2 on £ (an [..n n Flon ,n
M= f (Oé |:uNt + %uNtt + %ﬂ :|> + %f (B [nNt + %nNtt]) + f(nNttuNtt)’

Vs

4. For i = 4 =

where

~lom n ~ n n n 2 on
g(uNttuNtt) + g (ﬁ [uNt + %uNtt + Al_éﬁ ]) )

n4d _  n n At n At n At n At? ~n
Ny =1n + Atny, + SN, + SN, — S0 SN

with 47 = f(a"uly) + 1 f (i, B") + af + 57

upt =y + Atu, + Ayn 4 Ayn, AL gn Al
with 45 = g(a”) + cg(ag,) + 567 + 59(B uf) + 5485

FOot uit) =, + At + 2505, + A58 — AL fan
LSO, B7) + f (amu) } + 8545

gOm' ') = ufy, + Atufy, + SuR,,, + 2Ry, — AF {367

~ n ~ n ~ n n 4 n
+4 (") + cg(an,) + Sg(un ™)} + 243,

4

n Friam Fram £ 2n n At aAn ¢ n n n
V3 = f(72) + a’f(’yhx) + f (/yl |:u]\}4 - ?72]) + f (nNtt [QUNtt + AtuNttt

A A . .
=S| ) T )+ Gk T2, - 070) £ (D, - ) 20

. AP A
+Atuy,, + ——uy,, — Tﬁ }) ,

2

~ram NN Al m n ~ ~m n,4 At4An
9(71)+09('Y1m)+9(UNttUNtt)++9 Yo |Un _1_672

At? At?

. 1
+ g <|:u71<7ttt - 5/8’”1} |i2u1]7\/[t _'_ Atu?\ftt _'_ Tu%ttt o ?/Bn}> :

Using these formulas in (4.153), we get that

4

At .
or =yt = — O + ACTY,
:0 .
]4mj. (4.155)
05 = utt = ——dlun + ALTY,
- ]
7=0

where T = =L (v +7) and T = =L (Ly2 + 7).
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Hence, to obtain (4.154), we have to show that ||[I'}[]; and ||I'}||; are bounded
by constants. With this aim in mind, we resort to the item (i:.1) of Lemma 12 and

use the following auxiliary result.

Lemma 13. There exists a constant C independent of N such that

(i) If ) < Clloll, N3l < Clloll, v e L

per’

(@) 1| ()2 < Cllolly, [13(0)ll2 < Cllvlh, v € H,

per’

(iii) | f(0)lls < Cllolls, [1§(0)lls < Cllolly, v € Hy

per”

Proof of Lemma 153. To demonstrate (i) we use the definition of f; taking
X = f(v) € Sy with v € L?, we get

CIfW)IF < ap(f(v), f(v) = (v, fo(v)) < 0llllf ()],

which implies that || f(v)||; < C|jv|| for all v € L2 The proof is analogous for §.

To demonstrate (i), we consider the BVP w — bw” = —v' for v € H,,,, such

that w'(—L) = w'(L). Hence, multiplying this BVP by x and integrating in Q, we
obtain that

(w_bw/”7)§) = —(U/I,X)7
(w ) +b(w'.x) = (v.x), (4.156)
ap(w,x) = (v,x).

Observe that, using (4.22), we can rewrite (4.156) as ap(Pyw,x) = (v,X ),
and use the definition of f to conclude that Pyw = f(v) Therefore, using (4.5), we
have that

1f()ll2 = [ Pxwlls = [ Pyvw — w +wlls < Cllwllz. (4.157)
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On the other hand, note that

o]l2 > /Q(U’de _ /Q(w ~bw')?d > min {1, 25,57} [[w] (4.158)

Then, the equations (4.157) and (4.158) imply that ||f(v)||]2 < C|lv|)x for all
veEH!

per:*

This part of the proof is analogous to g.

The proof for (iii) is similarly to was done in (i7). Consider the BVP
and w € H* such that w"(—L) = w"(L). Hence,
multiplying this BVP by x € Sy and integrating in €2, we obtain that

/ m ’
— 1
w —bw = —v forv e Hy,,

C@ewty) = (),
(w'ox) +0 (" X)) = (v.x), (4.159)
CZB(U},X) = (07X)~

Using the definition of f, we obtain that f(v) = w'. On the other hand, we
observe that

"

> ()de = [ (w —bw")?de

Q, gy " 1 4.160
> |2 + 26w |2 + (07 — eCy) w2 + el ||? (4.160)
> min {1,2b,0% — eC,, e} ||[w'||,

vl

which is valid for constants € > 0 and C,, such that b* — eC, > 0; the constant C,

" | ’

arises from the Poincaré inequality applied in the term ||w

Therefore, we conclude that || f(v)||s = ||w'||s < C|lv|1, with C = C(b,e,C,),
which finishes the proof of the lemma. n

Proof of Theorem 2/ continuated: To demonstrate that ||I'?||; and ||T'5]|; are boun-

ded by constants, observe that using the Lemmas 12 and 13, we can show that

la l + 18™ My < 11 Grmie )l + g (uiy, w1 < C (I, I + Ny, 1) -
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which is bounded by a constant, as a consequence of (ii.1) of Lemma 12. Moreover,

ot + gt < { (o + 00+ 3 ) W+ (5 + 10 ) W b+ 5 o )
n n n n n AtZ n n n||2
o+ e NP+ o S0 + S {8+ 87
an an n n 1 n n n n n
1521+ 1581 < {1 0+ )+ 31" 1+ Tyl + T D + o |

lal

n n n At Lmn LN
hatll+ Bl + el | + 5 €321+ 1321

1+ 1T < L g 1) 1531+ (L el 1) 19311+ lal 15|+
[ell145 112 + 2lla” [l |+ 18" 1l [+ i 1) + 2, I (I, 1+
e l1) + e, 2l |+l 1) + 2l iy, [+ At {

At
(e I+ 1R, 1)+ i i, 1+ == 08" Clle [+ [, 1) 3 +
2

AtQ n n n AtQ n||2 211 n2 2
S L (o™l + I 1)} + S (18712 + A" + 28

AN A n At? n n n n 1 n
D+ S {17l + T+ ) + e 2}

which are all bounded by constants, namely C, as consequences of (ii.1)-part of

Lemma 12, Lemma 13 and estimates above.

These limitations are valid for At sufficiently small, and the constant in all
the cases is of type C' = C(a, ¢), where a, ¢ are parameters of the Boussinesq family

system (4.56).

Remark 7. Note that to prove the last estimate, we have used that |ny*|| + ||uy’|| <
C, which can be easily proved from the formulas to 77]’"\”,’4 and u%d‘ given previously

along with Lemma 12.

Therefore, using the intermediate estimates given above, we can conclude that

IT¢ 1+ ||IT%]l; < C. Therefore, using (4.155), we obtain that |67, +|6%]1 < CAP.
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Indeed, expanding in Taylor series the functions ny(t) and wuy(t) around
t = t, and using Taylor theorem (see BURDEN; FAIRES (2010)), we get that

4

v (t) = Z W(t—tn)%@(t—tn)i un(t) = Z W(t—tn)ﬁr(?(t—tn)?

Evaluating these formulas at ¢ = ¢,,, 1, substituting in (4.155) and taking the
H'-norm, lead us to conclude (4.154), which ends the first part of the proof.

In sequence, we perform the stability part of the proof. Consider e/ :=
nw’ — H™ and ™ := uy/ — U™ the errors between the solution of (4.56) evaluated
at t = t,, and the fully discrete approximations (H™,U") in Sy x Sy of n(.,t,) and
u(., t,), solutions of (4.55), for 0 <n < M —1and j =1,2,3,4.

Note that for j = 1 we have that " := ¢! = g% — H" and e" := ™! =

uy, — U". For j = 2,3,4 we get

g™l = "4 Ata,f(e™I T emI ),
= e Aty |y end )+ fend T+ flenitten )
el = "+ Ata;g(e™ Tt emIiTh),

= e"+ Atay [g(e™T 7, emI ) — g(emI eI ) 4 gem Ity ]
(4.161)

By hypothesis, it holds that max,ejo ) (|0i(t)|[y + [|@u(t)])) < M for i =
0,1,...,5. Suppose that M is sufficiently large so that, for i = 0,1,...,5,
maxieior) (|0fnn ()1 + [10un (t)][1) < 2M .

Let n* < M be the largest integer for which ||H"||; + |[U"|, < 3M for
0 < n <n*. Hence, for 0 < n <n* we have that

el + [l < 5,
le™ 11+ fle™ Ml < (lle™ [l + lle™[[x) + C(M, Jal, [ At (le™ =l + [le™ 1) ,
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for j = 2,3,4

Furthermore, using the definition of ¢ and e and the RK4 method previously
described, we can write that

n+l n+1 n+1
€ = TN - H )

4 4
= A B i) 07 — HY =AY B f(H™,U™),

j=1 j=1

4
= " H ALY B [y uy) — fH™,UM)] + 67,
7=1

(4.162)
and similarly,
en+1 — urjif-&-l _Un+17

4
n n,j n,j n,j n,J n 4163
= o A5 g ) — g U] ey (H169)

=1
Then, defining A" := ||e"||y + ||e"||1, A™ := ||e™||; + ||e™’||; and summing

the H'-norms of (4.162) and (4.163), we get that

4
A< AT+ ALY A 4 (|67 + (165 1) -

J=1

4
Since for At sufficiently small hold that AtZA"’j < CAtA"™ and
j=1
(16211 + 105]11) < CAt®, we conclude that

A< (1+ CAL) A" + CAP, A° = 0.

Now, observe that

1—(1+ CAt)"*!
—CAt

At < CAt” = [(1+ CA)™ — 1] CAt*, 0 < n < n',
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and since we considering At sufficiently small, we can guarantee that A"l <
C(n*)Att.

Finally, observing that we can write from the definitions of ¢ and e that

H"H = pitt — entland U = uit! — el we get that
P 107 <G+ )+ @+ e ).
< 2M + Antt
< 2M + C(n*)At* < 3M,

A

independently of n* since At is small, contradicting the maximal property of n*.
Therefore, |H™||; + ||[U™]|s < C for all 0 < n < M and so,

e ("l + lle"ll) = max (o — Bl + uy = U"[l) < CA

Using this result along (4.65) lead us to conclude that, for the weakly disper-

sive Boussinesq system case I, it holds the estimate (4.152). O

A similar idea can be applied to the others cases, with small modifications.
For example, to the case where H is of order 0, say a < 0,b > 0,¢ = 0,d = 0, we
obtain the ODE system given by

v, = (v, un), (4.164)
Un, = 5_](77N7 UN),

forallt € [0,7]. The functions f,4: L* = Sy are given respectively by aB(f(v), X)
(v, %)) and ap(§(w),x) = (w,x) for all x in Sy, with f : H' x H*> — Sy and
g: H' x H' — Sy given respectively by f(v,w) = f(w) + f(vw) + af(w”) and
g(v,w) = g(v) + 39(w?).

Observe that, since g is equal to g in the weakly case unless the term c@(v”),

we can apply the same intermediate steps as before to the function g, disregarding
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the appropriate term. Moreover, Lemma 13 still can be applied, since [|g(v)| <

19(0)[lL < Clloll, v e L%

Then, we conclude that for this case we have the following estimate

max (|ln(t") — H"|ly + [u(t,) — U"]]) < C (At" + N'7) (4.165)

0<n<M

for s > 3.

Remark 8. There is another possibility in this case, which is a = 0,b = 0,¢ <
0,d > 0. In this case, we consider the same function g defined before, but we replace
the function f by the function f : H* x H* — Sy given by f(v,w) = f(w)+ f(vw).
Then, we proceed in the same way that described before, and we get that

maz (||n(t") — H"|| + |Ju(t,) — U"l1) < C (At + N'7%) . (4.166)

0<n<M

In the case where H is of order 1, that is a = 0,b = 0,c = 0,d > 0, the idea
is similar to the idea for the case when H is of order 0, but we consider f and g

in the same time. After all the steps described, we obtain for this case an estimate

similar to (4.166).

When H is of order 2, that is a < 0,0 = 0,¢ = 0,d > 0, we apply the same

ideas using f and g. For this case, we also obtain an estimate similar to (4.166).
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5 NUMERICAL EXPERIMENTS

In this chapter we present the results of several numerical experiments. First
of all, we do some runs in order to validate our code implemented in MATLAB,
and confirm the stability prediction obtained in section 4.2. These experiments are
focused on the cases where the stability condition is given by At < C or At < CNL,
because the corresponding fully discretizations are not stiff and we can achieve a

high accuracy at a low computational cost.

Second of all, we present numerical experiments showing two-way propagation
of waves, specifically the resolution into, and the interaction of, solitary waves. The
existence of such waves as solutions of nonlinear Boussinesq systems (3.31) should be

expected at least in the range where this system approximates the Euler equations.

5.1 Validation of the Code

In order to validate our code, we computed the cnoidal waves solutions of
the Bona-Smith system. A similar type of simulation was done in ANTONOPOU-
LOS; DOUGALIS; MITSOTAKIS (2010b) in order to test the accuracy of the fully

discrete Galerkin scheme developed there.

The existence of such solutions for the Boussinesq system (3.31) has been

studied in CHEN; CHEN; NGUYEN (2007). The general family of cnoidal wave
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solutions of (3.31) is (&) = neen?[(A\;m| and u(€) = Bn(£), where £ = z — ¢4,

a=2— —6, 62%—2, v =20%—4/3,

302—1

2 _ 2(b—c—2d) _ 2-B?
B" = b—a—2d s™ B

no = (3—3B*+ /9 +6(2A — 3)B2+ 9B%)/2B2,

K =1+/9+6(24 - 3)B2+9B*/B? \ = (Br/67)"?,
/2.

m = (1no/k)

Applying a procedure similar to the one used in CHEN (1998), Antonopoulos
et al. derived in ANTONOPOULOS; DOUGALIS; MITSOTAKIS (2010b), exact

solitary waves solutions of Bona-Smith system, where the parameters a, b, ¢, d are

a=0, c=(2-30%)/3, b=d=(30>-1)/6, 2/3<6<1.

They also carried out its computation through the Galerkin-finite element
method with periodic splines and the RK4 method for discretizing in space and
time, respectively (see Fig. 2 of ANTONOPOULOS; DOUGALIS; MITSOTAKIS
(2010b)).

In Figure 5.1 we show the evolution of the n component of the numerical
solution for the nonlinear Bona-Smith system with 6% = 9/11 using our fully discrete
numerical method, which is composed by the Fourier collocation and fourth order
RK methods. The Fourier collocation method was implemented in MATLAB using
the Fast Fourier Transform (FFT) routine. We consider the same input used in
ANTONOPOULOS; DOUGALIS; MITSOTAKIS (2010b) to run our simulation:
spatial mesh with 240 intervals and a timestep At = 1072, L = 1.82390 and A = 0.5.

In figure 5.2 we show both the exact and the approximate solution generated

by our code. The approximation error in L?-norm at ¢t = 100 is 9.3755 x 107,
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—t=0

~—-t=50
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-0.5

15 -1 0.5 0 05 1 15
X

Figure 5.1: Evolution of an n-cnoidal wave using At = 1072 and N = 240.

25 T
—t=0
——-t=50
t=100
——exact solution at t=50
exact solution at t = 100

Figure 5.2: Exact vs approximate 7n-cnoidal wave.

We also computed the traveling waves solutions of the Bona-Smith system. A
rigorous expression for this type of solution for this system and for several Boussinesq
systems was established by Chen in CHEN (1998). These waves are not solitary
waves, which for the Bona-Smith system were reported by Toland in TOLAND

(1981), but they can be used to test the accuracy of numerical computations. A
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similar type of simulation was done in PELONI; DOUGALIS (2001) in order to test

the accuracy of the fully discrete Fourier-Galerkin scheme developed there.

In order to show the accuracy of our numerical method, we used the traveling

wave solution for Bona-Smith given by

. VA 2

n(€) = Asinh? §], wé) =+ mE)+1), (5.1)
C C;

where the velocity of the wave, C., is such that |C;| > 2, £ = x — C;t and

A=3(C*—4)/4

The Table 5.1 show the computed temporal error between the exacts n and u
traveling wave solutions and the respective approximated solutions obtained by our
code for the nonlinear Bona-Smith system for successively smaller values of At with
fixed N =2'and A = 2.5 in (5.1) at the time ¢ = 10. The period L was considered

large enough so that the initial wave could be considered practically periodic.

n u
At H' error | Conv. Rate | L? error | Conv. Rate
He-2 6.3305e-5 - 1.0675e-5 -

2.5e-2 | 3.5375e-6 4.17 5.9702e-7 4.16

1.25¢e-2 | 2.0755e-7 4.09 3.5063e-8 4.08

6.25e-3 | 1.2545e-8 4.04 2.1209e-9 4.04

Table 5.1: Bona-Smith system errors and temporal convergence rates.

We also show the computed errors between the exacts 1 and u traveling wave
solutions and the respective approximated solutions obtained by our code for the

nonlinear KdV-KdV system, i.e., system (3.31) with a =c=1/6 and b =d = 0.
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In this case, we considered as initial conditions

(E) = - sink (%_0) .
u(§) = Esm}ﬂ <\/i1_0> |

16

where the velocity of the wave, C, = m, and £ =x — Ct.
n u
At L? error | Conv. Rate | L? error | Conv. Rate
2.5e-2 | 1.8339-11 - 4.8930e-10 -
2e-2 | 7.5138e-12 3.99 2.0046e-10 3.99
1.25e-2 | 1.1554e-12 3.98 3.0786e-11 3.98
le-2 | 4.9108e-12 3.83 1.3012e-12 3.85

Table 5.2: KdV-KdV system errors and temporal convergence rates.

Both tables 5.1 and 5.2 confirm the theoretical temporal order of accuracy
expected for the RK4 method, as explained in section 4.3.2. Observe that the
space convergence is not verified; the reason of this is that spectral methods are

exponentially accurate and we choose in both examples analytic initial conditions.

The numerical rate of convergence (fourth and fifth columns in tables 5.1 and
5.2) is determined by considering two different computations for the same problem
at the same time ¢, with errors F; and E;,; corresponding to time steps At; and

At;. 1, respectively. The rate corresponding to these data is calculated by

log(Ei+1/Ei)
log(AtlH/Atl) ’

since NNV is considered large enough to ensure negligible spatial error.

Rate =

i=1,...,M—1,

It is also worth observe that the choice of norms for the error reflects the
natural choices of pair of spaces in which the respective systems are linearly well-

posed.
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5.2 Numerical Stability of the Linear Problem

In this part, we show the numerical verification of the stability condition for
the linear Boussinesq system with some particular choices of the parameters a, b, ¢, d,
more specifically the ones with ¢ = 0,1, according to Table 4.1. All computations
were performed with L = 150, T' = 70 and the number of elements of the spatial

mesh as a power of 2.

a=—7/30,b="7/15,
c=-2/5d=1/2 a=b=c=d=0
N At | Stability constant C' | At | Stability constant C'
29 1 0.8060 1.37 0.5313 0.90
211 10.2102 1.43 0.1328 0.90
2131 0.0523 1.42 0.0330 0.90
2151 0.0130 1.41 0.0082 0.89

Table 5.3: Numerical stability constants.

a=-7/30,b="7/15, a=0,b0=0,
c=0,d=0 c=-2/5d=1/2
N At | Stability constant C' | At | Stability constant C'
29 10.7273 1.24 0.5892 1.00
211 10.1879 1.28 0.1485 1.01
213 1 0.0468 1.27 0.0369 1.00
21510.0116 1.26 0.0092 1.00

Table 5.4: Numerical stability constants.

In Tables 5.3 and 5.4, the second and fourth columns indicate the last At
such the numerical solution was stable. The third and fifth columns indicates the
numerical stability constant C, which was calculated using that since Ax = 2L/N,

then C ~ A—i for these four regions of parameters, according with Table 4.1. We use

as initial conditions for these simulations two Gaussian pulses, namely 7, = e=>*

k2
and ug = —e %,
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In Table 5.5 we show the same verification for two regions of parameters such
that the stability condition is of type At < C, according to Table 4.1. The input
values of the code in these cases are the same that the ones used for obtain the
Tables 5.3 and 5.4. In this case, the numerical stability constant C does not depend

on the variation of Az, as can be observed.

a=—7/30,b="T7/15, a=0,b="7/15,
c=0,d=1/2 c=0,d=0
N | At | Stability constant C' | At | Stability constant C'
29 128 2.8 2.0 2.0
211128 2.8 1.9 1.9
213128 2.8 1.9 1.9
2151 2.8 2.8 1.9 1.9

Table 5.5: Numerical stability constants.

The criteria to determine the stability of the numerical approximation for
n is the following: we evaluate the L?-norm of the initial data, ||7ol|r2(—r,z), and
compare with the same norm of the approximation at ¢ = 70 obtained by the
numerical scheme, (|12 1) If
_ 7|22~ L) <,
Inollz2(~r.1)
where (] is a constant slightly greater than 1, we consider the numerical solution

stable.

5.3 Numerical Stability of the Nonlinear Problem

In this section, we perform some stability tests for the nonlinear Boussinesq
system (3.31) assuming the system is weakly nonlinear. More specifically, we consi-

der the system
N + Uy + 04(?“7)3@ + QUgzr — bnacacf = 07

Up + Ny + QUG + Clggy — AUggr = 0, (5:3)
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in which « is a small positive constant.

Figure 5.3 contains two n-waves, approximate solutions of the nonlinear sys-
tem (5.3) for different choices of @. We run the code considering the parameters
a=—-7/30,b="7/15, ¢ = —2/5,d = 1/2 and N = 2'3. The last At such that
the numerical solution was stable in this case is At = 0.052, as Table 5.3 suggests.
We can observe that the numerical solutions considering o = 10~ and a = 0 are

slightly different.

Observe that the later assumption leads to the linear system analyzed in
section 5.2. This results suggests that the stability of the numerical solution of the

weakly nonlinear system barely depends on « in this case.

0.4

0.3 a=0 -

02 —==-a=10" |

0.1 =
0 J\fwv—'

B 0.1+ -
021 =
-0.3 - -
0.4 - -
051 =
06 ! ! ! ! !

-150 -100 -50 0 50 100 150

Figure 5.3: Comparison of the nonlinear n solution in ¢t = 70 for two values of a.

Figure 5.4 also contains two n-waves, approximate solutions of the nonlinear
system (5.3) for different choices of a. But now, our aim is observe how the non
linearity affects the stability of the numerical solution for the regions of parameters

represented in Table 5.5. First of all, we run the code considering the parameters



124

a=b=d=0,b="7/15and N = 2'3. The last At such that the numerical solution
was stable in this case is At = 1.9, as Table 5.5 suggests, and we can observe that

the numerical solutions considering o = 1073 and « = 0 are practically the same.

0.15 T T T T T

01 1 1 1 1 1
-150 -100 -50 0 50 100 150

Figure 5.4: Comparison of the nonlinear n solution in ¢ = 70 for two values of «.

On the other hand, when we run the code considering the same input data
as before, i.e., the parameters a = b = d = 0, b = 7/15 and N = 2'3, but using
a = 1071 in (5.3), there is a big change in the stability of the numerical solution.
This numerical fact can be observed in Table 5.6, by the variation of the parameter
p introduced in section 5.2, which is responsible to determine if a solution is stable

or not.

We observe in Table 5.6 that, if we consider At = 1.7, the last At producing a
stable solution for this case with NV = 213, as we could expect by the right column of
Table 5.5, the value of p goes to infinity. We tested smaller values for At in this case,

in fact until At = 1072, but the solution remained unstable, with the parameter p
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N | At P

29 12.0 0.3756

211 1.7 0.3856

213 1 1.7 | NaN (Not a Number)

Table 5.6: Numerical stability constants.

assuming large values.

Another interesting observation is that, when we run the code considering the
parameters a = —7/30, b = 7/15, ¢ = 0 and d = 1/2, the stability of the numerical
solution when o = 1, which is equivalent to the nonlinear original system, does
not change. In other words, the left column of the Table 5.5 is maintained for the
nonlinear problem even with a slight change on their plots. This fact is illustrated

in Figure 5.5.

0.08

a=0

~—-a=1

0.04 -

0.02 -

-0.02 —

-0.04 —

0,06 | | | | |
-150 -100 -50 0 50 100 150

Figure 5.5: Comparison of the nonlinear and linear 7 solution at t = 70.
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5.4 Solitary Waves

In this section, we present some numerical experiments showing two-way pro-
pagation of waves, more specifically, the resolution into, and interaction of, solitary

waves.

5.4.1 Two-way Propagation and Resolution property

By resolution into solitary waves we mean the following property: an arbi-
trary profile for the elevation 7 of large enough L? norm, which means that the
norm of the initial wave must be at least equal to the norm of the solitary wave
of the same amplitude for the system considered, initially at rest, is resolved af-
ter some time, into one or more solitary waves, traveling without being subject to
further alterations, plus a dispersive tail. This property has been observed in one-
way propagation models, and it is also observed in our numerical experiments for

the nonlinear Boussinesq systems.

We illustrate this property performing two simulations. We take as initial
conditions a well localized wave form with zero initial velocity, i.e., ug = 0. Figure
5.6 shows the two-way propagation generated by the classical Boussinesq system,
considering as initial condition the Gaussian pulse ny(z) = 0.5¢=@/3° N = 256,

L =50 and At = 0.1. The result is plotted up to time ¢t = 20.
We can observe in figure 5.6 that the initial wave divides itself in two waves
with approximately half of the amplitude, traveling in opposite directions, plus two

dispersive tails each one of them.

We observe a similar behavior when we evolve a Gaussian pulse under the
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Figure 5.6: Two-way propagation of classical Boussinesq system.

action of the Bona-Smith system. Figure 5.7 shows the resulting propagating waves
in this case. We considered as initial condition ng(z) = 1.5e~@/2° N = 128, L = 150
and At = 0.1.

Figure 5.7: Two-way propagation of Bona-Smith system.

Considering more closely the resolution property, we observe that the larger
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the norm of the initial profile n, the more solitary waves are resolved. However, the
relation between the initial norm and the number of solitary waves produced is not
known for Boussinesq systems in general. This question is partially settled for some

of the integrable one-way propagating models.

We give in the following, another example of resolution for the classical
Boussinesq system. Figure 5.8 shows the resolution of the Gaussian pulse ny(z) =

2e~@/5? considering up = 0, N = 512, L = 150 and At = 0.025.

| .
\ — — —initial wave
|

resolved wave

s \ \ \ \ \
-150 -100 -50 o 50 100

150

Figure 5.8: Classical Boussinesq sytem, resolution of a Gaussian at ¢t = 100.

All the numerical experiments performed in this section suggest that solitary
wave solutions of Boussinesq systems, in particular, the last considered systems,
although not known analytically, can be produced numerically. This is done in
BONA; CHEN (1998) for the particular BBM-BBM system. The proceeding deve-
loped there is the following: consider an initial profile resembling a solitary wave
with null initial velocity; let this profile evolve under the action of the considered
system; then, isolate numerically the leading pulse on one side by setting the re-

mainder of the solution equal to zero; the resulting wave is thus used as the new
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initial wave form.

Repeating this procedure, the authors were able to produce a clean pulse
which propagated with hardly any further change, which thus was taken as a good

approximation to an exact solitary wave solution.

In our case, the Fourier collocation method allows us to repeat this procedure
for other Boussinesq systems as well. In order to illustrate this process, we give an

example of the wave obtained by this procedure for the classical Boussinesq system.

In figure 5.9, we show the generation of a solitary wave, numerically isolated
after the resolution experiment, using the procedure described before iterated twice.
We start with the Gaussian 7o(z) = e™*" initially at rest, considering N = 1024,
L = 150, At = 0.05 and t = 80. When two peaks, traveling to left and the right
side, respectively, separated from the remaining part of the solution, we choose the
left-traveling one and set the rest of the solution and of its velocity equal to zero.
This numerically isolated peak was thus used as the new initial wave 79, with ug
equal the velocity of the left-traveling pulse that we isolated, with sign reversed, so

that the wave propagates to the right.

Repeating this procedure one more time, the evolution that we obtained after
the second iteration did not produce a visibly appreciable oscillatory tail. Therefore,
we conclude that this profile is close to a solitary wave solution. Indeed, after
evolving up to t = 80, it had not changed its shape, and the oscillation produced is
roughly of the order of thickness of the line in the plot. The amplitude of the wave
evolved in this figure is Ag = 0.2951 at ¢t = 0, and A; = 0.2950 at ¢t = 80.
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t=80 I

005 \ \ \ \ \
-150 -100 -50 0 50 100 150

Figure 5.9: Evolution of a numerical solitary wave solution for classical Boussinesq
system, from ¢t = 0 to t = 80.

5.4.2 Interaction of Solitary Waves

In this section, we give an example of interaction of solitary waves. The
solitary waves we use are the ones produced numerically as explained in section
5.4.1. The interaction of two solitary waves traveling in oposite directions has been

studied in detail for the BBM-BBM system in BONA; CHEN (1998) as well.

We consider the interaction of two solitary waves of the classical Boussinesq

system with same amplitude and traveling in opposite directions.
In figure 5.10, we show two classical Boussinesq solitary waves, numerically
isolated using the same initial data used in section 5.4.1. The two numerical solitary

waves are initially of amplitude Ay = 0.2950 and centered at x = £92.5781.

In figure 5.11, the waves are shown at ¢ = 0, at the moment of interaction
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0.3 T

02—

01—

-150 -100 -50 0 50 100 150

Figure 5.10: Two numerical solitary wave solutions for classical Boussinesq system
at t = 0, with amplitude Ay = 0.2950.

t = 80 and at t = 140 after they have interacted, and have recovered their original
shape. Figure 5.12 shows the initial and the final profile after the interaction; in this
figure, we can observe the dispersive tail, as it is expected for this type of systems.

Finally, in Figure 5.13 we see a magnification of the same wave at t = 100.
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Figure 5.11: Solitary waves of Clasical Boussinesq system interating.
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Figure 5.12: Solitary waves of Clasical Boussinesq system interating.
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6 CONCLUSIONS

We have studied the numerical stability of fully discrete scheme for a linear
Boussinesq systems. Section 4.2 provided the von Neumann analysis of the linear

model obtained from system (3.31).

This analysis allowed us to identify which regions of the parameters a, b, c,d
of the linear Boussinesq system were capable to generate numerical solutions more
efficiently. Efficiency in the sense that even with a bigger time step At, the stability

of the linear numerical solution was not lost.

In section 5.3 we have shown some nonlinear examples, concluding that the
region of stability expected for the linear problem was preserved if the system is
barely nonlinear, i.e., when the nonlinearity of the system is small and controllable.
The classification of the type of stability condition given by Table 4.1 showed what
regions of parameters give rise to problems with smaller computational cost for the
numerical resolution. Moreover, the comments did in section 5.3 suggests that, even
the stability analysis was performed for the linear problem, we can expect something

similar under some conditions for the nonlinear problem.

The analysis and the examples provided in sections 5.2 and 5.3 suggest that
the previously knowledge of what regions of parameters gives rise to problems with
simpler numerical resolution can serve as guideline to study more complex problems

numerically.

In section 5.1 we checked the temporal order of convergence expected by the

application of the RK4 method. Moreover, we also performed the numerical study
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of solitary waves for these systems as an application of the numerical analysis. The
sections 5.4.1 and 5.4.2 suggest that we are capable to generate numerically solitary

waves for these systems and to study their interaction.



136

BIBLIOGRAPHY

ALFARO VIGO, D. G. et al. Fully discrete stability and dispersion analysis for a linear
dispersive internal wave model. Computational and Applied Mathematics, v. 33, p.
203-221, 2014.

AMICK, C. J. Regularity and uniqueness of solutions to the Boussinesq system of
equations. Journal of Differential Equations, New York, v. 54, n. 2, p. 231-247, 1984,

ANTONOPOQULOS, D. C.; DOUGALIS, V. A. Notes on error estimates for Galerkin
approximations of the “classical” Boussinesq system and related hyperbolic
problems. Disponivel em: <http://arxiv.org/pdf/1008.4248v1.pdf>. Acesso em 13 dez.
2015.

III

. Numerical solution of the “classical” Boussinesq system. Mathematics and
Computers in Simulation, Amsterdam, v. 82, n. 6, p. 984-1007, 2012.

. Error estimates for Galerkin approximations of the “classical” Boussinesq
system. Mathematics of Computation, Povidence, v. 82, n. 282, p. 689-717, 2012.

ANTONOPOQULOS, D. C.; DOUGALIS, V. A.; MITSOTAKIS, D. E. Numerical solution of
Boussinesq systems of the Bona-Smith family. Applied Numerical Mathematics,
Amsterdam, v. 60, n. 4, p. 314-336, 2010.

. Galerkin approximations of periodic solutions of Boussinesq systems. Bulletin
of the Greek Mathematical Society, Athens, v. 57, p. 13-30, 2010.

ASCHER, U. M. Numerical methods for evolutionary differential equations.
Philadelphia: Society for Industrial and Applied Mathematics, 2008.

BENJAMIN, T. B.; BONA, J. L.; MAHONY, J. J. Model equations for long waves in
nonlinear dispersive sytems. Philosofical Transaction of the Royal Society A, London,
v.272,n.1220, p. 47-78, 1972.

BONA, J. L.; CHEN, M. A Boussinesq system for two-way propagation of nonlinear
dispersive waves. Physica D: Nonlinear Phenomena, Amsterdam, v. 116, n. 1-2, p. 191-
224, 1998.


http://www.sciencedirect.com/science/journal/01672789

137

BONA, J. L.; CHEN, M.; SAUT, J.-C. Boussinesq equations and other systems for small
amplitude long waves in nonlinear dispersive media: |. derivation and linear theory.
Journal of Nonlinear Science, New York, v. 12, p. 283-318, 2002.

. Boussinesq equations and other systems for small amplitude long waves in
nonlinear dispersive media: Il. the nonlinear theory. Nonlinearity, Bristol, v. 17, p. 925-
952, 2004.

BONA, J. L.; DOUGALIS, V. A.; MITSOTAKIS, D. E. Numerical Solution of KdV-KdV
systems of Boussinesq equations: i. the numerical scheme and generalized solitary
waves. Mathematics and Computers in Simulation, Amsterdam, v. 74, n. 2-3, p. 214-
228, 2007.

BONA, J. L.; SMITH, R. A model for two-way propagation of water waves in a channel.
Mathematical Proceedings of the Cambridge Philosophical Society, Cambridge, v.79,
n.1, p. 167-182, 1976.

BOUSSINESQ, J. V. Théorie générale des mouvements qui sont propagés dans un canal
rectangularie horizontal. Comptes rendus de I' Academie des Sciences, Paris, v. 73, p.
256-260, 1871.

. Théorie des ondes et des remous qui se propagent le long d'un canal
rectangularie horizontal, en communiquant au liquide contenu dans ce canal des
vitesses sensiblement parailles de la surface au found. Journal de Mathématiques
Pures et Appliquées, Paris, v. 17, p. 55-108, 1872.

BURDEN, R. L.; FAIRES, J. D. Numerical analysis. Boston: Brooks/Cole, 2010.
CANUTO, C. et al. Spectral methods in fluid dynamics. New York: Springer, 1987.

CANUTO, C. et al. Spectral methods: fundamentals in single domains. Berlin; New
York: Springer, 2006.

CHEN, H.; CHEN, M.; NGUYEN, N. V. Cnoidal wave solutions to Boussinesq systems.
Nonlinearity, Bristol, v. 20, n. 6, p. 1443-1461, 2007.

CHEN, M. Exact traveling-wave solutions to bidirectional wave equations. International
Journal of Theoretical Physics, New York, v. 37, n. 5, p. 1547-1567, 1998.



http://link.springer.com/journal/10773
http://link.springer.com/journal/10773
http://journals.cambridge.org/action/displayJournal?jid=PSP

138

DOUGALIS, V. A.; MITSOTAKIS, D. E.; SAUT, J.-C. Boussinesq systems of Bona-Smith
type on plane domains: theory and numerical analysis. Journal of Scientific
Computing, New York, v. 44, n. 2, p. 109-135, 2010.

FAWCETT, J. A. A derivation of the differential equations of coupled-mode
propagation. The Journal of the Acoustical Society America, New York, v. 92, p. 290-
295, 1992.

IORIO JR, R. J.; IORIO, V. de M. Fourier analysis and partial differential equations.
Cambridge; New York: Cambridge University Press, 2001.

KAMPANIS, N. A.; DOUGALIS, V. A.; EKATERINARIS, J. A. Effective computational
methods for wave propagation. Boca Raton: Chapman & Hall/CRC, 2008.

KORTEWEG, D. J.; VRIES, G. On the change of form of long waves advancing in a
rectangular canal, and on a new type of long stationary waves. Philosophical
Magazine, London, v. 39, n. 240, p. 422-443, 1895.

KREYSZIG, E. Introductory functional analysis with applications. New York: Wiley,
1978.

MERCIER, B. An introduction to the numerical analysis of spectral methods. Berlin:
Springer, 1989. (Lecture Notes in Physics, 318).

PELONI, B.; DOUGALIS, V. A. Numerical modeling of two-way propagation of non-linear
dispersive waves. Mathematics and Computers in Simulation, Amsterdam, v. 55, n. 4-
6, p. 595-606, 2001.

PEREGRINE, D. H. Equations for water waves and the approximations behind them. In:
MEYER, R. E. Waves on beaches and resulting sediment transport. New York:
Academic Press, 1972. p. 95-121.

SCHONBEK, M. E. Existence of solutions for the Boussinesq system of equations.
Journal of Differential Equations, New York, v. 42, n. 3, p. 325-352, 1981.

TOLAND, J. F. Solitary wave solutions for a model of the two-way propagation of water
waves in a channel. Mathematical Proceedings of the Cambridge Philosophical
Society, Cambridge, v. 90, n. 2, p. 343-360, 1981.


http://journals.cambridge.org/action/displayJournal?jid=PSP
http://journals.cambridge.org/action/displayJournal?jid=PSP
http://link.springer.com/journal/10915
http://link.springer.com/journal/10915

139

TREFETHEN, L. N. Spectral Methods in Matlab. Philadelphia: Society for Industrial and
Applied Mathematics, 2000.



